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FOREWORD 


T he factory had its beginning a little more than a century 
ago with the development of water and steam power. 
Along with the development of machines came the need of 
mechanics to run these machines, to process the parts, and to 
assemble them into the finished articles. The evolution of 
both machines and mechanics has been marvelous, the accu¬ 
racy of workmanship today being within limits not even meas¬ 
urable a century ago. 

Production methods have increased enormously the out¬ 
put of our shops, and the machines which have made this 
improvement possible are of a diversilicd character—turret 
and other lathes, planers, multiple drillers, grinders, milling 
machines, presses, and the jigs, tools, and diwS which go with 
them. All of these have contributed to th ‘ rccuracy and speed 
of manufacture. The demands of the automobile industry 
have done wonders in hastening this development as the manu¬ 
facture of parts in duplicate is absolutely necessary to main¬ 
tain or lower the price of the assembled machines in the face 
of increased costs of labor and materials and the higher stand¬ 
ards of manufacture. I'he fact that many of the present-day 
automobiles are shipped “knocked down’' to assembly plants 
without ever having been filled together is an eloquent testi¬ 
monial to the accuracy with which duplicate parts arc manu¬ 
factured. Another contributing factor in modern production 
methods is the development of high-speed alloys for tools 
which enable the operators to run the machines at speeds 
hitherto unattainable. 

And yet with all this wonderful development of the ma¬ 
chines themselves and the design of what are termed “auto¬ 
matics,” the workman has not lost his skill. In fact, one trip 



to a well-organized machine shop will teach any skeptic that 
the intelligent workman who has contributed so largely to the 
mechanical developments of the past years is more skilled, 
more intelligent, certainly better paid, and more interested in 
his work than ever. 

But this same skilled mechanic is today a specialist. He has 
no opportunity to build a complete machine or even a small 
part of one; his active work is carried on along rather narrow 
lines. Consequently, it is all the more necessary for him to 
have a standard reading and reference work to help him in 
those shop lines with which he is unfamiliar, but of which 
he must have an understanding before he can fully master his 
own job and start toward the job ahead. Otherwise he be¬ 
comes a machine, not knowing why nor what he is doing. 

Modern Shop Practice is such a work—one which has been 
tested through several editions. The tremendous develop¬ 
ments within the past few years have necessitated a thorough 
revision of many of the sections and a complete rewriting of 
others. Well-known teachers and practical men—authorities 
in their fields—have brought this material up-to-date in sub¬ 
ject matter and illustrations. The authors have at all times 
kept in mind the practical nature of their subjects and nu¬ 
merous shop “kinks” and other helpful suggestions have been 
introduced. It is the hope of the publishers that this revised 
edition will continue to supply the needs of both the skilled 
mechanic and also the layman who is interested in mechanical 
affairs, as the former editions have done. 

Grateful acknowledgment is given to the authors and col¬ 
laborators—engineers and designers of wide practical ex¬ 
perience and teachers of recognized ability and the leading 
manufacturers—without whose cooperation this work would 
have been impossible. 
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BLUEPRINT READING—Part I 

— For the Machine Trades — 

Definition of a Blueprint. A blucprim is a drawing which 
completely instructs the workman so that he is able actually 
ti^ make in the shop the object whiidi the drawing rejiresents; 
in other w'ords, a bluejirint conveys to the mechanic all the 
information necessar\ t(^ make the object. 'Hie student should 
constantlv keep before him the idea that the workman must 
take a bluejirint, and without any further instructions, verbal 
or w'ritten, j^rodiice the object as the draftsman intended it 
to be made. 'I'he in^iuction supplied by the blueprint should 
not only cover the form and size of tlu object, but also the 
kind of material of which it is to Ix' made, the nuniher of 
pieces desired, and the finish of its surHres. A blueprint, 
therefore, is a sort of abbreviated lari^tage < i shorthand 
method for convtwang an anioui t of exact detail information 
wdiich it would take many pages of manuscript to convey. 

Blueprinting. The tracing made by the draftsman, cannot 
be sent into the slioj) for the woikmen to use, as it waiuld soon 
become soiled and in tiim* destroyed, so that it is necessary to 
have some chea]) and rapid means of making cojiies from it. 
.\lmost all diafting rooms have a frame for tin* jiurpose of 
making blueprints. These frames are made in many styles— 
some simple, some elaborate. A simple and efficiimt form is 
a flat surface, usually of waiod, covered with a jiaddiiig of soft 
material, such as felting. To this is hinged the cover, which 
consists of a frame similar to a picture frame, in which is set 
a piece of clear glass. The whole is either mounted on a track 
or on some sort of a ^wdnging arm, so that it may readily be 
run in and out of a wdndow. Figs. 1 and 2 are illustrations 
of a bluejirint frame. 

The print is made on paper, prepared for the jnirjiose by 
having one of its surfaces coated wdth chemicals which arc 
sensitive to sunlight. This coated paper, or bluefirint pa|)cr, 
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Fig 2 Back of Blueprint frame Showing One Side Open 
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as it is called, is laid on the padded surface of the frame with 
its coated side uppermc'st; the tracing is laid over it rit^ht side 
up. and the glass pressed down lirnily and fastened in place. 
Sj>rings are fretjiiently u^ed to keep the paper or tracing 
against the ghLss. With some frames, lu)wever, it is more 
convenient to turn them over and reim)vc the backs. In such 
cases the tracing is laid against tlie j;lass, face down; the 
coated pa]>er is then placed on it with the coated side against 
the tracing cloth. 

W'hen the drawing has remained in the sun for a few 
minutes, the blueprint paper is taken out and thoroughly 
washed in clean water for several minutes and then hung up 
to dry. If the pa])er has been recently ])repar(nl 'ml the ex¬ 
posure proj^erly timed, the coated surface of the paper will 
now be of a clear dee]) blue color, e\cej)t where it was covered 
by the ink lines, where it will ])e ])erfectly white. 

Before the ])a})er was ex])osed to tla light, the coating 
was of a j)ale yellow color; if it had tlui. been i)ut in water, 
the coating would have all washed off, leaving the ])aj)er white. 
In other wo’-ds, bef(»re being exijosed to the sunlight the coat¬ 
ing was soluble. Ihit when the light j>enetrat(al the transj)ar- 
ent tracing cloth aiul acted upon the chemicals of the coating, 
it changed their nature so that they became insoluble; that 
is, when put in water, the coating, instead of being washed off, 
merely turned blue. However, the light could not j)enelrate 
the ink wdth wdiich tlic lines, figures, etc., were drawn, con¬ 
sequently, the coating under these was not acted u])on and it 
was washed off when the ]»aper was put in water, leaving a 
white copy of the ink drawing on a blue l)ackground. If run¬ 
ning w'ater cannot he used, the j)aper must he w^ashed in a 
sufficient numher of elianges until the water is clear. It is a 
good plan to arrange a tank having an overflow, S(j that the 
water may remain at a dejith of about 3 or 4 inches. 

The length of time blueprint pajier should be exposed to 
the light dcqiends iqxm the (juality and freshness of the jiajicr, 
the chemicals used, and the brightness of the light. Some 
paper is prepared so that an exjiosure of one minute, or even 
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less, 5n bright sunlight will give a good print, and the time 
ranges from this to twenty minutes or more, according to the 
proportions of the various chemicals in the coating. If the 
full strength of the sunlight does not strike the paper, as, for 
instance, if clouds i^artly cover the sun, the time of exposure 
must be lengthened. 

Bluej)rint paper should not be exposed to bright actinic 
light except during the process of ])rinting. It is not, however, 
so sensitive as the (ordinary dry plate and may be handled in 
a subdued light if the exposure is very brief. When not in 
use, the paper must be kept in a dry, dark place and should 
be hermetically sealed. 

A more modern type of blueprint machine is the electric 
machine, usually arranged in the form of a vertical cylinder 
of glass, around which is placed the sensitized paper and the 
tracing, and ahmg the longitudinal axis of which travels an 
electric arc lamp at a uniform speed. This speed is so adjusted 
that the right exi)osure is given to the sensitized paper. There 
are several other typos of electric blueprinting machines, all 
based upon the same idea of uniform exp(>sure of the sensi¬ 
tized paper to the rays of one or more arc lamps. These ma¬ 
chines are a j)ositive necessity to modern drawing offices 
because of the uncertainty of sunlight and the consequent 
limited capacity for turning out prints. With the electric ma¬ 
chines there is no limit, and they may be run to their full 
capacity twenty-four hours a day if desired. 

Preparuu) Blueprint Paper, Blueprint paper may be pre¬ 
pared as follows: Dissolve one ounce of ammonium citrate of 
inm in six ounces of water, and in a separate bottle dissolve 
the same quantity of potassium ferro-cyanide in six ounces of 
water. Keep the two solutions separate and in a dark ])lace 
or in opaque bottles. To prej)are the paper, mix equal quan¬ 
tities of the two sidutions and with a sponge spread it evenly 
over the surface. T.et the paper remain in a horizontal position 
until the chemicals have set on the surface. This will take only 
a few minutes, after which the paper is hung up to dry. It 
is necessary to darken the room by pulling down the shades 
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when the paper is prepared, as direct da.vlight would affect the 
sensitized surface. The prepared or sensitized paper must be 
kept in a closed drawer well covered with heavy paper, so that 
it will not come in direct contact with the light. Blueprint 
pai)er, however, is seldom sensitized at the present time by the 
users, because the manufactured blueprint paper can be ob¬ 
tained at a price whicHi hardly warrants the trouble of sensi¬ 
tizing small quantities. 

PRINCIPLES OF THE WORKING DRAWING 

On the left of Fig. 3 is a sketch of an ordinary solid block. 
One side of the block is labeled ‘Tront^’ and anothei side “top.” 



Fir. 3 


To make a drawing of this block you would look first directly 
at the side which is labeled “top,” then at the side labeled 
“front,” and then at the right end. 

The drawing labeled “top” is what you see when you look 
down directly on the top of the block and in doing this the 
sides, the bottom, and the ends are cut from your view. 

The drawing labeled “front,” which is at the right of the 
sketch of the block, is what you see when the block is directly 
in front of you. If you hold a rectangular object similar to 
this one directly in front of you, you will note that you are 
unable to sec the top, bottom, back, or the two ends. 

The drawing lal^ieled “end” is what you see when you turn 
the end of the block toward you. This cuts from your view 
the top, the bottom, the two sides, and the left end. 

The length of the block is shown by the horizontal lines 
in the top and front views. The width of the block is shown 


15 





6 


BLUEPRINT READING 


by the vertical lines of the top view and the horizontal lines of 
the end view. The height is shown by the vertical lines of 
both the front and the end views. 

These three drawings—the top, front, and end views— 
tell you all about the shape of the block, but they do not give 
the dimensions, which would tell you the actual length, the 
width, and the height of the block. 

You will note that the mechanical drawings are drawn 
in bold solid lines. The solid line, which is common in all 
drawings, is used to represent the edges of an object which 
are seen. 



front end 

Fik. 5 


The only difference between Fig. 3 and Fig. 4 is that a 
small step or recess is cut in the block in Fig. 4. Note how 
this fact is shown in the front view. In the top view observe 
how the edge of the step is shown by a solid line, because that 
is what wc see as we look down on the figure. The end view 
shows three horizontal lines representing the edges of the 
top, the bottom, and the step, respectively. All the lines are 
solid because all the edges are seen. 

All seen edges in drawing are represented by the solid line. 
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The difference between Fig. 5 and Fig. 4 is that a slot or 
keyway is added in the front view. This slot is shown in the 
front view and in the top view by solid lines. The top view 
shows both the width and the depth of the slot. In looking 
directly at the front of the object you will realize that the depth 
of the slot could not be shown in the front view. 

In the end view, a dotted line is used to show an invisible 
edge. In looking at the end view, we cannot see the depth of 
the slot in the front view and so its position is shown by a 
dotted line. 

Note that this dotted line appears at the left of the end 
view, rather than at the right, its position in the drawing 
coinciding with the position of the slot as shown in the front 
and top views, and therefore it is correct. 



TCkP 
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All unseen edges in drawings are represented by the dotted 
line. 

Fig. 6 shows a sketch and a mechanical drawing of a cyl¬ 
inder or a round object which is cut off square at each end. 
Note the parts which are labeled “front” and “top” in the 
sketch. 

Look at the mechanical drawing of the cylinder in the up¬ 
right position and note that the top view is a circle and the 
front view a rectangle. A cylinder always appears as a rectangle 
when you hold it directly in front of you in this position. You 
do not see the top and the bottom, and therefore these edges 
appear as straight lines. The top view which shows as a 
circle tells you that the figure is round, rather than square or 
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any other shape. Therefore, in looking at this mechanical 
drawing with a front view w^hich shows as a rectangle and a 
complete top view which shows as a circle, we know that the 
object is a cylinder. 

Fig. 7 shows the cylinder lying on its side, and this fact 
changes the position of the front and top views. In comparing 
the two mechanical drawings in Figs. 6 and 7, it will be noted 
that the facts concerning the shape of the object have not 
been changed although the views are reversed. We have one 
view showing a rectangle and the other view showing the 
circle, which again tells us that the object which we are look¬ 
ing at must be a cylinder. 



FRONT FRONT FRONT FRONT 


VifS. 8 Fij; 9 

In Figs. 6 and 7 a line, known as a center line, is used. A 
center line is a straight line broken into l«)ng and short dashes. 
It is used in all drawings where circles are the base of the 
drawing or where dimensions are taken from the center of 
the object. 

Fig. 8 is very similar to Fig. 7, with an additional feature 
in shape, for the cylinder now has a peg at one end. The 
length and width of this peg are shown in the front view of 
the mechanical drawing. Note how the two circles in the top 
view of the mechanical drawing represent, first, the outside 
edge of the cylinder and, second, the edge of the peg. These 
two views in the mechanical drawing of Fig. 8 tell us clearly 
that the figure we are looking it is a cylinder with a round 
peg at one end. Note again the use of the center line. 

IS 
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Fig. 9 is similar to Fig. 8 with a construction detail in tlie 
way of a slot or key way made in the front of the cylinder. In 
the mechanical drawing note how the width of this slot or 
key way is shown by the two solid lines in the front view' and 
how’ both the width and the depth of the keyway are show'ii in 
the top view by the notch in the outside circle, because this indi¬ 
cates quite clearly where the slot or key way is ])laced. 

If W'e apply the correct terms to tliese different views, we 
say plan view for the top views front elevation for the front viewq 
and side elevation for the end or side view. 

From the foregoing we can form the following rule. What 
you see in the plan or t(q) view' is w'hat you see of the object as 
you look down on it from above, and any dotted lines In that view 
indicate hidden edges, corners or surfaces, in or on the object 
as view’ed fn^m that position. 

W’hat you see in the elevation or front view is what you 
see of the object as you look directly at it from the front, and any 
(lotted lines in that view indicate hidden edges, corners or sur¬ 
faces, in or u])on the object as viewed from that position. 

W’hat you see in the side elevation or end view' is wdiat you 
see of the object when you look at it from the side or end, and 
any dotted lines in that view' indicate liidden edges, corners or 
surfaces, in or upon the o])ject as view’ed from that position. 

'Idle plan \iew is always placed above and directly in line 
with the elevation view', d he elevation view is always below and 
directly in line with the ])lan view'. The end view' is usually ])Iacc*d 
to the right or left of the elevation view’ and directly in line with 
it, but it will sometimes be found in line w'ith the plan view. 

W'e liave seen on previous pages that a drawing or blueprint 
is a plan from which the workman makes the object. We do 
not have the object to look at as a general rule. The object is 
made from the drawing. 'I'o visualize or to construct a mental 
picture of the object, we must study or read the blueprints. A 
good mechanic who can read a bluejirint w’ill be able to visualize 
the finished article from the .study of that blueprint. For instance 
a pattern maker will visualize the finished pattern before he 
actually starts its construction. 
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To find out the shape of the object, you start with the eleva¬ 
tion. By studying that view it will enable you to visualize the 
shape of the front of the object, the plan view, the top of the 
object, etc. The draftsman has a mental picture of the object 
he is going to design or lay out and put^ this down on paper. He 
is guided in the choice of views, as to which side of the object 
should be used as a front view or a top view, by the pf)sition the 
object actually takes in a complete assembly, so that the mechanic 
knows that when a study of the front view is made, as shown 
on the drawing, he is actually considering the front view of the 
j)art or ol)ject. 

In sim])Ie construction, such as shown in bigs. 3 to 9, it is 
easy to draw up in the mind the shape of the object from tlie two 
or three views shown, but in ccmiplicated construction it is often 
ncces.sary to take a particular part of one view and follow it all 
through the views shown, and get a mental ])icture of that part, 
then take another ]>art, etc. By doing this a mental picture 
gradually can be built up and a complete picture formed of the 
construction recjuired. 

It is excellent practice for the student to practice this power 
of visualization by calling to mind objects that he sees around 
him every day. Start with simple objects around your own 
home, such as a table or bookcase, study them carefully from all 
sides, then close your eyes and see if you can bring to mind a 
picture of the construction of the different sides, also locate any 
interior parts and decide where the hidden edges come and how 
they should be shown. It is a good i)lan to turn away from the 
object you arc trying to visualize and make sketches on paper 
from the mental picture you form, with as many details as you 
can remember, carefully put in. Keep the \ie\\s of tlie object 
you are j)utting on the paper in the correct pr)sition relative to 
each other, as previously explained, and show hidden parts in dotted 
lines in the respective views. Edges of round objects appear as 
straight lines when looking directly at them, and are shown as 
such in the view for that position. The toj) of a round tin can or 
the edge of a phonograph record when seen on edge appear as 
straight lines. 
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RELATION BETWEEN OBJECTS AND MECHANICAL 

DRAWINGS 

In Fig. 10 at J the projection on the block is shown by twc'^ 
full lines in the front view of the mechanical drawing, and the 
actual shape of the projection is shown on the top view. In this 
case the two drawings give all the facts concerning the object. 

At 2 the series of vertical lines in the front view represent 
the edges of the various parts of the V block. Note, however, 
that it takes the top view to complete all the facts regarding 
these lines. The middle line in the front view represents the 
corner in the ]K)ttoin of the V. Two views give all the facts con¬ 
cerning the object. 

At 2 note the center line because a circle is introduced. 
The front view alone would not gi\e you the fact that the piece 
which projects beyc»nd the base is circular in shape. 

At ^ the tw’o dotted lines in the front view show that the 
hole goes all the way through the wrench. 

At 5 the front view shows the sides of the cylinder as extend¬ 
ing the full length, even though it appears liroken by the cross¬ 
shaped piece which is on the top. This means that the front 
view' is taken w ith the cross at right angles to the observer. Note 
again the introduction of the center line. 

At d the front view shows the sliajie of the triangular piece 
on the rectangular lilock, but it recjuires the top view to show how 
far back it cuts into the block. 

At 7 the front view sliows the thickness of the hexagon, 
and the top view shows its true shape. 

At 6' the top view' sliows the shape of the angle, and the 
front view shows that it is hollow, as indicated by the dotted lines. 
The dotted lines also show the thickness of the sides of the angle. 
Study this drawing carefully to sec clearly the necessity of the 
dotted lines. 

At 9 the front view shows the height of the projecting lug 
on the top of the round base. The top view shows that the 
base is round and that the lug is round. Note the similarity of 
the top view at JO to the top view at 9, and yet the front view 
shows that the shapes of the figures are entirely different. 
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As an exercise in reading these drawings, it would be worth 
while to make a rough copy of each of the pictures of the object 
and then make an effort to sketch a siir.ple freehand working 
drawing of the object and check your result with the drawings 
w hich are shown. 

Definitions for Some of the Most Commonly Used Terms in 
the Machine Shop 

Before studying the working drawing, one should become 
familiar with the following terms: 

Drill. A circular tool used for machining a hole Plate I, 
Fis. F. 

Counterbore. A tool that enlarges to a certain depth a round 
hole already machined. The pilot of the tool fits in the unaller 
hole and the larger part counterbores or makes larger the end of 
the hole. Plate I, Fig, D. 

Tap. A tool that cuts or machines threads in the side of a 
round hole. J’late I, Fig. II. 

Reamer. A finishing tool that finishes? a circular hole more 
accurately than a drill, Plate 1, Fig. G. 

Fillet. Idle rounded corner or ])ortion wdiich joins two 
surfaces which are at an angle to each other. Idate 1, b'ig. A. 

Spot-face. The machining of a flat surface around the end 
of a lu)le to alknv a bolt-head or nut to seat scpiarely on the surface 
and is a little larger in diameter than the di.stance across the corners 
of the bolt-head or nut. Plate I, b^ig. C. 

Eccentric. AMiere two circular ])arts arc in one rotating 
unit and yet have different centers, one is said to be eccentric to 
the other. The amount of eccentricity is the radial distance be¬ 
tween the two centers. Plate I, 1^'ig. JC. 

Boss. L'sually a round projecting surface on another sur¬ 
face. Plate I, Fig. C. 

Face of a Gear. That portion of the tooth curve above the 
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pitch circle and measured across the rim of the gear from one end 
of the tooth to the other Plate I, F^g B 

Core. A core is used for forniing a hole or caMty in a casting 
by placing sand cores in iinpre<ssion in the mold which aie left by 
core prints which, in turn, art attached to the jiattern 

Cored hole. At the time of casting a sand core is so placed 
in the mold that the metal llows aiound it When the easting is 
cold, the sand core is broken a\\a> leaMiig the hole in the casting 

Bore. A hole machined in a piece that is made with a tool 
that IS knovMi as a lioring tool 

Face. An opeiation that machines the sides oi ends of the 


piece 



A* CHORDAL TOOTH ThCKNESS 
B’'CHORDAL PITCH 
TOOTH THICKNESS 
D^TOOTH SPACE 
CE * CORRECTED ADDENDUM 

I Ifttc II 


E- addendum 

r^DEDENDUM 
G'^WORKINO DEPTH 
H^WHOLE DEPTH 
J<IRCULAR PITCH 


F. A. 0. This s\ml>ol on a drawing means that the piece is 
machined or finished all over 

C. I. This symbol is tlie abbreviation for indic.iting cast iron 

Note: The inch mark on a working drawing is written thus—Foi 
txamplt three inches is written 3' 

I he mark for feet is written thus—For example seven feet three 
inches IS wrilttn 7' 3'' 

Many blueprints pertaining to gears are used in machine shop 
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work, as well as in the drafting room. It is well for the student 
to know the names or terms used in conjunction with gear con- 
structic.n. Plate II shows the names or terms used for different 
parts of the gear and its teeth. 

READING WORKING DRAWINGS 

In reading the following typical working drawings—some 
consist of two views, fjthers of three views, and others are sec¬ 
tional drawing.s—the .student is gi\en an f)pportunity to learn 
ju.st how different mechanics use hlueprints. 




Fig. 12. Sketch of Cold Rolled Steel Pin 


Cold-Rolled Steel Pin. 11 shows an end view and a 

front view of a working drawing of a pin tliat is 3.000"±:.002" 
in dianictfi* and lonj.;. 1 he ends of the pin are chamfered or 
beveled off. This chamfer is J" from the ends of the pin and at 
an an^le of 45°. 

The dimension 3.000"±.002" indicates that an oversize and 
undersize limit oi .OOJ" is allowed for the diameter. If the piece is 
machined .003" larger or .002" smaller than 3.000", it would be 
considered satisfactory. 4 he symbol F.A.O. means that this piece 
is machined or finished all over. 
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A sketch of the pin is vShown in Fig. 12, which will help the 
student to get a better understanding of the working drawing. 


QUIZ QUESTIONS* 

1. What is the diameter of the pin? 

2. What is the angle of the chamfers? 

3. What is the distance from the ends of the pin to the 
ends of the chamfers? 

written answers are required for Quiz Questions. 


Brass Ring. l"ig. 13 shows a working drawing of a brass 
ring that is 3" in diameter and thick. The tliickncss of 
the ring is given on the end view\ The large hole in the ring 
is 2" in diameter. This dimension is found on the front view. 
There are four small holes drilled through the ring that are 



equally spaced. The size of these holes is indicated directly 
above the drawing, which is drill No. 28—.1405" in diameter. 
These holes arc located on a circle that is 24 " in diameter. 
If we wish to know whether or not these holes are drilled all the 
way through tlie ring, we look at the end view and find that they 
are, because clotted lines are drawn from one side of the view to 
the other. 

The symbol F.A.O. means that this piece is machined or 
finished all over. 
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A sketch of the ring is shown in Fig. 14. This sketch will 
help the student to have a better understanding of the working 
drawing. 

QUIZ QUESTIONS* 

1. What is the diameter of the circle on which the holes 
are to be drilled when drilling the ring? 

2. What size drill should be used? 

3. How thick is the ring? 

♦No written answers are required for Quiz Questions. 

Rectangular Steel Cover. Fig. 15 shows a front and end 
view of a working drawing of a rectangular steel cover. The 
front view shows that the over-all dimension of this cover or 
plate is 10 inches long and 6 inches wide; that the large hole is 
in the center and is 5 inches from the end and 3 inches from 
the side. The size of the hole is indicated by the size of drill 
that is used for making the hole, which is 1^ inches in diameter. 



rig 10 Sk(‘tclj of a RoctangU* Stool 
Co\or 


Note how the four small holes which are shown at the 
corners arc located in relation to the center lines. These holes 
are inches from one center line and from the other center 
line. The distance between the centers of these holes is shown 
as inches and 4J inches. 
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All that is necessary to get from the end view is the thick¬ 
ness of the plate, which is shown as i inch. The dotted lines 
in the end view show that each of the five holes is drilled 
through the plate, also the positions of these holes. 

The symbol F.A.O. means that this piece is machined or 
finished all over. 

Fig. 16 shows a sketch of the rectangular steel cover. 
This sketch will help the student to have r. better understand¬ 
ing of the working drawing. 

QUIZ QUESTIONwS 

1. What is the size of the center hole? 

2. What is the size of the foitr small holes? 

3. Are the holes drilled through the piece? 

4. How are the centers for the small holes located? 

*No initten answers are requin'd for Quiz Questions. 

Round Brass Cover. Fig. 17 shows a working drawing of 
a round brass cover for a pump body. The two standard views 
are given—a front view with the cover standing on its edge, 
and a side view in the same position. 

The outside diameter of this round cover is 5S inches. This 
dimension is placed between the two views. 

The next important dimension is the dimension of the 
circle which locates the centers of the holes which arc to be 
drilled in the cover. This is 5 inches in diameter and is shown 
on the front view. The location of the holes is also shown on 
the front view, the outer circle for the holes being that part 
which is counterbored and the inner circle is the drilled hole 
which goes clear through the cover. These holes are spaced 
equally on the center line and are 60° apart. The dimension 
showing the R indicates that the ril)s are joined together 
with a radius or fillet. The dotted circle in front view indi¬ 
cates the recess which is on the under side of the cover. The 
size of this recess is 4^ inches in diameter and inch deep, as 
shown on the side view. 

In the side view, the depth of the holes which are drilled 
and counterbored will be seen in dotted lines, the counterbored 
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part being shown about half way through the section of the cover 
and the drilled hole being shown all the way through. Note the 
projections of the holes in the side view. 

In a drawing of thi*- kind, the size of the screw is indicated 
instead of the size of the drill and the counterborc. Therefore, 
the machinist will have to use a drill and a counterbore to suit a 
No. 10—32x. 190" diameter oval fillister head machine screw. 



UtiU and Counttrhorc for 
10-32X^190" Diam. Oval Fill 
Head Mach S( rt-w 






Fig 18 . 

Sketch of 
C’aMting for a 
Hound Brass 
Cover, Show 
lug La>out for 
Drilling 


Fig 17. Working Dr.iuing for a Round Brass Cover 


(An oval fillister head screw is a screw which is rounded or 
oval on the toj) and Hat on the underside of the head.) No. 
10 is the number of the screw; 32 indicates the number of threads 
per inch, then the pitch of the screw' is ; and .190" is the diameter 
of the shank f)f the screw. 

In the side view' the distance from the bottom of the cover 
to the top of the ribs is given as *] inch and the thickness or 
width of the rilis is given as ] inch. In taking the right-end 
view, the right-hand end of the front view’ is turned toward you, 
so that the front (')f the object is the left-hand side of the end view, 
while the hack of the object is toward the right of the end view'. 
It is well to remember this because it will helj) you in vi‘^ualizing 
construction. 
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The symbol / means that this piece is machined or finished. 

Fig. 18 shows a sketch of a casting for a round brass 
cover. This sketch will help the student to have a better 
understanding of the working drawing. 

QUIZ QUESTIONS 

1. What is the outside diameter of the brass cover? 

2. What is the diameter of the recess in the bottom of the 
cover? 

3. What is the depth of the recess in the bottom of the 
cover? 

4. Wliat is the thickness of the ribs? 

5. What is the distance from the top of the ribs to the 
bottom of the cover? 

♦No wrif<<'n answers are r€H|ulre<l fcii Quiz Questions. 

Cast-Iron Crank. The working drawing of the cast-iron 
crank shown in Fig. 19 consists of a top view and a front view. 
As it is a little more difficult to visualize irom this working 
drawing just how the finished piece would look, an isometric 
drawing, which might be likened to the finished piece part, 
is shown in Fig. 20. This piece part can be considered as a 
crank, having a IJ" hole through the one end and a 1" hole 
through the other end. In the end having the hole is a 
groove, which is called a keyway. 

As the pattern maker would be the first mechanic to use 
the drawing for this particular jiiece, we shall consider the 
dimensions on the drawing that he would use. 

Having procured the desired size of stock for the pattern, 
first, he will lay off the center lines in order to determine the 
distance between the centers of the and the 1" holes. 

These centers are to be 5J" apart, and you will find this 
dimension between the top view and the front view. 

Next, the pattern maker will want to know the diameter 
of the large hub, that is, the hub in which the IJ" hole is; and 
also the diameter of the small hub in which the 1" hole is. 

You will find these dimensions above the front view. The 
diameter of the large hub is to be 2" and the diameter of the 
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small hub is to be IV'; and the length of the large hub is to 
be 2" and the length of the small huh is to be 1^". 

The pattern maker must now determine whether the holes 
go entirely through the hubs and whether the ends of the hubs 
are to be machined. 

If you will refer to the front view, you will find that the 
invisible or dotted lines that have been projected from the 
top view pass from one end of the hub to the other end. This 
indicates that the holes are to go all the way through the hub. 
On the upper end of the hubs in the front view is the symbol 
/, which indicates machining. This applies also to the holes 
through the hub. 

The next mechanic that would use the drawing for this 
crank is the machinist or drill-press hand His job would be 
to machine the IJ" and 1" holes and the ends of the hubs. 

This particular machining processes do not strictly apply 
to the drill press hand. Such operations could be handled on 
other machines, such as the lathe or the milling machine. 

QUIZ QUESTIONS* 

1. What is the distance between hole centers? 

2. What should ])e the diameter of the large hub? 

3. What should be the length of the large hub? 

4. What should be the width of the key way? 

5. What size of reamer should be used for the hole in the 
small hub? 

*No written answers are r€H|ulre<l for Quiz Questions. 

Cast-Iron Bracket. Fig. 21 shows a front view and an end 
view of the working drawing of a bracket. A study of this 
working drawing, which has been made according to the prin¬ 
ciples of orthographic projection, and the isometric drawing, 
Fig. 22, will help you to read the more comjdicated working 
drawings with which mechanics frequently come in contact. 

The milling machine operator as well as the all-around 
machinist use working drawings. Therefore, let us see just 
how this drawing, Fig. 21, would be applied to their particular 
jobs. 
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rig. 21. Cast-Iron Bracks 
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The end view of this drawing shows a H" reamed hole 
in the upper hub and 15'' reamed holes in the lower hubs. 
Referring to the front view, you will find that the ends of the 
hubs must be faced (machintd). 

Referring to the upper part of the bracket, you will find 
that in machining the left end of the hub it will be necessary 
to make the distance from the end of the hub to the rib A''; 
and that the length of the hub is to be 4i", 



The next step is to find the distance that the lower hub 
projects bevond the rib. Referring to the drawing, you will find 
this distance is to be s". The length of the lower hub is to be 6". 


The layout man would w^ant to know the distance between 
the centers of the holes in lower and upjKT hubs 


8 . 000 - 


The right side of the front view, shows the distance to be 

+.005" 


—.003' 


Next, the layout man must find the distance from the 
center line to the center of the 12" reamed hole in the tw^o lower 
hubs; also the distance between the centers of the two 12" reamed 
holes. 

On the end view, you will find that the distance from the 
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center line to the center of the If" reamed hole is to be 3"; and 
between the centers of the two 11" reamed holes is 6''. 

On the sides of the lower hub are bosses and through these 
bosses and hubs, holes are to be tapped. The layout man must find 
out the location of these tapped holes. 

On the lower part of the front view, you will find the 
dimension 3^", which is the distance the tapped holes are to 
be located from the end of the hub to the center of the hole. 

Now the layout man must find the distance from the center 
of the 1'3" holes to the ends of the bosses. Referring to the 
lower part of the end view, you will find that this distance is to 
be IS". 

There are four holes which are to be drilled and tapped in 
the upper hub. These holes are not located on the center line of 
the upper hub and to find their location, angular dimensions are 
given. You will see that these holes are located at 45® from the 
center line of the hub. 


QUIZ QUESTIONS* 

1. To what length must the upper hub be faced? 

2. What must be the distance between the centers of the If" 
reamed holes ? 

3. What must be the center distance between the li" and IS" 
reamed holes ? 

4. What size drill would you use before reaming the H" 
hole? 

5. What size drill would you use before tapping the 
holes ? 

*No written answers are required for Quiz Questions. 

Cast-Iron Box. Fig. 23 shows three views of the working 
drawing of a cast-iron box—a front view, a top view, and a 
right-side view. An isometric sketch of the box is shown in 
Fig. 24. This sketch, showing the cast-iron box clamped to 
the shaper table and the tool in contact with the piece part 
starting to cut the pad at the bottom of the box, will help the 
student to visualize just how the finished piece part will look. 
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In reading the drawing, the shaper hand finds that the 
base of the cast-iron box is to be machined, that is, the piece 
is to be machined off until the thickness of the base is of the 
proper dimension. This dimension is found on the front view. 
It is If"- 




Fiff. 24. Sketch Showing Box Beini? Machined on Shaper 

Inside of this cast-iron box there is a pad 7^" long and 
5^" wide. These dimensions are found on the front view and 
the end view. The height of this pad is to be l'\ This dimension 
is found on the front view. The distance from the top of the 
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pad to the top of the box is to be 3i". This dimension is found 
on the end view. 

This job must be completed on the drill press as there 
are four holes and four spotfacings (machining) required. In 
order to determine the proper size of drill to use and the si^e 
of the spotfacing tool, the drill press hand refers to the drawing 
and finds that the drill is to be IJ" and the spotfacing tool is to 
be IS". 

QUIZ QUESTIONS* 

1. What is the distance from the top of the pad to the 
bottom of the recess? 

2. Should the bottom of the box below the pad be 
machined? 

3. What is the overall height of the box? 

4. What is the thickness of the base? 

5. What is the size of the spotface? 

6. Do the four holes in the base of the box go through 
the base? 

7. What is the size of the'drill for these holes? 

8. What is the distance between centers of the holes? 

•No written answers are require<I for Quiz Questions. 

Cast-Iron Cylinder. Fig. 25 shows the working drawing of 
a cast-iron cylinder in three views—a front view, an end view, 
and a top view. Fig. 26 is a sketch of a casting for this cylinder. 

This sketch will enable the student to visualize the con¬ 
struction and design of the cylinder. 

To study the construction of the cylinder, you refer to 
the front view directly beUnv the cylinder. You wdll find that 
the base is to be thick and 12" wide. Above the base are 
two lines w^hich taper up and make connection with the in¬ 
visible circle, which is the outside diameter of the cylinder. 
Looking at the front view, it is hard to tell whether these are 
ribs or wdiether the tapered portion directly above the base 
is a solid mass of metal. So you refer to the right-side view 
and find that there are two ribs thick that make connection 
from the base to the cylinde**. This is more clearly shown in 
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the top view. Here you will find that there are not only two 
ribs on the sides of the cylinder, but that there is also a rib 
uhich runs lengthwise of the cylinder directly below the center 
of the cylinder. 



Fig. 25. Working Drawing of a Cast-Iron Cylinder 



Fig. 26. Sketch Showing Casting Being Laid Out 

In order to determine the thickness of the flanges on the 
ends of the cylinder, you refer to the side view. Here you will 
find that this thickness is to be this dimension being shown 
directly above the flange on the left end of the cylinder 
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Having set up the job on the horizontal boring mill, the 
operator will need to know the length of the cylinder. Some¬ 
times you will find this dimension specified on the top view 
but in this particular case it is shown directly above the right- 
side view. The length is to be 17^". 

Before boring (machining), it is necessary for the mech¬ 
anic to know what diameter to bore the cylinder. Referring 
to the front view, you will find inside of the circle indicating 
the hole the dimension 7^". The symbol / on the circle indicates 
that the cylinder must be bored out. 

QUIZ QUESTIONS* 

1. To what size should the cylinder be bored? 

2. What should be the distance from the center of the 
cylinder to the 3y'x8i" pad? 

3. To what length should the cylinder be machined? 

4. How thick should the base he after it has been machined? 

5. What is the distance from the bottom of the base to 
the center of the cylinder? 

♦No written answers are required for Quiz Questions. 

Cross Sections or Cutaway Views. Sometimes the con¬ 
struction of an object is so complicated that it is difficult to 
show it in the regular projection views. If too many dotted 
lines are used to show the hidden edges in the object, the 
views become confusing and hard to read. To show the internal 
construction clearly, the object is imagined cut into sections as it 
could be in reality with a .saw. A simjde bushing is shown in 
Fig. 27 in plan and elevation views. It really would not be 
necessary to show a cross section of this, but it will serve as a means 
cf illustration. 

For the cross section of this simple bushing is suppo.sed to 
be cut down through the center on the line AA. The arrows in¬ 
dicate the direction from which the section is viewed. Let the 
bushing stand in a vertical position, and then take the saw and 
cut through it downward, on the line indicated; if the portion 
nearest to the right of the center line is taken away, the remaining 
portion would be seen from the direction indicated by the arrows 
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and it would be like the section shown. The section itself is also 
indicated as section AA, It is seen that the saw would cut the 
walls of the hole only, and these are the surfaces which should 
be crosshatched. Therefore, surfaces or parts actually cut by the 
section line are the parts to be crosshatched. 



In Fig. 28 is shown a sketch of a rectangular piece of metal 
with a piece cut out of one end, a round hole drilled through 
one side, and a rectangular hole through the other. Two sections 
are to be taken on lines A A and BB. 



The part is cut on line AA and the front portion re¬ 
moved, then the section shows the edges of the part cut at the 
left end. The two lines representing the square hole are at 
the left end; in the center is the circle which is the round 
hole; while the plain part is the right-hand end or portion 
which has a piece cut out of it which would be untouched by 
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the saw. This part untouched by the saw when cutting the 
object is not crosshatched. 

The section BB is taken down through the center of the 
round hole and the portion left is viewed in the direction of 
the arrows. The remaining section will be shown as in section 
BB, The full lines show the edges of the round hole. The dotted 
lines show the hidden edges of the rectangular hole. 

Fig. 29 shows a pulley. The section is taken as indicated 
and we see the edge of the rim of the pulley, while the pulley 



arm is left full and not crosshatched because it is not cut. The 
huh is cut and we see the corners of the keyway and w'alls of the 
hole, and tlie w alls of the hole being cut are cros>hatclied. To show 
the shape of the pulley arm a small revolved section is shown 
in the arm, which indicates the section that would be seen 
if the arm was cut. 

In Fig. 30 is shown a spring bracket which has a web to 
give strength without a large amount of weight. A section 
taken on the center line AA would also actually cut the web as 
well. It is standard drafting room practice not to crosshatch 
the rib, to avoid confusion, when the cut is taken in the same 
direction as the rib is located. If, on the other hand, the section 
was taken on the line BB, it would cut across the web and this 
section would be crosshatched. 
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In the circular portion, or hub, of the bracket a bronze 
bushing is inserted, and as this is of a different metal than the 
bracket itself, it will, of course, have a different crosshatching 
convention. When two different parts of the object come 
together and are crosshatched, the crosshatching lines change 
in direction, Figs. 30 and 31. 




Sections are not always taken on straight lines. Some¬ 
times the section is taken on a zigzag line. The draftsman 
should always make his drawing so that it will indicate as 
plainly as possible the construction of the object. 
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Where the object is of uniform shape, its full length is not 
always shown, then the view has a break in it. Fig. 34 illu.strates 
the conventional methods of showing breaks. 

To illustrate the interior construction of the object, cross- 
sectional views w ill be used. 



WOOD 



IAR6£ CrUNORfCAL OBJECTS 


5MALL CYLINDRICAL OBJECTS 
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AN6LE IRON 


CHANNEL IRON 



SMALL SQUARE OBJECTS 



THIS TYPE or BREAK IS PRECEPREO ST 
SOME DPaETSMEN 

Fig. 34. Conventional Methods of Showing Breaks 

Bell Ringing Transformer Case. The three view\s in Fig. 
35 consist of a front elevation (view), a plan (top) view, and 
a right-side cross-sectional elevation (view). 

It wdll be seen on referring to the cross-sectional elevation 
that the section is showm in a different manner than usual. 
The reason for this is that the material to be used for this 
piece part is comparatively thin, approximately There¬ 

fore, the cross section is shown as a solid black, where as in 
cross sections wdierc the thjekness is a])proxiniately etc., 
the regular cross-sectional convention lines would be used. 

Let us see just how the die maker would use the drawing 
shown in Fig. 35. The piece part is made by a forming process 
with a punch and die on a punch press. But previous to this 
process, the punch and die (tools) have to be made. He must 
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know what diameter to make the circular punches and how 
many holes are to be punched. 

You will find on the front elevation the specification, 
*Tunch i"—2 holes/* which means that there are two holes in 
the transformer case that must be punched out to a size in 
diameter. 

In getting ready to make the forming punch, the die maker 
must know the location of the two Y' holes and the length 
and width of the case. 



You will find the dimension for locating the small holes 
directly above the front elevation. The distance is to be 1 ] ,1". 'I'he 
length and width of the case is to be 2T'x2fV,", which dimen¬ 
sions arc also found on the front elevation. 

Knowing the center distance of the two small holes to be 
punched in the case, the die maker needs to know the size of these 
holes; the size of the punch; how far from the end of the case 
one of the holes is located; and the outside radius of the convex 
part of the case. 
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You will find at the side of the plan the specification, 
“Punch .190 "—2 holes,” which is the size of the holes and 
also the size of the punch. On some drawings the distance 
between centers of the .190" holes might oe specified on the 
front elevation and on others in the plan view. In this par¬ 
ticular case, you will find the center distance on the plan 
view. It is to be !{?/'. Also you will find on the plan view the 
dimension which is the distance from the end of the case 
one of the holes is to be located. To the left of the perpendicular 
center line, you will find the radius of the convex part is to 
be T%". 

In making the punch and die, it is very necessary that the 
mechanic know the thickness of the stock that is to be used 
for the piece part that is to be punched and formed. 

On some drawings you might find this specified on the 
front elevation and on others on the cross-seciional elevation. 
In this particular case, you will find the thickness of the stock 
on the cross-sectional elevation. It is to be No. 19—.0438 
United States Standard Gage. The 19 is a gage number. In 
some shops the thickness of the stock is referred to by certain 
numbers; then in other shops the number of the stock which 
Is the gage is specified; and in others the gage number and 
the equivalent thickness of stock will be s])eciried. The .0438" 
is the equivalent thickness of No. 19 United States Standard 
Gage stock. 

QUIZ QUESTIONS* 

1. What should be the diameter of the punches for the 
two large holes? 

2. What gage and thickness of stock should be used for the 
bell rin< 4 m,L^ transfornier cast? 

3. What is to be the length of the transformer case? 

4. What is the distance from the side of the transformer 
case to the center of the J" holes. 

♦No written answers are required for Quiz Questions. 

Automotive Front Spring Bracket* Fig. 36 is a working 
drawing of an automobile front si)ring bracket. Three views 
are shown —a front elevation, a plan view, and a cross-sectional 
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elevation. You will notice that this cross-sectional elevation is 
of a different type than that shown for the transformer case. 
You will also notice that part of Fig^. 36 has been cross sec¬ 
tioned the same as the convention used for steel, as shown 
in Fig. 32; and that the piece inserted in the hub is cross sec¬ 
tioned the same as the convention for composition or brass, 
as shown in Fig. 32. This same convention is also used on a 
bushing, indicating phosphor bronze. 

Now let us consider Fig. 36 from the pattern maker’s 
viewpoint. He will want to know the distance from the center 
of the IJ" hub to the flat part of the bracket or that part that 
is 2^V^x2|"; the length of the hub; the thickness of that part 
of the casting that connects the hub to the upper part; and 
the size of the radii. 

Referring to the cross-sectional elevation, you will find 
that the distance from the center of the hub to the flat part 
is to be 1|". Also you will find directly below the hub that 
the length of the hub is to be 2". In order to find the thick¬ 
ness of that part of the casting that connects the hub to the 
upper part, refer to the front elevation and you will find that 
this thickness is to be You will also find on the front 
elevation that the radius for the upper part of the bracket, 
that is, the section of metal outside of the upper hole, is 

As it would not be good practice to have square corners 
between the upper part of the casting and the rib, a fillet 
must be put in on each side of the y' section, that is, at the 
top of the rib and at the bottom of the rib that connects the 
hub. Referring to the front elevation, you will find that these 
radii are to be J ". Fig. 37 will help you to have a better 
understanding of the design of Fig. 36. 

QUIZ QUESTIONS* 

1. What is to be the length of the bronze bushing? 

2. What is to be the diameter? 

3. How many small holes are to be in the spring bracket? 

4. What is to be the diameter? 

5. What are the center distances of the four holes? 

*No written answers are required for Quiz Questions. 
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Steering Column Bracket. The working drawing of the 
steering column bracket, Fig 38, has four views—a front ele¬ 
vation, a plan view, a right-side elevation, and a sectional 
elevation AA. Fig. 39 is a sketch of this bracket which will 
enable the student to have a better understanding of Fig. 38. 



Fir. 38. SteerinR Column Bracket 


You will note on referring to Fig. 32, that the convention for 
cast iron is used in the sectional elevation in this working 
drawing. 

Machining the steering column bracket would be consid¬ 
ered a manufacturing job as the pieces would be machined 
in quantities. Therefore, let us consider the equipment that 
would be used to produce such pieces efficiently and cheaply. 
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First, the drill jig must be made. This is part of the tool 
maker's job. Therefore, the tool maker would study the de¬ 
sign of the piece part in order to get an idea of the outside 
construction. Then he would study Section AA to find out 
about the interior construction. 

The first drill jig to be made is the one that is to be used 
for machining the hole that is in the hub. The tool maker must 
find out whether this hole is to be drilled or reamed and 
whether it is to be machined all the way through. Directly 
above the right-side elevation you will find the specification 
‘*.8125" ream,” which means that this finished hole is to be 



Pifir. 39. Sketch of a Steering: Column Bracket 

an accurate one and must be machined out by a reaming 
process. Also on the right-side elevation you will find that 
this hole is only machined part of the way through owing to 
the fact that at the other end of the hub there is a cored hole 
part of the way through. In order to find out what the depth 
of this cored hole is to be, refer to the cross-sectional eleva¬ 
tion which shows the construction of the interior of the piece 
part, and you will find the depth of the cored hole is to be -fj". 
The cored hole is a rough hole that is made in the foundry 
or a hole that is not machined. 

Let us assume that this jig has been completed. Now 
the tool maker is ready to start machining the other holes. 
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On referring to the plan view, he finds that there are two 
holes to be drilled out with a y" drill. In preparing the jig, he 
must know the distance from the end of the bracket to the center 
of the two holes. 

On the plan view, you will find that these holes are to be 
located one inch from the end. 

Now the tool maker must find out what the distance is to 
be from the center of the .8125" reamed hole to the center of 
each of the holes. 

In referring to the plan view, you will find that these 
centers are to be liV^ 

As the tool maker plans to drill and tap the split section 
of the bracket in the same jig, it is necessary for him to know 
the size of the drill and tap that must be used. 

On the front elevation, you will find that one side of the 
split section is to be drilled out and that the drill is to be 
that the other side is to be tapped or threaded and that 
the size of the tap is to be S.A.E. tap. 

NOTE: The g" S.A.E. tap is a standard g" tap, made according 
to the Society of Automotive Engineers Standard threads. This parti¬ 
cular type of tap produces a comparatively fine thread, having a 
pitch. The pitch is the distance from the center of one thread to the 
center of the next thread. There are also United States Standard 
threads. The pitch for a g" United States Standard thread is 
In other words, there are 16 threads per inch. 

Another thing the tool maker must know is the location 
of the holes that are to be tapped and drilled. 

On referring to the right-side elevation, you will find that 
these holes are to be located 1|" from the bottom of the hub 
and from the top of the hub and from the center of 
the .8125" reamed hole. 

The tool maker is now ready to use the milling fixture 
for machining the surface MN, He must know what the 
thickness of the bottom of the bracket is to be and at what 
angle the .8125" hole is to be to the bottom .surface of MN, 
so that the milling fixture can be made in such a way as to 
maintain this angle. 

Referring to the right-side elevation, you will find that 
the thickness of the bracket is to be i". Also you will find 
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at the bottom of this right-side elevation, that the angle the 
bottom surface of MN is to be held within is 55°. 

QUIZ QUESTIONS* 

1. What is the depth of the cored hole in the steering 
column bracket? 

2. What is the distance from the lower end of the hub 
to the tapped hole? 

3. What is the distance from the center of the reamed 
hole to the center of the tapped hole? 

4. At what angle is the reamed hole from the base? 

5. What size of reamer would you use for the reamed hole? 

*No written answers ar<‘ requli*€Ml for Quiz Questions. 

Worm Gearing. This worm gearing consists of a worm- 
wheel and a worm in mesh. The working drawing of the worm 
gearing, Fig. 40, has two views—a sectional elevation, indicated 
as **SIiC. ABT and a side elevation. In the side elevation, 
the upper part of the worm indicating the threads and the 
lower ])art of the worm-wheel are shown in section in order 
to make clear the design of the teeth. Figs. 41 and 42 give the 
names of the various parts of the gear and worm. 

Referring to the sectional elevation, you will find that a 
cutting plane has been taken on line Al\ as shown on the side 
elevation. The cutting plane cuts the worrn-nheel and worm 
into two pieces and is taken exactly through the center of the 
worm-wheel and worm. The circle, which is indicated by dotted 
lines, represents the bottom of the worm thread. The circle 
between the invisible and the outer circle is one with a dash and 
a single dot, wdiich indicates that this is a center line or that it 
has been used for indicating the pitch diameter of the worm. 
The outside diameter of the wa)rm is indicated by a full circle 
also the hole in the worm. 

In Fig. 40, the outside diameter of the w'orm-w^heel is indi¬ 
cated by a dash and double dot, but some draftsmen use a full 
line to indicate thi.s circle. The throat diameter of the worm- 
wheel, which is 5.4112", is indicated by a dotted circle. The 
pitch diameter, which is 5.0929", is indicated by a dash and 
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dot circle. The bottom of the worm-wheel teeth is indicated 
by the same type of line as the outside diameter. In the worm 
gearing, Fig. 43, arms are shown; whereas in Fig. 40, f" web 
is shown. 

Now let us study this working drawing, Fig. 40, in con¬ 
nection with the job of the lathe hand. First, he must know 
the diameter to which the worm is to be turned and the 
length of the worm. 



Referring to the side view, you will find the specification 
2,8183". This is the diameter to which the worm is to be 
turned (machined). You will also find that the length of this 
worm, which is to be finished all over, is to l>e 3iV^^ 

Before chasing (cutting) the threads on the worm blank, 
the lathe hand must find out just how to grind his cutting tool. 

Between the sectional and side elevations in the tabula¬ 
tion, you will find the width of the threading is to be .155", 
which means that the end of this tool should be ground to a 
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A^ OUTSIDE DM. 

PITCH DM. 
C^ ROOT DM. 
D^ WHOLE 
DEPTH 


6-LEAD 
H~ADDENDUM 
I-W0RKIN6 DEPTH 
J^WIDTH OF THREAD 
TOOL AT END 


Fig. 41. Nomenclature of Worm 


Se:nter distance from, i 
WORM TO WHEEL 


-OUTSIDE DIAMETER T(^ SHARP CORNERS- 



-OUTSIDEDIAMETER FINISHED WHEEL- 

Fig. 42. Nomenclature of Worm-Wheel 
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width of approximately But to maintain the desired accur¬ 
acy, the tool must be ground .001" less, or 0.155", the same 
as specified in the tabulation. 

The lathe hand must now find out about the lead, and 
whether the thread is to be single or multiple. 

You will find in the tabulation that the pitch is .500", and 
therefore, as the lead is twice the pitch, the lead is to be 1.000". 
The lead being twice the pitch indicates that the worm is 
multiple threaded or one having a double thread. 

Let us now consider just what information the milling 



Fig. 4J. V\(»im Gearing 

Courtesy oj W. A. Jones Foundry & Machine Company 

machine hand must have in order to machine the teeth on the 
worm-wheel. First, he must know how many teeth are to 
be cut on the blank; the ])ressure angle of the worm-wheel; 
and the pitch diameter of the worm-wheel. 

At the top of the working drawing, you will find that 
there are to be 32 teeth and that the angle of obliquity is 14^°. 
In order to find the pitch diameter of this worm-wheel, refer 
to the sectional elevation and you will find the specification 
P.D. 5.0929". 

Now, let us consider what information the lathe hand must 
have to machine the blank for the worm-wheel. First, he 
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must know the outside diameter, that is, to sharp corners of 
the worm-wheel; and the trimmed diameter. 

Referring to the sectional elevation, you will find at the 
right the specification 5.8620", which is the dimension for the 
outside diameter. You will find on the left side of the sectional 
elevation the specification S||", which is the dimension for the 
trimmed diameter. 



FIff. 44. Measurins Chordal Tooth Thickness and Corrected Addendum 
CourUsy of Brown & Sharpe Manufacturing Company 

In facing the ends of the hub, the lathe hand must know 
the length of the hub; also the diameter of bore of the hub; 
and the width of the worm-wheel. 

Directly below the horizontal center line through the hub 
in the sectional elevation, you will find that the hub is to be 
2" in length. Now, in order to find the diameter or bore 
(machine) of the hub, refer to the side elevation and directly 
above the hub you will find the bore is to be 1,250". In order 
to find the width of the worm-wheel, refer to the sectional 
elevation and you will find directly below the hub that this 
width is to be 1|". 
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It is extremely important to know the corrected addendum 
and chordal tooth thickness, when machining the teeth. The 
corrected addendum and chordal tooth thickness are measured 
with an instrument, as shown in Fig 44, and you will find the 
dimensions in the tabulation between the two views. Fig. 40. 
The dimension for the corrected addendum is to be .1625" and 
the chordal tooth thickness is to be .2499". 

The mechanic who cuts the keyway in the worm-wheel 
may be a milling machine operator, a shaper hand, or a key¬ 
seating machine operator. First, he will need to know the 
width of the keyway and the depth. 

Refer to the side elevation and you will find that the 
width of the keyway is to be The distance from the near 
side of the hole to the bottom of the keyway, as is specified 
on some working drawings, is not specified on this drawing. 
The specification given on this drawing is the distance from 
the far side of the hole to the bottom of the keyway, which is a 
more accurate way of measuring and gives more satisfactory 
results when an accurate depth of keyway must be provided 
for. You will find that the distance from the side of the hole 
to t!ic bottom of the key way is to be 1-J'^ 

QUIZ QUESTIONS* 

1. How many teeth are to be cut on the worm-wheel blank? 

2. What type of line indicates the throat diameter of the 
worm-wheel ? 

3. What is the pitch diameter of the worm-wheel? 

4. To what diameter would you turn the worm-wheel 
blank ? 

5. To what length would you machine the worm-wheel hub? 

6. To what diameter would you bore the worm-wheel hub? 

7. To what dimensions would you set the measuring in¬ 
strument, Fig. 44, for measuring the chordal tooth thickness 
and the corrected addendum? 

8. To what width would you grind the end of your tool for 
cutting the worm thread? 

*No written answers are required for Quiz Questions. 
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ASSEMBLY DRAWINGS 

Tap Wrench. Fig. 45 shows a typical assembly drawing 
and details of a tap wrench. The upper view in the upper left- 
hand corner of the plate is the plan view and the lower view 
is a front elevation of the assembly of the tap wrench. Part 
of the right end of the front elevation shows a section of the 
body, spring, and adjusting sleeve. ^ 

In the assembly drawing, the sectional view of the body 
indicates that it is to be made of steel and that the adjusting 
sleeve is to be made of steel. On examining the front eleva¬ 
tion, especially that part of it that is to the right of the per¬ 
pendicular center line, you will find that the plunger fits in 
the end of the body and that between the right end of the 
plunger and the right end of the body is a spring that is to 
be made from No. 14—.032" gage music wire. The inside of 
the adjusting sleeve being threaded affords an opportunity for 
turning or adjusting the sleeve. The small pin in the plunger 
is the same as shown in the ‘"Dct. 4'* drawing at A. This pin slides 
in a slot in the right end of the body of the tap wrench and is 
used to prevent the plunger from turning. 

In the specifications below the working drawing for the 
body, you will find “Det. 1”; below the adjusting sleeve, “Det. 
2”; below the spring, *‘Det. 3”; and below' the plunger, “Det. 4”. 

As the assembling of these pieces is a comparatively simple 
job, owing to the fact that there are not many piece parts 
required, it is possible to assemble the tap wrench without any 
reference numbers. But if there were many piece parts in¬ 
volved in the job, it would be absolutely necessary that the 
same reference numbers appear on the assembly drawing as 
specified for the details. 

Reference numbers are used on this particular job in order 
to give the student an opportunity to get a better under¬ 
standing of how such reference numbers are used in connection 
with an assembly drawing or in assembling a job in the shop. 

In studying the details involved in the working drawings 
of this particular job, let us consider the body of the tap 
wrench first. Referring to the plan view of the working draw- 
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ing, you will find that the center part of the body, which is 

ir X i". is to be hardened; and that the body is to be of tool 
Steel and is to be machined all over. You will find the size 
of the hole in which the plunger is to fit and whether it is 
to be just drilled or whether it is to be drilled and reamed, 
directly below the front elevation. The specification says: 
Drill JS", ream 

On referring to the front elevation of the adjusting sleeve, 
you will find that the dimensions are not specified for the 
tapped and drilled holes, but the tapped holes are specified by 
the letter B and the drilled hole by the letter C; also you 
will find that the hole at the end of the adjusting sleeve is 
specified by the letter D. Examining the specifications below 
the drawing, you will find that B indicates that the hole is 
to be first drilled out with a drill, subsequently tapped 
with a —20 S.A.l^". TH tap, meaning the hole is to be threaded 
with a —20 Society Automotive Engineers Standard tap. 
You will also find that a J,/' drill is to be used for hole C, 
and a drill and a At'' x 119” angle countersinking tool is to 
be used for hole D. 

If the spring, “Dot. 3,” is to be wound on a lathe, you 
will find what size of arbor, or mandrel as some mechanics 
call it, is to be used fiom the specification l>elow the drawing, 
also the number of coils that must be made for this spring. 

In setting up the j(»b for winding the spring, you will find, 
on referring to the front elevation of the spring, that the pitch 
is to be 1 ^ 0 " and the free height J". 

On the front elevation of the plunger, you will find at the 
left of the small pin that is inserted in the shank of the plunger 
the letter A, but the size of the pin is not specified. Refer¬ 
ring to A in the specification, you will find that before the 
pin can be assembled, it will be necessary to drill a hole with 
No. 53—.0595" which would be suitabl^^ for a iV" diameter by 

long drill rod pin. The number 53 is used for a certain 
size of drill. It frequently happens that on working drawings 
the draftsman only specifies the number of the drill. In this 
particular case, both the number of the drill and the diameter 
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of the drill are specified. The iV" diameter x 3 V' drill 
rod pin means that this pin shown at A in the front eleva¬ 
tion is to be made from a piece of standard stock which is 
called drill rod, this being high grade round tool steel. 

QUIZ QUESTIONS* 

1. Which mechanic uses the reference numbers on an 
assembly drawing? 

2. Must the detail numbers on an assembly drawing be 
the same as those used on working drawings? 

3. What size drill and tap would you use for hole B in 
the adjusting sleeve? 

4. What size arbor would you use for winding the spring 
(Det. 3)? 

5. How much of the plunger (Det. 4) would you harden? 

6. What kind of material would the body of the tap wrench 
be made from? 

*No writtcJii answers are requli’ed for Quiz Questions. 

Saddle Adjusting Lever. An assembly drawing of a saddle 
adjusting lever which has been used on a boring mill is shown 
in Fig. 46. This assembly drawing consists of a front eleva¬ 
tion and a sectional elevation taken on the center line of the 
front elevation. In other words, the front elevation is the¬ 
oretically cut in half and the right half removed, thus showing 
on the sectional elevation the interior construction of the lever. 

The piece part that passes through si)ring 022f)8 and part 
14387 is not shown in section on the sectional elevation but 
is indicated in the conventional way. 

The shaft at the lower end of the lever is cross sectioned 
on the ends only, indicating that the actual length is longer. 
Shafts, pins, etc., are very seldom shown in section when used 
as they are in Fig. 46. 

The numbers shown on the assembly drawing are piece 
part numbers. The use of such numbers on production work 
not only simplifies the clerical w^ork in manufacturing plants, 
but it also simplifies the mechanic’s job when putting the pieces 
together. 
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The conventions on the sectional elevation show that part 
20196 is to be made of steel; that part 14249 is to be made of 
cast-iron; and that part 14248 and part 14247 are to be made 
of steel. 

QUIZ QUESTIONS* 

1 . What are the numbers considered in Fig. 46? 

2. Of what material is piece part 14387 to be made? 

3. What is piece part 02268? 

4. What does the crosshatching on 20179 indicate? 

5. On what type of machine is the saddle adjusting lever 
used? 

*No written answers are required for Quiz Questions. 


SCALE DRAWINGS 

When and wherever it is possible and convenient to make 
the drawing of an object full or actual size, it should be so 
drawn. In many cases, however, the machine, or the building, 
or whatever is to be drawn, is so large that it would be impos¬ 
sible to draw it full size. Then the drawing is made to some 
reduced scale—that is, all the distances are drawn smaller than 
the actual dimensions of the object itself; all dimensions being 
reduced in the same proportion. For example, if a piece is to 
be drawn one-half size, the distance from one point to another 
on the drawing would be one-half what it is on the piece itself; 
if the drawing is one-quarter size, the distance on the drawing 
would be one-quarter what it is on the piece itself, and so on. 
In dimensioning such a drawing, the dimension written on the 
drawing is the actual dhnension of the piece, and not the distance 
which is measured on the drawing. This fact must be very 
clearly understood by the student. 


Methods of Reducing Dimensions. The common method 
of reducing all the dimensions in the same proportion is to 
choose a certain distance and let that distance represent one 
foot; this distance is then divided into twelve parts and each 
one of these parts represents an inch; then if half and quarter 
inches are required these twelfths are subdivided into halves^ 
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quarters, etc., until the subdivisions become so small that they 
cannot be used. We now have a scale which represents the 
common foot rule with its subdivisions into inches and frac¬ 
tions; but our new foot is smaller than the ordinary distance 
which we call a foot, and of course its subdivisions are propor¬ 
tionately smaller. When we lay off a measurement on the 
drawing, we make it with our reduced foot rule; when we take 
a measurement on the machine itself, we make it with the 
standard foot rule. 

Draftsmen’s Scales and Their Use. Draftsmen’s scales can 
be bought which have different distances thus divided, so that 
if the draftsman wishes to draw a piece one-quarter size, he 
looks over his scale until he finds a distance of 3 inches (which 
is one-quarter of a foot) divided as explained above, and he uses 
this to measure with on his drawing. Ilis drawing would then 
be made to a scale of 3 inches to the foot. In the same way, if 
he wishes to make his drawing one-twelfth size, he finds on his 
scale 1 inch divided into twelfths and fractions of twelfths, and 
uses this as his standard of measurement; if he wishes to make 
his drawing one-forty-eighth size, he uses a quarter inch with 
its subdivisions. 

Fig. 47 demonstrates how the various scales are used. For 
instance, A shows the jiart of the scale where 3 inches equals 
1 foot. To the right of the line marked 0, in illustration A, 
is given the scale in inches and fractions of an inch. You will 
notice that subdividing this foot into twelve divisions you obtain 
inches; and subdividing the inches into eight divisions you will 
obtain a scale as small as | inch. This illustration shows a 
reduction of 1 foot 10\ inches (l'-10\"). 

B indicates the part of the scale where 4 inches equals 1 
foot. To the left of the line marked 0 is given the scale in 
inches and fractions of an inch. Subdividing this foot into twelve 
divisions you will obtain inches; and subdividing the inches into 
eight divi>ions you will obtain a scale as small as 4 inch. This 
illustration denotes a reduction of 7 feet 6^ inches (7'-6^"). 
Notice that the measurements start at the seventh division to the 
right of the 0 line, and six divisions to the left of the 6-inch line. 


60 



BLUEPRINT READING 


53 



-y'-ef- 


iBii 


1 

■I 


1 

■ 


w 


5CALE 4-INCm - f-FOOT ~5' 





-•- 2 '- F- -^ 

Hi 

hhhhhh 

HHHHHHUlilUlH 

gjiyilliyy^ 

2 

0 3 6 9 



^CAit hlNCh * hFOOT 


. ' 


L 


ID ’ <5 

gim^miiiiyi 



rn 

h 

9 6 3 0 1 2 3 , 



' 



5CALE l-INCH^ hFOOT 


5‘-0f 


'UH 

i 

23 , 

1 

I 

ll—1 

ll 


I'lTI'l' 


E 


0 3 6 9 


SC/tL£ ^ -INCH » l-FOOT £ 


h- . 4'-/l" - - 


[httti— 1 —^^^^^^^— 1 —^— 1 —^—1 


'JIHU 


' 47 

^ i 

1 



5CAL£ ^ -INCH * l-FOOr £ 



-•-26'" 9 " - 

lU 

u 

1111 11111 . 1 " i r 11 'n""i. \HT\ M 11 mil 


^Z(24ZZ20I8I6)4I2 10 6 6 4 2 06 

■■ 



SCALE ^ -INCH - t-FOOT <f 


Fig. 47. The Use of Various Scales 


67 
























54 


BLUEPRINT READING 


C shows the part of the scale where 1 inch equals 1 foot. To 
the right of the line marked O is given the scale in inches and 
fractions of an inch. Subdividing this foot into twelve divisions, 
you will obtain inches; and subdividing the inches into four 
divisions you will obtain a scale of \ inch. This illustration de¬ 
notes a reduction of 2 feet 1 inch (2'-l"). Notice that the 
measurements start at the second division to the left of the 0 
line, and four divisions to the right of the O line. 

D shows the part of the scale where \ inch equals 1 foot. 
To the left of the line marked O is given the scale in inches and 
fractions of an inch. The smallest fractional division on this 
scale is ^ inch. This illustration represents a reduction of 15 
feet 8 inches (l5'-8"). Notice that the measurements start at 
the fifteenth division to the right of the 0 line, and sixteen 
divisions to the left of the 0 line. 

E shows the part of the scale where ^ inch equals 1 foot. 
To the right of the line marked 0 is given the scale in inches 

and fractions of an inch. The smallest fractional division on this 

scale is i inch. Here a reduction of S feet ^ inch (5'-0J") is 
indicated. The measurements start at the fifth division to the 
left of the 0 line, and one division to the right of the 0 line. 

F shows the part of the scale where i inch equals 1 foot. 
To the left of the line marked O is given the scale in inches 
only. A reduction of 4 feet 11 inches (4'-ir') is here indicated. 
The measurements start at the fourth division to the right of 
the O line, and eleven divisions to the left of the 0 line. 

G shows the part of the scale where i inch equals 1 foot. 

To the right of the line marked 0 is given the scale in inches 

only. This shows a reduction of 26 feet 9 inches (26'9"). Notice 
that the measurements start at the twenty-sixth division to the 
left of the 0 line, and nine divisions to the right of the 0 line. 

Fig. 48 shows a detail which has been reduced in making 
the cut so that its dimensions are on a scale of 1^ inches per 
foot, or one-eighth size. By applying the scale to this cut and 
comparing the readings on the scale with the dimensions as 
given, the student will gain a clear understanding of a reduced 
scale drawing. 
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Fig. 49 snows a detail which has been reduced in making 
the cut so that its dimensions are on a scale of 3 inches per foot, 
or one-fourth size. The scale can be applied to this drawing in 
the same manner as was done in Fig. 48 

Fig. 50 shows a detail which has been reduced so that its 
dimensions are on a scale of 6 inches per foot, or one-half size. 



Fipf. 49 Reduced Scale r)ra^MnK Actual Scale. .1 inches euuaU 1 foot 

The scale can be applied to this drawing, as was done in Figs. 
48 and 49. 

The foregoing reduced details are merely illustrations for 
making comparisons with scale drawings. However, in practice, 
it is not a good policy to scale a blueprint, as the blueprint 
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shrinks after it is made. A drawing should always be made so 
complete that it is not necessary for the workman to use a scale. 

Usual Scales for Drawing. The best scales for shop draw¬ 
ings in the United States are those readily derived from the 
common foot rule, such as full size: 6 inches=l foot; 3 inches= 



PINION 

MACH. STEEL. I-REQ. F.A.O. 
CUT 12 T. 2DIA.P. INV. 


Fifi: 50 Reduced Scale Drawing:. Actual Scale. 6 inches equals 1 foot 

1 foot, inches — 1 foot. These are the most common, most 
easily read from an ordinary scale, and one of these can usually 
be adopted. The student should learn to read these from an 
ordinary scale without being confined to a special graduation. 
In order to do this it is not necessary to divide each dimension 
by 2, 4, or 8 to get one-half size, one-fourth size, or one-eighth 
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size. For example, for one-half size, or 6 inches=l foot, i inch 
on an ordinary rule represents 1 inch. Hence, each i inch 
may be read as 1 inch, and its subdivision accordingly, thus: 

I I I For 3 inches=l foot, or one-fourth size, i inch 
lihlilililil ilil 

0 I 2 J 4 , , 

represents 1 inch, and looks thus: I , i , for ij inches 

I I I I I t 1 I I I 1 I I 1 t J 

=1 foot, or one-eighth size, ^ inch represents 1 inch, and looks 
0 2 4 6 8 

thus: I , I , I It is very easy to get accustomed to 

lllilllLllJlLlil 

this, and it saves much time and trouble hunting up a special 
scale every time. 

The other allowable scales, less common but sometimes 
necessary on large work, are: 1 inch~l foot; i inch=l foot; 
i inch =-l foot; | inch=l foot; J inch=rl foot; and foot. 
For convenience in the use of these scales, special graduation 
is desirable. 

Every drawing should have the scale to which it is made 
plainly marked upon it, as a part of, or adjacent to, the title. 

Sometimes if the piece to be drawn is too small to be satis¬ 
factorily shown full size, the drawing is made to an enlarged 
scale, such as twice size, three times size, etc. 

The mistake of choosing the wrong distance to use on a 
scale is often made. For example, if one wishes to draw a piece 
one-fourth size, he may look over his scale for a place marked 
i, and use this for his standard for one-fourth size, which is 
wrong. The figure on the scale indicates the distance which is 
divided up to represent 1 foot, so that the part of the scale 
which has ^ marked on it means that ^ of an inch is divided up 
into twelfths, or in other words, if a drawing is made according 
to that scale it will be one-forty-eighth size. 


72 



BLUEPRINT READING—Part II 

—^For the Machine Trades— 

The discussions in this part of the text will be on the 
reproduction of actual shop drawings taken from some well- 
known manufacturing and machine building concerns in the 
United States. This has been done to make the study a prac¬ 
tical one, so therefore, try to place yourself in the position of 
the various mechanics when using these drawings or blue¬ 
prints. 


WORKING AND ASSEMBLY DRAWINGS 

Ball-Bearing Spindle. Fig. 51 is a comparatively simple 
blueprint of a ball-bearing spindle. Only one view is shown. 
The dimensions are indicated on or near it. This blueprint will 
be used in the machine building plant by a competent 
machinist. 

From a drafting point of view, this blueprint could be criti¬ 
cized rather severely as it violates many standard conventions 
of good drafting; but it is shown because a mechanic occasion¬ 
ally has to use a blueprint of this kind. 

A machinist before proceeding with his job must know 
the over-all length of the spindle. As a rule, the over-all length 
is given, but it is not specified on this blueprint so it must 
be determined. To the left of the cast-iron hub, which is on 
the right end of the drawing, he finds the dimension 1" and 
below it 1|". Subtracting these dimensions, he gets i", which 
is the depth of the counterbore in the hub. Then he takes the 
distance from the left end of the spindle to the left end of the 
hub, which is 16iJ", and adds to it the depth i", and the dis¬ 
tance from the bottom of the counterbore to the end of the 
spindle, which is 2^^", and he gets 19f", which is the over-all 
length. 

Now the machinist must know the diameter and length of 
that part of the spindle which the No. 1209 SKF* bearing fits. 

* SKF IS the name of the ball bearings. 
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On examining the blueprint, he finds the diameter of the spindle 
is 1.7717'' and the length is J". The hole in the end of the 
spindle is and the size of the spindle for the SKF No. 707U 
ball bearing is 1.377". It will be noted that the size and loca¬ 
tion of the holes which are to be located in the assembly are 
not given. This means that these holes are drilled when the 
parts are assembled, so that accurate locations can be obtained. 
In all cases of uncertainty about dimensions, materials, etc., the 
safe procedure for the mechanic is to consult his foreman. 

QUIZ QUESTIONS* 

1. What is to be the diameter of the bore in the cast-iron 
hub? 

2. Of what material is the spindle made? 

3. What is the length of that part of the spindle which has 
li"-16 threads? 

4. What is the length of that part of the spindle which 
carries lf'-16 threads? 

5. What is the size of the hole which is drilled in the end 
of the spindle? 

6. What is the length of the part which fits into the No. 
707U SKF ball bearings? 

*No written answers are requirwl for Quiz QuestioiLs. 

Gauge Block. Fig. 52 is a blueprint of a gauge block for a 
halftone beveler or rabbeting machine. There are three views 
—the plan, front elevation, and right end elevation or, as often 
named, the top, front, and end view^s. As practices vary in dif¬ 
ferent drafting offices, you may not find the end elevation 
always placed as it is shown in this blueprint. It could have 
been placed to the right of the front elevation. 

The first thing the machinist will want to know before 
setting up his job in the shaper will be the thickness, width, 
and length of the gauge block. 

In studying the blueprint, he finds that the thickness is to 
be IJ" and the width is to be 2". He finds these dimensions 
as part of the right end elevation. The length is 2iV". This 
dimension is shown between the front elevation and the plan 
or top view. 
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In the plan view, there are two invisible horizontal lines 
which are the same length as the visible lines and, by referring 
to the right end elevation, the machinist finds that the two 
visible and two invisible lines indicate that the dovetail is to 
be the full length of the block, or 

The machinist must also know the depth of the dovetail 
and its angle. He finds the depth is and the angle is 60°, 
as shown on the end elevation. He also notes that the dove¬ 
tail is placed so that it is behind the center line of the 
drawing and Ji" in front of it, therefore, the distance between 
the edges or the width of the opening of the dovetail will 
be ;il". 

In order to tap the holes which run into the dovetail, the 
machinist must know the depth and location of these holes. On 
examining the end elevation, he finds directly above it the 
specification No. 8-32 tap. On some blueprints, the size of drill 
is also specified. However, the machinists who are building 
this class of work generally do not need to have this specifica¬ 
tion as they know from experience the proper size of tap drill 
to use. If, however, you do not know, consult a table which 
gives this information or ask the foreman. 

The dimensions for the location of the tapped holes are 
specified directly above the front elevation or below the over-all 
dimension of The first hole shown in the front elevation 
is to be located I" from the right end, and the second and third 
holes are to be apart. 


QUIZ QUESTIONS* 

1. What is the length, width, and thickness of the block? 

2. What is the spacing between centers of the three tapped 
holes that run into the dovetail? 

3. What is the width at the narrow part of the dovetail ? 

4. What is the angle of the dovetail ? 

5. What is the size of the tapped hole that comes under or 

below the dovetail ? • 

6. What is the size of the taper pins ? 

7. What is the diameter and depth of the counterbore below 
the dovetail ? 

*No UTitten answers are required for Quiz Questions. 
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Bracket for Adjusting Screw. Fig. 53 is a blueprint of a 
bracket for an adjusting screw used in a 16 by 20 combination 
saw and trimmer. Four views are shown—plan or top view, 
front elevation, left end elevation, and sectional elevation taken 
on line AA, as indicated near the plan view. 

The reading of this blueprint is not as difficult for the 
machinist as it is for the pattern maker, inasmuch as the 
machinist receives the casting and only has to compare it with 
the blueprint to get a good idea of the shape of the piece. The 
pattern maker, however, has nothing to go by except the blue¬ 
print, therefore, he must be able to visualize how the finished 
casting wfil appear. Let us see how he does this. 

First, he carefully studies the plan view in conjunction 
with the front elevation and the end elevation to get an idea 
of the general shape of the piece. The plan or top view gives 
the outline of the shape of the bracket. It also shows there are 
various ribs under the main piece to add strength. The eleva¬ 
tion shows the thickness of the top part and the depth of the 
rib. 

One of the first important measurements is the distance 
from the back of the casting to the center of the hub in which 
the tapped hole will be. This is shown on the plan 

as 7}^". The horizontal distance from the left end of the 
casting to the center of the hub is The hub is If" in 
diameter and is 1deep. 

The pattern maker must find out what the several invisible 
lines on the plan view indicate. The lines in the arm of the 
bracket show the width of the vertical rib which connects the 
hub and the back part of the casting. It is The invisible 
lines at the back of the plan view show there is another rib 
which has three pads. The pads are J" on the face and the 
space between them is 2^". The depth of these pads is shown 
in the front elevation and it varies from 1]" to 1^". The thick¬ 
ness of the rib containing these pads is shown as g", and there 
is a iY' hole drilled through this rib between pads. 

The pattern maker notices that a line crosses through the 
casting at AA. This is a cutting plane, so he looks for a section 
of that part of the casting. He finds on Section AA that the 
back part of the casting is to be J" thick and that the casting 
IS to be cored out to a width of §". The length of the back 
rib of the casting is shown in the plan view as 6J. 
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On examining the plan view again, the pattern maker 
notes there is another rib running across the bracket not quite 
parallel to the one containing the pads. This rib has a thick¬ 
ness of i". This plan view also shows the location of the two 

holes which are drilled through the casting. 

QUIZ QUESTIONS* 

1. What is the size of the tapped hole in the hub at the 
end of the arm of the bracket? 

2. What is the width of the rib that extends under the 
arm? 

3. What is the thickness of the top part of the arm ? 

4. Of what material is the bracket made? 

5. Give the location for the drilled holes. 

6. What is the thickness of the two ribs running across 
the casting ? 

7. What are the sizes of the pads on one of the ribs? 

*No WTitten answers are required for Quiz Questions. 

Spindle Head. Fig. 54 is a blueprint for a wheel spindle 
head used on a tool grinding machine and Fig. 55 is an assem¬ 
bly drawing of the same machine. The spindle head job, in 
some cases, might be made in small quantities, but the blue¬ 
prints should not be considered as being used strictly for 
machine building nor for manufacturing. The assembly draw¬ 
ing, Fig. 55, consists of two views—a front elevation and a 
right end elevation. In the front elevation, the upper part is 
shown in section, the central part is a full view, and the lower 
part is partly indicated. In the right end elevation, the central 
part is fully shown and the lower part is omitted. Practices 
vary in making assembly drawings. Some assembly drawings 
would have all the piece parts indicated by numbers, thereby 
aiding the mechanic to assemble the pieces; however, as will 
be seen from this blueprint, piece parts or detail numbers are 
not specified. 

Let us consider blueprint Fig. 55 when it is being used in 
the assembly department as an aid to the mechanic in assem¬ 
bling the pieces. Before he proceeds to assemble the pieces, he 
makes a study of the blueprint. At the top of the front eleva¬ 
tion of the machine, that is, the center part of it, he finds that 
some of the pieces are inclosed, and the piece that covers them 
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Fig. 54. Working Drawing for a Wheel Spindle Head 
Courtesy of Brou'n & ^harpe Mfg Company 
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is the wheel spindle head. Within this wheel spindle head, 
which has bearing housings on each end with bushings inside 
of the housings, a spindle rotates. This spindle is to hold the 
emery wheels, as will be seen on the right and left ends of the 
spindle. Inside this wheel spindle head and between the bear¬ 
ings, a pulley is located, which, as will be seen from the section, 
is one that is made of cast iron and is held to the spindle by 
a headless set screw. To the right and left of the pulley are 
two pieces, shown in section, these being babbitted bushings 
which aid in keeping down friction. At the extreme left and 
right of the babbitted bushings, caps are shown, which come in 
contact with the right and left bearings. These caps are fas¬ 
tened to the bushings with headless set screws. 

A better understanding of the spindle head may be had 
from a careful study of the right end elevation. It will be seen 
that the part of the head that is attached to the pedestal is 
grooved out somewhat at the top, this being indicated by 
invisible or dotted lines. 

To the right and left of the center line of the machine 
there are lines tapering up from the bottom of the head to the 
bottom of the bearing, which indicate the sides of the ribs. 
The mechanic now refers to the sectional part of the front 
elevation and finds that the perpendicular lines directly below 
the bearings and setting back slightly from the inner ends of 
the bearings indicate the length of the ribs. 

In the front sectional elevation, the mechanic finds that 
the upper part of the bearing housings are not crosshatched. 
So he refers to the right end elevation, at the upper part of the 
housings, and decides that the front sectional elevation was 
obtained by taking a cutting plane on the center line in the 
right end elevation. Here he finds two invisible perpendicular 
lines, one to the right and one to the left, extending from the 
top of the bearing down to the bushings. He also finds to the 
right and to the left of the top part of the housings a screw 
passing through it, which indicates that the housings are split 
at the top. 

In the front elevation at the extreme right end of the 
spindle, the mechanic finds that a certain piece directly above 
and partly to the side of the wheel is shown in section. From 
the front sectional elevation, he is not able to determine just 
what this piece is; but in referring to the right end elevation. 
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he finds that the piece is a guard which is used to cover the 
top of the emery wheel. The purpose of the guard is to keep 
the flying pieces of a broken wheel from hitting the worker. 
How is this guard attached to the machine ? In the right end 
elevation to the extreme right of the spindle head or back of it, 
the mechanic finds visible and invisible lines connecting to 
a circular part, which indicate that there is a bracket that 
connects the guard to the wheel spindle head. On the end 
of the arm is a boss with a hole through it in which a pin fits 
that is used for the guard to turn on when it is necessary to 
remove the wheel from the spindle. In other words, to remove 
the wheel from the spindle it is necessary to raise the guard 
out of the way. 

The mechanic must now find how the wheel spindle head is 
fastened to the pedestal. In the front elevation on the right 
side of the pedestal and at the top of it, he finds a flat fillister 
head screw. In the right end elevation, he finds two such 
fillister head screws. This shows him that the wheel spindle 
head is fastened to the pedestal with four fillister head screws. 

Let us now consider the blueprint from the point of view 
of a pattern maker. The pattern maker first studies his blue¬ 
print, Fig. 54, to find out what material is to be used and to get 
an understanding of the design of the wheel spindle head. His 
blueprint consists of three views—a plan view, a front eleva¬ 
tion, and a right end elevation. On the right of the plan view, 
he finds directly below the specification wheel spindle head, 
C.I., which indicates that cast iron is the material and N 290 
is the pattern number. The notes regarding “Fixture for mill¬ 
ing top, etc.,'' refer to special tools which are available for 
mass production. 

The pattern maker now looks for the width and length of 
the lower part of the spindle head. On the left of the plan 
view, he finds the width of the spindle head is 9:1", but he does 
not find the length given in the plan view of this blueprint. 
Therefore, he refers to the front elevation and finds directly 
above the lower part of the spindle head the dimension 12f", 
which is the length. 

In studying the front elevation, particularly the bottom 
part of it, the pattern maker finds a horizontal invisible line, 
which is located from the bottom horizontal line. This 
shows him that the base has an impression in it, but it does 
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not give him the length and width of the impression, there¬ 
fore, he makes the top part of the base 2|" on each end, and 
then allows the length of the impression to come as it will. 
From the study of the right end elevation, he finds the impres¬ 
sion starts a short distance from the back and front side and 
terminates at the perpendicular line, showing the extreme 
width, or, in other words, the outside width of the box-like de¬ 
sign on the casting, but the correct location cannot be obtained 
from the front elevation. Referring to the plan view, he finds 
that a V thickness is specified. 

From the assembly drawing. Fig. 55, the mechanic finds 
that the housings are supported by ribs directly below them. To 
determine the distance from the outer edge of the vertical part 
of the casting to the edge of the rib, he refers to the front eleva¬ 
tion, Fig. 54, between the right housing and the base and finds 
it is liY'- He also finds near the front elevation directly to the 
side of the right housing that the distance from the center of 
the housing to the top of the base is On Sc»me blueprints 
this dimension would be specified on the right side elevation 
and on others, on the front elevation. 

The housings are located on the base and the pattern maker, 
by referring to the front elevation to the right of the perpen¬ 
dicular center line, finds that the dimension is Ijjj"* This is the 
distance from the center line to the inside face of the bearing 
housing. This dimension is used for locating the other housing. 
For the length of the housing he adds 1 }i|" to IS" which equals 
He subtracts from 35" which gives He then 
adds {\/' to IS" which gives 1};!". To the right of the left hous¬ 
ing he finds the dimension which is the outside diameter of 
the housing. 

The pattern maker may be accustomed to using drawings 
where the dimension for the hole in the housing would be 
shown on the right-hand elevation. In this particular case, he 
will find the dimension to the right of the front elevation near 
the right housing. The dimension of the diameter of the hole in 
the housing is 1|". 

After looking at the front elevation on the blueprint, the 
pattern maker is unable to judge whether or not part of the 
housings are enclosed in a box-like casting. He studies the 
right-hand elevation and learns from it that the bearings are 
partly encased in a rectangular box-like casting He does not 
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know definitely just how this box should appear when looking 
at it from the top. So he finds it necessary to read the plan 
view. From it he finds that the corners of this box are rounded, 
so he must find the radius of the corners on the inside and out¬ 
side. Below the right housing in the front right-hand corner 
of the box, he finds a radius, which is the radius to use for 
the inner corner. The outside radius, as will be seen from the 
rear right-hand corner of the box, is J". 

On the right end elevation directly above the housing, the 
pattern maker finds lugs that are to be machined through the 
center with a i" saw, but he does not know their design or 
shape. He refers to the front elevation and studies the various 
parts of the bearing housing. He finds that the housing to the 
left shows that the ear or lug has a radius of i". Not knowing 
just how high the top part of this lug is to come, he again reads 
his blueprint but does not find the distance from the center of 
the housing to the center of the hole in the ear specified on the 
front elevation. Referring to the right end elevation, he finds 
this dimension 1 which gives the correct position to set his 
dividers when scribing the arc w^hich will give the rounding 
for the ear. 

The pattern maker now must find out how the emery wheel 
guard is supported. From the as.sembly drawing. Fig. 55, he 
learns that this guard swivels on a pin w^hich is in.serted in a 
hole in a bracket that is at the back of the box-like part of the 
casting. Now he must find the location of the bracket relative 
to the top of the box and the center of the ])ox. As it is the 
center of the bracket in which the hole is machined, he looks for 
the location of the horizontal center line. On the right end 
elevation, Fig 54, above the bracket and the box-like part of 
the casting is the dimension 4^", which is the specification for 
the horizontal distance. Between the bearing and the right 
wall of the box, he finds the dimension li", which is the dis¬ 
tance from the top of the box to the center-of the bracket in 
which the hole will be machined. 

QUIZ QUESTIONS* 

1. Of what material is the spindle bushings made? 

2. What is the diameter of the bore through the bearing 
housing? 
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8. What is the diameter of the bore in the arms or brack¬ 
ets which carry the guard of the machine? 

4. What is the distance between the inside faces of the 
main bearing housing? 

5. How thick are the walls on the center box construction? 

6. What is the height of the center box construction meas¬ 
ured from the bottom surface of the spindle head? 

7. What is the thickness of the bracket that is to carry the 
guard of the machine? 

*No written answei*8 ai*e required for Quiz Questions. 

Base for Machine Tool. Fig. 56 is a blueprint of a base for 
a machine tool. Four views are shown —a plan view, a front 
sectional elevation, a right end sectional elevation, and a par¬ 
tial right end elevation. From the blueprint it would be diffi¬ 
cult for one to determine for w^hat particular machine this base 
is to be used, but the illustration. Fig. 57, shows that this is a 
base for a shaper and that it supports the machine proper. The 
blueprint. Fig. 56, shows that the base is rectangular and that 
the casting is ribbed in various places. 

We will first study the blueprint from the point of view of 
the pattern maker as it affords excellent practice of visualiz¬ 
ing a job from a drawing. The pattern maker first must find 
the length, width, and height of the base. He studies the blue¬ 
print and finds at the right end of the plan view directly above 
the horizontal center line the dimension 28", which is the over¬ 
all width of the base. Then just below the front sectional ele¬ 
vation, he finds the dimension 701", w^hich is the length of the 
base. At the right end of the front sectional elevation, he 
finds the dimension 10}:", which is the extreme height of the 
base. 

The right end of the drawing shows the low interior part 
of the base that connects to a solid mass of metal. This part of 
the base also connects to a perpendicular rib that is J" thick 
and continues on to a round corner. The round corner, in turn, 
meets another perpendicular rib. Now the pattern maker must 
find how far below the top of the base this part should be. On 
the right end of the elevation, he finds that this distance is to 
be 6", it being located to one side of the over-all height 10j". 
He also finds that the thickness of the part is to be i", this 
dimension being directly below the part. 
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In the plan view near the front side of the upper part of the 
base, a li" cored hole is specified. By referring to the section 
ABCD, the pattern maker finds that this part of the base is 
connected to a perpendicular rib below it. 

To the right in the end sectional elevation ABCD are two 
horizontal lines which outline the top and bottom of another 
part of the base. This part of the base is also shown in the 
front elevation and extends from the rounded corner of the 
lower part of the base to the mass of metal that contains the 
13" hole 2J" deep. The thickness of this part is i". This part 
of the base must be reinforced in some way and so the pattern 
maker looks for a vertical rib. In studying the front sectional 
elevation, he finds the vertical rib and the dimension f", which 
is the thickness of the rib. Then on the plan view, he finds 
that the rib runs practically the full width of the base. To the 
left and to the right of the vertical rib are ribs which are 
rather shallow, and from the front sectional elevation, the pat¬ 
tern maker finds that they are the same thickness as the cen¬ 
ter rib and from the plan view he finds that these ribs are the 
same length as the center rib. The pattern maker now studies 
the front sectional elevation and finds to the right of the left 
rib a tapered line making an angle of 15 degrees. He projects 
the tapered line up to the plan view by laying a rule or a 
machinist's scale on the blueprint at the end of the tapered line 
and finds the two ribs which taper at the bottom of the 
casting. 

At the l^ft of the drawing in the front sectional elevation 
is a visible horizontal line that is parallel to the bottom base 
line and tangent to tho bottom of one of the shallow ribs which 
joins the left end or wall of the casting. This line shows the 
depth of the four long and tw^o shorter 3" ribs which are shown 
in the plan view. 

On the right end of the plan view is a specification—IJ" 
core. To find the depth of this hole, the pattern maker refers 
to the right end sectional elevation and finds it is to be 4|". 

The pattern maker again refers to the end sectional eleva¬ 
tion in order to learn more about the details of this job. He 
looks at the plan view for a cutting plane line which would 
indicate where a section is taken. Referring to the front half 
of the plan view at the right end directly in front of the out¬ 
side of the base, he finds a letter D, Following the perpendicu- 
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Fig. 57. Illustration of a Rockford Hy-SerTiee Shaper 
Courtesy of Rockford Machine Tool Company 
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lar line, which is the cutting plane line, up to the center line, 
he finds a letter C. This is only one-half of the width of the 
base; and as the end sectional elevation shows the full width 
in section, he looks for another cutting plane line. Following 
the horizontal center line to the left of the cutting plane line 
DC, he finds a short distance from C a letter B. Above the 
letter B, he finds the other cutting plane line with the letter 
A. Starting with letter A, the combination of cutting plane 
lines is called cutting plane ABCD. If the base were cut on 
these lines and the piece to the right that was separated from 
the left piece was removed, thereby enabling one to look at the 
base from the right end, a view would be obtained the same as 
shown at section ABCD. By a study of this section, the pat¬ 
tern maker is able to determine where some of the ribb and 
other parts of the casting are located. 

Let us now study the blueprint from the point of view 
of the machinist. In the plan view on the center line of the 
base, he finds a hole 1so he looks for the specification which 
tells him whether the hole is to be cored, drilled, or reamed. 

drill is specified. Now the machinist wants to know 
whether this hole is to be drilled entirely through the base 
or just how deep it is to be. In reading the front sectional ele> 
vation, he finds that this hole is to be drilled to a depth of 2 i". 

At the extreme right end of the front sectional elevation is 
a tapered tapped hole. The machinist studies the blueprint to 
find the size of the tap to use and the length of the part tai:)ped. 
Above the hole he finds the length is to be i" and to the right 
the size of tap is to be V' pipe tap. Referring to the right side 
or the right end of the base, he finds that the tapped hole is to 
be 4T' from the bottom of the base. 

In the plan view the specification, tap h- 16 and directly 
below it (4), tells the machinist that four holes are reciuired. 
Back of the horizontal center line at the extreme right end of 
the upper part of the base, he finds a dimension 4", which tells 
him that the first tapped hole is to be 4" from the right end. 
At the left of this dimension he finds that there are two tapped 
holes located back of the center line and are 9" apart. An expe¬ 
rienced mechanic, familiar with blueprints, will readily under¬ 
stand that the front holes, not having locating dimensions, 
are to be laid out exactlj^ in the same way as the back pair of 
holes. 
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Near the right pair of holes, he finds that they are to be 
spaced 8" apart. As no dimension is specified for the left pair 
of holes, it is understood that they are to be on 8" centers. 
The next step is to locate the holes in relation to the center 
line. On the blueprint he finds a dimension stating the center 
distance of the holes. As no dimension is indicated for the 
location of the holes from the center line of the base, it is 
understood that they should be equidistant, or 4" from the 
center line. 


QUIZ QUESTIONS* 

1. What is the over-all length and width of the base? 

2. How is the surface at the left end of the base finished ? 

3. What is the width of this surface? 

4. What is the width or thickness of the various ribs 
which are on the lower part of the base at the left end? 

* 6. What is the width of the base on which the main part 

of the machine rests? 

6. What is the diameter and depth of the hole that is 
located in the left end of the raised section of the base? 

7. What is the diameter and depth of the cored hole which 
is shown just to the right of one of the main ribs in the plan 
view? 

*No written answers are requin^d for Quiz Questions. 


MANUFACTURING DRAWINGS 

Worm and Worm Wheel. In making a study of the blue¬ 
print of the worm and worm wheel. Fig. 68, it is readily seen 
that in so far as the principles of the drawing are concerned, 
they are the same as for the drawings used in machine build¬ 
ing, however, the specifications vary to some extent as they 
apply to manufacturing conditions. This blueprint, Fig. 58, 
is a typical working drawing used in a manufacturing plant. 
It is also used by concerns that specialize in manufacturing 
gears, as will be understood from the note in the lower left- 
hand corner of the blueprint. 

The blueprint shows two view.s—a front elevation and a 
right side elevation. It is easy to read, for the drawings are 
simple working drawings. 
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Let us see just how the lathe hand would use this blue¬ 
print. We shall assume that he is going to machine the worm 
wheel. He must first find out what the finished outside diam¬ 
eter of the worm wheel is to be. At the left of the front ele¬ 
vation, he finds the dimension 1.992" plus and minus .004". 
Now^ he looks for the over-all length of the worm wheel. 
Referring to the front elevation, he finds it is to be 
He next examines his blueprint to find the wudth of that part 
of the worm wheel on w^hich the teeth are to be cut. He finds 
below the front elevation that the width is to be At the 
left of the front elevation, he finds the hub diameter is to 
be IJ". 

In the front elevation of the worm wheel, the lathe hand 
finds four invisible lines practically the same length as the 
over-all length of the worm wheel. These linos indicate that 
there is a hole and a kcyway in this worm wheel, but they do 
not show whether the hole is round or square. Referring to 
the right end elevation, he finds that the hole is round and 
that the final operation on it is to grind the hole to a diameter 
of .591" plus .001" and minus .000". This dimension shows 
him that the gauge to be used in this hole, it being a plug 
gauge, is approximately the same diameter as the finished 
round hole. 

The machine operator knows that the keyway runs about 
the full length of the worm wheel and he must find how wide 
and how deep this keyway should be. Referring to the right 
end elevation he finds the specification—J" keyway for No. 5 
Woodruff key. (See table at end of text.) Use the gauge for 
depth. This specification is for a piece being produced in 
quantities or on a manufacturing basis. To check a gauge for 
this purpose, compare the measurement with that below the 
right end elevation of the worm wheel; and if the gauge meas¬ 
ures .662" approximately, there would be no question about it 
being the correct one. 

Again the lathe hand studies the front elevation of the 
worm wheel and, on the left end or inside of the hub, he finds 
that there is a chamfer to be machined. For the size of this 
chamfer, he refers to the specification to the left of the draw¬ 
ing. This chamfer or countersink as specified on the drawing 
is to be 30°, indicating that the depth of this chamfer or 
countersink is to be ^’ 2 " and the angle 30°. 
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Tliere is a question regarding how accurate the hub is to 
be machined, therefore the lathe hand carefully examines the 
specifications near the drawing and finds the following note: 
Grind face true with bore. This indicates that the end of the 
hub is not only machined on the lathe but also on a grinding 
machine. Further study shows that the other end of the worm 
wheel must also be ground true with the bore. 

The operator on the gear cutter is concerned about certain 
dimensions for setting up his job. He looks for the size of the 
hole in the worm wheel, also the distance from the top of the 
table to the center of his cutter. In the right end elevation, he 
finds that a line and an arrowhead point to the hole and the 
specification is .591". This tells him the proper size of man* 
drel* to be slipped in the bore of the gear. The distance from 
the table of the machine to the center of the gear face is 
1.166" plus and minus .001". 

Referring to the front elevation, the operator finds at the 
right of it the dimension 1.250", which is the dimension for 
locating the cutter in the proper relation with the worm wheel 
face. Setting to 1.250" enables him to cut the proper depth 
of teeth. On some blueprints 1.250" would be specified on the 
end elevation. 

In considering the machining of the worm, the blueprint 
would first be studied in an endeavor to determine the finished 
sizes. If the lathe hand were interested in knowing the mate¬ 
rial that was used, it would only be necessary to refer to the 
specification list at the right of the blueprint under the head¬ 
ing Worm. In the first line he would find that the material 
was No. 2320 S.A.E., or Society of Automotive Engineers 
standard steel, and in this specification he would also learn 
that there was only one worm required for each machine. 

The lathe hand now' studies the blueprint to find the over¬ 
all length of this worm. At the top of the right end elevation, 
he finds that the over-all length is 1|". The two horizontal 
invisible lines directly above and below the center line of the 
worm suggest to him that there is a hole of some kind in the 
worm. From the front elevation, he learns that the hole is 
round. To find the size of this hole, he refers to the left of 
the right end elevation and finds the specification—Grind 


*** * etc., are mounted while being 
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.437" plus .001" and minus .000". Very near the left end of 
the worm is an invisible perpendicular line and at each end 
of this line a short tapered line. These lines show that the 
end of the worm is slightly countersunk or chamfered. The 
lathe hand now looks for the size of the chamfer. At the 
left of the right end elevation, he finds the specification— 
Chamfer 3 > 2 "x 30°. On the right end of the worm, he finds 
some invisible lines which he thinks are used to indicate 
threads. In making a more careful study of the blueprint, he 
finds that there are to be threads J" in diameter with a pitch 
of o** threads per inch, tapped into the end. 

Above and below the center line is an invisible line which 
starts from the right end of the worm and terminates 
from the left end. The lathe hand studies the front elevation 
and, being familiar somewhat with worm gearing, decides that 
these lines indicate the bottom of the worm thread which 
is cut on the circumference. 

From the drawings, the lathe hand is unable to determine 
whether the worm is to be single, double, or triple threaded, 
etc. So he refers to the specifications for the worm on the 
right side of the blueprint. Here he finds that the thread cut 
on the worm is to be quadruple with a right-hand spiral. He 
also finds in the specifications that the helix angle of the worm 
thread is to be 23° 58". 

Suppose that the heat treating department is issued a 
blueprint, as shown in Fig. 58, with an order to proceed with 
the necessary heat treating processes for the worm. The heat 
treater must first find at what temperature to normalize the 
worm. He studies the specifications relative to heat treating 
and finds the specification—Normalize at 1650° to 1750° F. 
Then he looks for the temperature to carburize the worm and 
he finds the specification—Carburize at 1600° to 1650° F.- 
5 Hrs. 

After the various heat treating processes have been com¬ 
pleted, an order and a print is received by the plating depart¬ 
ment. The plater knows that the worm is to be chromium 
plated, but he must find just how thick this plating is to be. 
Referring to the specifications, he finds this note—Chromium 
plate .002" to .003" on each side of the worm. 

In the inspection department, the inspector knows that 
the center distance must be gauged. To find how much allow- 
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ance can be made for backlash, he examines his blueprint and 
finds in a note in the lower right-hand corner the following 
information—When inspecting gears on center distance 
gauges, backlash must not exceed .004". 

The worm gearing job being a manufacturing one readily 
suggests to a competent mechanic that certain commercial 
variations are allowed. These are not specified in decimals and 
common fractions on this blueprint as on some, but are pro¬ 
vided for in a note at the bottom of the blueprint—Fractional 
dimensions on finished surfaces can vary plus or minus J 4 ". 

QUIZ QUESTIONS* 

1. What is the finished outside diameter of the worm 
wheel ? 

2. How is the hole in the worm wheel to be machined, and 
what is the size of this hole? 

3. What si/e is the chamfer to be machined on the worm 
wheel ? 

4. What is the over-all length of the worm? 

5. What is the size of the hole in the worm, and how is it 
machined ? 

6 . What type of a thread is to be cut on the w^orm ? 

7. What material is the worm to be made of? 

*N« writn*!! answers are requinMl for Quiz ({iiestioiis. 

Sanderplane. Fig. 59 is a blueprint of an assembly draw¬ 
ing of a sanderplane, showing a side vknv. A sectional eleva¬ 
tion, taken through the pulley, worm wheel, and ball bearings, 
is showm in Fig. 60. A partial section indicates the worm, 
radial ball bearings, etc., in Fig. 59. Fig. 61 is a picture of a 
sanderplane. 

The worm gearing. Fig. 58, is a mechanism used in a 
sanderplane. There might be a question from one of the 
mechanics in the assembly department as to w^here the worm 
gearing mechanism is to be located in this machine. On a 
standard machine, this question would not be necessary, how¬ 
ever, there is a possibility of a question of this kind arising 
with a new machine, that is, the first one to be built. A study 
of the assembly drawing explains the location of the worm 
gearing. 
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The mechanic knows that the upper part of the sander- 
plane consists of the motor end bell, motor, ball bearings, etc. 
He studies the assembly drawing carefully and finds near the 
central part of the machine that the worm screws on the end 
of the spindle. He compares it with the worm on the working 
drawing, Fig. 58, and finds it is the same. The working draw¬ 
ing specifies a §"-16-tapped thread cut to a depth of i", also 
a counterbored hole back of it. The worm wheel is found in the 
sectional elevation. 

The mechanic finds from a study of the sectional eleva¬ 
tion, Fig. 60, that a radial ball bearing is first assembled on 
the spindle, then the worm wheel comes next, or directly 
to the right side of the ball bearing. Near the other end of 
the spindle, he finds another radial ball bearing, which is 
seen in the sectional elevation. A cylindrical separator is used 
between the worm wheel and the ball bearing shown at the 
right. To the right of this ball bearing and to the left of the 
pulley hub, another spacer is found. To the right of the pulley 
hub, a washer is shown and on the outside of the washer is 
a hexagonal nut. 

Before the mechanic examines the assembly drawing for 
assembling the worm wheel to the spindle, he must find out 
the type of key to be used. He finds this information on the 
working drawing. Fig. 58. 

Figs. 62-A and 62-B are blueprints of the motor end bell. 
Four views are shown—a front elevation, a plan view, a sec¬ 
tional plan view, and a sectional right side elevation. 

In the upper part and on the sides of the front elevation 
the horizontal invisible line terminating into curves and the 
two perpendicular invisible lines on the sides indicate the 
inside surface of the end bell, or, in other words, the inside 
of the wall of the bell. 

In reading the front elevation, the pattern maker must 
find out whether the casting is to be round or square or just 
what shape it is to be. He studies the plan view and the sec¬ 
tional plan view and finds that the end bell is to be cylindrical. 
Now he wants to know the thickness of the wall of the bell. 
From the sectional elevation AA, which is taken on the center 
line of the front elevation, he finds the thickness of the wall 
is to be i". He next wants to know the over-all height of the 
end bell. Referring to the blueprint, he finds to the right of 
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the front elevation the dimension 6.781" plus and minus .004", 
which is the over-all height of the end bell. 

A question comes up about the openings in the top of the 
end bell and what the sizes are. To get these dimensions it 
is necessary for the pattern maker to study the plan view of 
the end bell. At the right of the perpendicular center line in 
the first quadrant, he finds the openings are specified as being 
1" long and rounded at the ends. He now proceeds to deter¬ 
mine what radii the ends should be. In the second quadrant, 
or that part of the drawing to the left of the perpendicular 
center line, he finds that the larger radii is to be and the 
smaller one In the first quadrant near the horizontal 
center line he finds a dimension H" R (radius) which shows 
how near the edge of the end bell or how near the center 
these ope'nings should come. He must know how to space 
these openings. He finds on the blueprint outside of the plan 
view in the first quadrant a specification 25°. This locates the 
first opening and the figures on the outside of the end bell and 
to the right show the other openings are to be 26° apart be¬ 
tween center lines. 

In examining the plan view, the pattern maker finds that 
the front part of the object has four tapped holes in it. Re¬ 
ferring to the front elevation, he finds that the projection is a 
pad having four tapped holes in it. At the upper part of the 
pad, he finds the outline of a square and as the plan view does 
not indicate a raised part on the projection, it would naturally 
follow that the square mu.st either be an impression of some 
kind or a hole through the wall of the end bell. Referring to 
section AA, he finds there is a hole through the wall but that 
it is not square but a rectangle 2 ',]" long and 2 ,' 4 " wide, as 
indicated on the front elevation and sectional elevation. The 
pattern maker now looks for the width of the pad. At the 
center of this pad, he finds the dimension 21", but he does not 
find a direct dimension for the length, so he must do some 
calculating. He finds the sum of j,';", 21 ", , 1 /', and (]". This 
gives him the distance from the bottom of the pad to the top 
of the end bell, which is slightly more than the length of the 
pad. As some deduction must be made, he refers to the sec¬ 
tional elevation AA and finds that the boss on the top of the 
end bell is 4 " high, this being the dimension then to be sub¬ 
tracted from the sum just obtained. 
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Below the upper pad in the front elevation, the pattern 
maker finds an impression or a pad which is of a rectangulai 
design, and as there are two tapped holes in it, it is more 
likely a pad than an impression in the front of the motor end 
bell. The sectional plan view J5J?, which is taken on the cut¬ 
ting plane line BB shown in the front elevation, convinces him 
that the two horizontal lines terminating in arcs is a pad. The 
sectional elevation AA also explains this. To find out how far 
this pad and the upper one projects out from the end bell, the 
pattern maker examines the plan view and directly to the 
right of it finds the dimension 25 ". 

In the upper part of section AA intersecting the center 
line there is a rectangular shape, the one end tapering into a 
J" arc. At the right of the end of the rectangle is a tapped 
hole, which suggests that a pad of some sort must be in the 
inside of the cylinder which is shown clearly in the plan view. 
On the left side of the plan view, the pattern maker finds 
two very short horizontal lines above and below the horizontal 
center line, indicating that there is an opening in the wall of 
the end bell. Now he must find out what the length of this 
opening is to be and how far one side is to be located from the 
horizontal center line. At the left side of the plan view, he 
finds the dimension 2 / 0 ", which is the length of the hole, and 
he also finds that one side of the hole is to be located 
from the center of the end bell. 

The lathe operator is now ready to proceed in machining 
the casting. We shall, therefore, consider what he is con¬ 
cerned about. Both ends of the end bell are to be faced, there¬ 
fore, he must know what length to machine the casting. To 
the right of the front elevation, he finds the dimension 6.781". 

He knows he has some machining to do in the way of 
counterboring for a ball bearing, etc., but he does not know 
what diameter or depth to make the counterbores, therefore, 
he refers to the upper part of the end bell in section AA, 
and finds that the first counterbore is to be machined to a 
diameter of 1.1816" plus .0012" and minus .000" and to a 
depth of .411" plus and minus .004". Below this counterbore 
is a second counterbore with a diameter of 1" and depth of 
i/v". Below the second counterbore is a through hole. The 
machinist finds the specification JJ", which is the diameter 
this hole is to be bored out to. 
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Inside of the upper part of the casting in which the coun¬ 
terbores and through hole are machined, a turning (machin¬ 
ing) operation must be performed. The lathe operator must 
find out what the diameter of this part of the casting is to be. 
From the blueprint, he finds the diameter is to be 1.434" plus 
and minus .002". As gauges are used for gauging the counter- 
bores, etc., the mechanic must make sure that he has received 
the proper gauges for this job. 

The machine operator is ready to bore that part of the 
end bell in which the field magnet of the motor fits. He looks 
for the diameter of the bore. In section BB, he finds that in 
the first and third quadrant, projections are indicated and the 
interior surface has a finish mark /, which apparently per¬ 
tains to the bore for the field, and the dimension 4.372" plus 
and minus .001", which is the diameter of the bore. In the 
second and fourth quadrant are also shown projections. The 
mechanic, being an experienced blueprint reader, understands 
that the dimension between these two projections is the same 
as for the other two referred to. In manufacturing practice, 
the machine o])erator uses a gauge for gauging this bore. 
This information, however, does not suffice for the machine 
operator's job. lie looks for a dimension which will give him 
the distance from the bottom of the end bell to the top of the 
bore for the field- From his experience he knows that he will 
find this dimension either on the section AA, outside of it, or 
on the front elevation. At the left side of section AA, he finds 
this dimension, which is 3.898" plus and minus .015". For 
measuring this depth, he also uses a gauge. 

Ready to counterbore the bottom of the end bell, the 
machine operator procures gauges of the proijer sizes. He 
checks up to be sure that they are the right gauges by exam¬ 
ining the dimensions on the blueprint. From the sectional 
elevation A A, he finds that the gauge for the first counterbore 
must be one that will gauge a diameter 5.125" plus and minus 
.002". His gauge for the second counterbore must be one 
that will gauge a dimension 5.000" plus and minus .002" 
satisfactorily. 

QUIZ QUESTIONS* 

1. What is the thickness of the wall of the end bell? 

2. What is the over-all height of the end bell? 
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3. What are the sizes of the openings in the top of the end 
bell? 

4. What is the dimension for boring out that part of the 
end bell in which the field fits? 

6. What are the dimensions given for the rectangular 
shape shown in the upper part of section AA ? 

6. Are both ends of the bell to be faced? 

7. What dimension must the lathe operator use in doing 
this job? 

"'No written answers are required for Quiz Questions. 

TOOL DRAWINGS 

Some years ago piece parts were not produced in the quan¬ 
tities they are today, and the experience gained from efficiency 
methods has led up-to-date manufacturing concerns to readily 
realize the importance of blueprints for the tool maker and 
punch and die maker. 

For simple jigs it is not absolutely necessary to make 
detail working drawings. Dimensions, note?, etc., are speci¬ 
fied on an assembly drawing such as shown in Fig. 63. How¬ 
ever, in comparatively complicated jigs and fixtures, detail 
working drawings have proved more satisfactory than the 
assembly drawing with all its dimensions, notes, etc. 

In some tool rooms assembly drawings are used by the 
punch and die maker, depending on the complexity of the 
punch and die; while in other plants, even though a punch 
and die is complicated, it is the practice to use assembly draw¬ 
ings that show the necessary dimensions, specifications, etc. 

Drill and Tap Jig. A tool maker would be given a blue¬ 
print showing the drill and tap jig. Fig. 63, also the piece 
part that was to be drilled and tapped. Fig. 64. Here is shown 
only a working drawing of the piece part. Fig. 64 shows three 
views—a plan view, a front elevation, and one plan view, taken 
at an angle, of a packer link bearing. The title on the blue¬ 
print of the jig states that it is to be used for drilling and 
tapping a hole that is to be subsequently used for an oil cup, 
on the end of which would be found a 1" pipe thread. The 
tool maker must find the location of the tapped hole. Refer¬ 
ring to the plan view, he finds on the center line a tapped 
hole is indicated and near the hole is the specification—i" 
pipe tap. To the right of the plan view, he finds that the hole. 
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even though located on the center line, is not equally spaced 
from the ends of the bearings. From the far end of the bear¬ 
ing to the center line, he finds that the hole is to be at a dis¬ 
tance of 21" and from the other end 2f". 

Now, try to picture in your mind from a study of this 
blueprint just how the finished piece part appears, as this will 
make the reading of the tool drawing simpler. To enable the 
tool maker to better understand just how the piece part is to 
fit into the jig, the tool designer indicates the piece part with 
dotted or lighter lines so that there is a distinction between 
the piece part and the jig itself. This is not always the case 
with tool drawings as sometimes the tool maker has only the 
piece part and from it must determine just how it would fit 
into the jig. 

From an examination of the plan view. Fig. 63, the tool 
maker gets a fairly good understanding of how the piece part 
is located in the jig and also how it is held. Referring to the 
right side elevation, he finds that the bearings of the piece 
part are pushed on a pin up to a shoulder, this part of the pin 
appearing to be like a washer. On the plan view, the dimen¬ 
sions of this so-called washer are found to be /V' thick and 
11" in diameter. In the upper part of the right side elevation, 
he finds that pin No .!) is used to be inserted in the .635" diam¬ 
eter hole of the third packer link bearing. This pin as will be 
seen from the plan view passes through the one hole only. 

The tool maker knows a bracket, Detail No. 5, Fig. 63, 
is required for this job. On the plan view, he finds that Detail 
No. 5 is the bushing plate and that it is held down on the base 
plate by a hexagonal cap screw and two dowel pins. The bush¬ 
ings are located on the left end of the bushing plate or above 
that part of the third packer link bearing that is to be drilled 
and tapped. Referring to the front elevation of the bushing 
plate, he finds that there are two bushings to be used for this 
job, the one being inserted in the bushing plate and the sec¬ 
ond bushing being inserted in the bushing that fits in the 
bushing plate. One bushing is used for a drilling operation and 
the other for a tapping operation. 

The tool maker, having received the casting for the base 
plate, knows fairly well the design of this piece, but he must 
study his blueprint in order to get the necessary information 
for the machining processes on this job. On the front and the 
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rierht side elevation at the bottom of the drawing, he finds 
the symbol /, which means that this part of the base is to be 
machined. He completes this part of the job. Now he looks 
for the necessary information for the operation that is to be 
performed on the shaper, which is the upper part of the base 
in which the bushing plate fits. At the left of the right 
side elevation, the dimension shows him that he must 
machine to this depth to correctly locate the bushing plate. 
From the right side elevation, he also finds that the width of 
slot for the bushing plate is to be Ij" wide and is to be located 
I" from the left edge of the base plate. 

In studying the right side elevation, the mechanic finds 
that the lower pin Detail No. 2 fits into the base plate. To find 
what diameter the hole is to be machined to in which this 
pin is to fit, he refers to the plan view and, near the top, he 
finds the specification—jj" PR.Fit*. From tliis he knows the 
size reamer to use is g". He then makes the pin slightly larger 
in diameter to allow for the press required. 

Knowing that the pin Detail No. 9 to the left of the one 
Detail No. 2 is the one used in the upper part of the jig, he 
refers to his blueprint to obtain the size of the hole in that 
part of the base plate. He finds the specification—g" Slid’g 
Fit. From his experience, he knows it is advi.sable to use 
standard tools. He drills and reams this hole, using a 5" 
diameter reamer. The sliding fit then mu.st be provided for on 
the pin or, in other words, the pin must be slightly less in 
diameter than the hole. 

Referring to the plan view, he finds the various propor¬ 
tions of the guide pin No. 2, but he is unable to obtain the 
length of that part of the pin that fits in the piece part. On 
the right side elevation at the bottom of the drawing, he finds 
the length is to be 21". On the plan view, he finds the diameter 

630 ^^ 

of this part of the guide pin is to be ggi" 

In studying the bushing plate Detail No. 5, the tool maker 
finds the length is to be 3" and the width 11", but the thick¬ 
ness of this plate is not given. In some plants, bushing plates 
of various sizes are kept in stock, being standard, and can 
be used for other jigs. All that is necessary for the tool maker 
to do is to procure a bushing plate which calls for a size 

*PR. Fit means—Press fit or a fit requiring pressure. 
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3"x IJ". He finds that the thickness of this bushing plate 

is i". 

No dimensions are specified for the location of the dowel 
pins nor for the location of the bushing and hexagon headed 
cap screw. The dimensions for these locations were not speci¬ 
fied because, according to standard practice in the particular 
plant in which the jig was to be made, it was not necessary to 
specify the dimensions for those parts of the bushing plate. 

For the proper materials that should be used for the vari¬ 
ous pieces of this jig, the tool maker refers to the bill of mate¬ 
rial in the upper right-hand corner or directly above the title. 
To find whether the guide pin No. 2 is to be made from 
machine steel or tool steel, he looks up the Detail No. 2 in the 
bill of material and in the fourth column, he finds the abbrevi¬ 
ation—T. ST. H’DN. This means the guide pin is to be made 
from tool steel and hardened. The last column indicates that 
it is to be made from a piece of stock that is 1}" diameter by 

long. 

QUIZ QUESTIONS* 

1. What is the size of the hexagonal cap screw that holds 
down the bushing plate? 

2. How far is the plate set into the base plate? 

3. What is the dimension of pin Detail No. 2 ^ 

4. What is the size of the hole which the pin Detail No. 9 
fits into? 

5. What would the mechanic do in locating the position 
of the dowel pins, Detail No. Of 

6. What material is the base plate made of? 

’’•No \\ri(len aiisuoi’s are rtKiiiirwl for (iui/ 

Boring Jig. Another type of jig is shown in Fig. 65. As 
will be seen from the title on the assembly drawing, this jig 
is to be used for boring both ends of a connecting rod. Experi¬ 
enced tool makers are employed in the plant in which this jig 
is to be made, therefore it was only necessary for the drafts¬ 
man to show two view’s for the assembly of the jig—a plan 
view’ and a front elevation. 

For a job of this kind, the tool maker is given a sample 
connecting rod which not only shows him just what holes are 
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Fig. 65. Assembly Drawing for a Boring Jig 
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to be bored but also how to proceed with his job and just how 
the piece parts fit into the jig. To help the student to visual¬ 
ize the design of this piece and see just where the holes are 
to be bored in the connecting rod, Fig. 66 is given. Before 
proceeding to read the drawing of the boring jig, the student 
should make a study of the blueprint of the piece part, as this 
will help him to understand better how to read the blueprint 
of the jig. 

From a study of the blueprint. Fig. 65, it will be seen in 
the plan view that the connecting rod is mounted on three 
tapered pins, the one being on the left end and the other two 
on the right end. The one on the left end, numbered 3, and 
the one at the front right, numbered 3, are of the same design. 
The back pin, or that one at the back right, is numbered 11 
and the design of it is slightly different from that of the other 
two. To avoid springing the connecting rod, the designer 
found it necessary to use an adjustable stop or support, this 
being indicated very clearly in the front elevation near the left 
end. The adjustable part is number 30. 

To remove the connecting rod from the jig, it is necessary 
for the machine operator to unscrew Detail No. 3, which is 
shown in the front elevation near the right end. Some adjust¬ 
ment will be necessary on Detail No. 3 at the left end of the 
jig. In addition to this, it is necessary to remove pin 6, which 
is knurled on the right end. This pin is pulled to the right, 
allowing a leaf in the front of the jig to drop down. This leaf 
hinges on pin 19. From a study of the left end of the front 
elevation, especially the upper part of it, two bushings are 
shown, one being numbered H and the other 16. Bushing 
Ij^ \& pressed into the body of the jig, whereas, bushing 16 
is a slip bushing and is kept from turning by the shoulder 
screw numbered 5, The plan view shows that this bushing is 
grooved out where the screw is shown, also that nearby it 
and between the two concave surfaces there is a flat spot. 
The purpose of this is to give the operator a chance to give the 
slip bushing a short turn and then, pulling it upward, to 
remove it for the second boring operation. 

At the back of the jig at the top of the plan view is shown 
a plate numbered 9. Its purpose is to allow bushing 4 to be 
inserted into it. Bushing i is used for screwing in tapered 
pin 11. Plate 9, as will be seen from the plan view, is fastened 
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to the body of the jig by oval fillister head screws; and dowel 
pins are used to avoid any possibility of this plate shifting. 

QUIZ QUESTIONS* 

1. How did the designer avoid the tendency of springing 
the connecting rod when it was being machined in the jig? 

2. How is the bushing Detail No. 16 kept from turning? 

3. What is the size of the grooved-out part in bushing 
Detail No. 16? 

'^No written answers are required for Quiz Questions. 

Let us see just what machining operations are to be per¬ 
formed on the casting for the body of the jig. In starting out 
on this job, the tool maker might not know whether the bot¬ 
tom of the jig was to be machined. Therefore he refers to 
his blueprint, Fig. 67, and finds that finish marks are indicated 
at the bottom. This means that it is necessary to remove the 
scale on this part of the casting. 

lie again studies his blueprint to find out what other shap¬ 
ing operations are to be performed. He finds that that part 
of the jig in which the leaf or Detail No. 23 fits must be 
machined. He also finds that both top and bottom of the jig 
must be machined. 

He now looks for the distance from the center of the 2J" 
hole to the inner face of the left ear. On the plan view, he 
finds that an imaginary line is located .500" plus .001" and 
minus .001" to the left from the center of the 2J" hole. To 
the left of the imaginary line between the ears, he finds the 
dimension IJ". Therefore the sum of IJ" and .500" is the 
distance. Directly below the IJ" he finds a 3" dimension which 
is the distance between the ears. This dimension applies to the 
upper and lower ears for the leaf, or Detail No. 23, fits into 
the lower part of the jig as well as into the upper part. 

In performing the operation in the drill press, the 
mechanic knows that holes are to be machined in the ears. 
From a study of the blueprint, he finds that the holes in the 
upper pair of ears are different than those in the lower pair. 
He gets this information from a detail of one of the ears. 
Near the left ear of the plan view is a specification —ream 
pressed for #7. Near the lower left ear in the front elevation, 
a detail is shown and to the left is a specification —ream 
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Fig. 67. Working Diawing for a Boring Jig Body 
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Fig. 68. Working Drawings Showing Details for a Boring Jig 
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press for #19. We shall assume that the shaper hand has 
completed his work on the body or Detail No. 1. Therefore,, 
the drill press hand proceeds in machining the holes in the 
piece that has been previously laid out. 


QUIZ QUESTIONS* 

1. What is the distance from the center of the 2i" hole 
to the inner face of the left ear? 

^ 2. How is the bottom of the jig finished? 

3. What is the distance between the ears? 

*No written answers are required for Quiz Questions. 

The blueprint, Fig. 68, has two Details—No. P r^nd No. 
2S —each Detail showing a front elevation and a plan view. 
When the drill press operator receives the partly completed 
piece Detail No. .9, the 1?" hole in the piece and the 2" diam¬ 
eter by ]" deep counterbore have already boon done on the 
lathe, therefore he proceeds immediately with the machining 
of the holes shown in the plan view. Drilling and counterbor¬ 
ing for the oval fillister head screws are the first operations. 
So he must find out how far from the right edge the first hole 
is to be located and also what the distance is to be between the 
centers of these holes. On the plan view, he finds that the 
first hole is to be located a distance of i" from the right edge. 
As he does not find direct dimensions for the location of the 
centers of the holes, he proceeds to find the sum of the two 
dimensions—2J" and 23 " which gives the distance between 
centers of counterbored holes and dowel pin holes. Now he 
must find the perpendicular distance from the edge of Detail 
No. P, which is J". Next he must find the distance between 
centers of counterbored holes and dowel pin holes, which is 


QUIZ QUESTIONS* 

1. On piece Detail No. P, what is the size of the counter¬ 
bored holes ? 

2. What is the size of the smaller holes? 

3. Are these holes bored through the piece? 

*No written answ'ers are required for Quiz Questions. 
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In making the bushings, the machine operator makes a 
study of his blueprint, Fig. 69, and finds the drawing is for 
two different pieces. The specifications are directly below the 
front elevation of the bushing drawing. One specification is— 
Make one .8125"; and the other is—Make one .875". The 
dimensions being specified in decimals show the mechanic that 
the holes must be accurate, therefore he must work to deci¬ 
mals rather than common fractions. The final machining proc¬ 
ess in the hole is a grinding one, indicated by the symbol G 
on an invisible line, which shows the side of the hole in t]j)ie 
bushing. The final operation on the outside of the bushing is 
also a grinding one, as seen from the symbol G. 

The head of the bushing shows that it is to be knurled, 
but no specification is given. This drawing is used in a plant 
by high-grade tool makers who are in a position to know just 
what sizes of knurls they have in stock or just what might be 
the standard practice in that particular tool room. 

Directly below the head is a horizontal line, at the ends of 
v/hich are two small arcs, indicating that part of the bushing 
is to be slightly concaved. This is to simplify the grinding 
process. Again no dimensions are specified and it is understood 
that the tool maker is in a position to determine for himself 
just what depth the grooving (necking) should be. 

A mechanic not well experienced in reading drawings 
would encounter some difficulty with only a plan view and a 
front elevation of Detail No. 22, shown in Fig. 69. This draw¬ 
ing was used in a tool room by a tool maker who did not need 
another view. The tool maker studies the front elevation. 
The invisible line indicates that a slot is to be milled in the 
upper part of Detail No. 22. To make sure of this, he refers to 
the plan view and finds that two horizontal visible lines spaced 
a distance of J" apart indicate there is to be a slot in this 
piece that is to be }" wide and y' deep, the y' being obtained 
by subtracting the jV' dimension from the /;/' dimension. 

In making the tapered pin Detail No. 3, Fig. 69, the tool 
maker finds from the blueprint that it is to be made from 
hexagonal stock. He does not, however, find on the detail 
drawing. Fig. 69, what material is to be used. Therefore, he 
looks for the bill of material on Fig. 68. and finds in column 3 
for part 3, or Detail No. S, that the pin is to be made of tool 
steel. At the right of the front elevation of part 3, or Detail 
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Fig. 69. Details for a Boring Jig Shown in the Working Drawings 
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Fig 69A. Illustration <jf a Boring Jig Shown in Fig 05 
Courtisy of Cardntr-Dcmi} Company 
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No. S, Fig. 69, he finds the specifications—Press for No. 2. 
This indicates that this hole is to be drilled and reamed and 
that the piece that fits into it must fit in tightly. On the work¬ 
ing drawing there is no dimension relative to drill and reamer 
size nor the size of No. 2 that fits into the hole. So he refers to 
the bill of material, Fig. 68, and in the fourth column for part 
2, or Detail No. 2, he finds that the diameter of this part is 

and that the piece is to be made of drill rod. His drill and 
reamer size must be determined from the stock size of the pin 
and he must also take into consideration that on standard stock 
there is always a commercial variation. 

Not being thoroughly familiar with the accuracy of this 
job, especially if he is an inexperienced tool maker, he must 
find out whether or not the taper machined on the end of part 3 
is eccentric with the thread. Referring to the blueprint, he 
finds to the left of the front elevation that the point must run 
true with the thread. 

QUIZ QUESTIONS* 

1. What does the specification—Make one .8125"—indi¬ 
cate? 

2. The head of the bushing is shown to be knurled. Are 
any specifications given for this, and what would the machin¬ 
ist do ? 

3. On Detail No. 22y what does the invisible line in the 
front elevation suggest to the tool maker? 

4. In making tapered pins, Detail No. J, where does the 
tool maker find out what material to use ? 

*No written aiiswei’s are required for Quiz Questioim. 

In punch and die drafting the same practices apply as in 
jig and fixture drafting. Some plants prefer detailing each 
piece part, whereas, others specify all the dimensions, notes, 
etc., on the assembly drawing. 

Punch and Die. A typical drawing of a punch and die is 
shown in Fig. 70. One view of the complete assembly is shown 
in the front sectional elevation. In the plan view the die, 
stripper, etc., are shown. At the right of this drawing is a 
plan view of the punch holder. 

From a study of the plan view of the die, we find that a 
shoe is indicated by Detail No. 1. On this shoe a stripper is 
fastened with hexagonal headed screws, indicated by Detail 
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No. 5. Detail No. 12 shows a dowel pin and Detail No. 2 shows 
a gauge block or stop. 

In the front sectional elevation, we find that Detail No 7 
is a Jii" punch, and that there are five such punches. Below the 
punches, button dies can be seen. The one near the center is 
Detail No. 9. 

At the left end of the die shoe, we find a gauge block which 
is fastened with a screw. This block is prevented from moving 
by using two dowel pins, as indicated by Detail No. 

Let us assume that the die maker is ready to start on his 
job. On his drawings, he finds no dimensions given for the 
die shoe other than 2J", which is the height; therefore, he 
knows that this die shoe is standard and is one that can be 
procured from the stockroom. 

Before making the button dies, the die maker studies the 
front sectional elevation. To the right of the center line near a 
button die, he finds the diameter is to be li" and the over-all 
height is to be IJ". As the other dimensions needed are stan¬ 
dard practice, they are not given on the blueprint. 

Before making the punches, the die maker again studies 
the blueprint. He finds that three of the punches are to be 

long, and two of them 3^' long. He also finds that all the 
punches are to be inserted in the punch holder to a depth of 
ly'. As the diameter and the angle for the lower end of the 
punches are not given, he follows standard practice. In some 
cases the stock size for such punches is indicated in the bill of 
material. So he refers to the bill of material and finds the 
stock size for the punches is ij". He also finds that the sizes of 
the hexagonal headed screws. Detail No. 5, are to be y' diam¬ 
eter by 2" long and that six of these screws are required and 
that they are standard. 

In providing for the locations of the button dies when lay¬ 
ing out the shoe, the die maker must find out how far apart 
these dies are to be spaced. On the plan view, he finds that the 
second die is to be 2.500" from the first die, the third one 
4.000" from the second, the fourth 2.000" from the third, and 
the fifth 6.250" from the fourth die. Now he looks for the 
spacing for the dowel pins that pass through the stripper 
plate. In the plan view, he finds that one pin is spaced at a 
distance of 6" to the left of the perpendicular center line and 
the other 6" to the right of the perpendicular center line. 
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Working Drawing for a Piercing Die 
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In the plan view below the stripper plate and very nearly 
tangrent to the button dies is an invisible horizontal line. This 
horizontal line is used to designate the side of the stripper 
plate, which is used as a guide. Now the die maker must hnd 
out the distance from the back of the stripper plate to the 
front side used as a guide. He studies the plan view of the 
dies, shoes, etc. At the right end of the stripper plate, he finds 
the distance is to be 2^^". On the right end of the stripper 
plate, he finds the distance from the guide on the stripper 
plate to the center line of the button dies is to be .600". 

The size of the gauge block, which is really a stop, must 
now be found. The mechanic looks at the plan view and, at 
the left end of the stripper plate, he finds that the gauge 
block, Detail No. 2, is to be IJ" long and I" wide. The height, 
which he finds on the front sectional elevation, is to be f". 

The button dies project a certain distance above the shoe. 
Referring to the front sectional elevation at the left end of it, 
he finds that this distance is to be 

Now the mechanic wants to know hov the punches are 
prevented from working loose. In the plan view of the punch 
holder, he finds that five set screws. Detail No. 13, are used. 

The die and punch shown in blueprint. Fig, 70, is a pierc¬ 
ing die for a breast plate supporting a bar extension power 
drive binder. Fig. 71 shows a blueprint of the breast plate, 
etc., and from a study of it the student will understand that 
the die and punch, Fig. 70, is used for piercing the five 
holes. 

Comparing the center distances of these holes. Fig. 71, it 
will be seen that the distance for the pair of holes at the left 
end in the bar is 2J", which is equivalent to the 2.500", as 
indicated in Fig. 70. The center distance for the next pair of 
holes is 4", the same as shown in Fig. 71. 

The i"x 1" flat steel material used for the breast plate is 
placed on top of the five button dies when it is desired to 
pierce the holes. 


QUIZ QUESTIONS* 

1. What are the sizes of the five punches which are used? 

2. What is the stock size used for making these punches ? 

3. How far apart are the dies to be spaced ? 
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4. What is the spacing for the dowel pins that pass 
through the stripper plate? 

5. What is the distance from the back of the stripper plate 
to the front side used as a guide? 

6. What is the size of the gauge block ? 

*No written answers are required for Quiz Questions. 

INSTALLATION DRAWINGS 

The millwright is the man who is particularly concerned 
about installation drawings, but many a mechanic is often 
called upon to do work of this kind. 

Fig. 72 is a comparatively simple blueprint of a motor, a 
line shaft, a countershaft for a special boring machine, and a 
countershaft for an engine lathe. It can be assumed that the 
two walls are part of a factory building. Therefore, let us 
consider Fig. 72 as being a corner of a machine shop in which 
various machines are to be installed. 

On some blueprints, like the one shown in Fig. 72, the belts 
are not shown as a competent mechanic does not really need 
this information. As the directions of rotation are shown by 
arrows near the pulleys, the millwright is able to determine 
the types of belts to run over a certain pair of pulleys. 

Another feature about the drawing. Fig. 72, is that the 
outlines of the machines themselves are not shown on the 
blueprint, only the center lines are given. These show the 
position of the machines, which is sufficient for a competent 
millwright. 

The blueprint show\s the mechanic that three shaft hang¬ 
ers and the line shaft are in place and the first hanger is 1' 10" 
from the wall. 

Let us see just what the millwright is concerned about on 
this job. He must first find out where the electric motor is to 
be located. He looks at the blueprint and finds that this motor 
is to be located 4'-3" from the wall which is at right angles 
to the motor shaft. Now he looks for the distance from the 
left wall to the center line of the motor shaft. He finds at the 
top of the drawing to the right side of the left wall that the 
distance is to be 20". And he finds the distance from the 
center of the motor shaft to the center of the line shaft is to 
be 15'-0". 


128 





TAPS FOR HOSF ^LVES 

























BLUEPRINT READING 


121 


The mechanic is now ready to install the countershaft 
for the boring machine. He must know just where it is to be 
located. From his blueprint, he finds that the first hanger 
is to be located at a distance of 4'10" from the wall and the 
countershaft is to be lO'O" from the line shaft. 

To install the countershaft for the engine lathe, the mill¬ 
wright must know what the distance is to be from the wall to 
the center of the shaft hanger, also the distance the counter¬ 
shaft is to be located from the line shaft. From his blueprint, 
he finds that the shaft hanger is to be located at a distance of 
7'4" from the wall and that the countershaft is to be lO'O" 
to the right of the line shaft. 

The letters, £*, H, G, and F indicate to the mechanic just 
where certain pulleys are to be located so there is no possi¬ 
bility of confusion. If this was not done, there would be a 
chance for the pulleys H being located where the pulleys F and 
G should be. If pulleys F and G were located w^here pulleys H 
should be, then the speed of the countershaft for the engine 
lathe would be affected. The draftsman in showing the desig¬ 
nation mark must be very careful that the pulleys are marked 
correctly to avoid trouble. 

QUIZ QUESTIONS* 

1. What are the dimensions for locating the motor? 

2. How far from the wall is the line shaft? 

3. How is the countershaft for the engine lathe located ? 

4. How is the direction of the turning of the shafts 
indicated ? 

5. What is the speed of the motor? 

6. What is the speed of the line shaft ? 

♦No written answers are required for Quiz Questions. 

Centrifugal Pump. Fig. 73 is a blueprint of a centrifugal 
pump. Two views are shown—^a front elevation and a right 
side elevation. The drawings may be considered as a combina¬ 
tion installation and general assembly drawing. 

In installing the pump, it is necessary to know how many 
bolts are required for making the connection on the suction 
end of the pump. This information is found on the front eleva¬ 
tion in the specification—8 holes drill. This shows that 8 
holes are required. If it is necessary to drill the holes in the 
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connecting piece before the pump is received, a blueprint could 
be mailed to the customer which would show him that the 8 
holes were to be equally spaced and drilled with a J" drill. 
He would also need to know the bolt circle diameter. At the 
left of the front elevation he finds this diameter is to be 
113 ". Now he must find out what the size of the waste pipe 
connection is to be. The specification calls for an 8" waste pipe 
connection. The size of the priming connection is also another 
important consideration. At the right of the pump he finds 
the specification—priming connection. 

The customer might also want to know the diameter and 
thickness of the flange on the discharge end. On the right side 
elevation, he finds that the diameter is to be 13^" and that the 
thickness is to be 1J". 

The customer now asks, '‘Will the pump, motor, etc., fit 
into the space planned on?” He looks at his blueprint for the 
over-all length and finds it is to be 90]" and the width is to be 
573 ". He compares these dimensions with those of the space 
planned on. 

In fitting up the motor, pump, coupling, etc., for instal¬ 
lation, it is necessary for the customer to know the distance 
from the center of the pump to the right side of the coupling 
that is attached to the pump shaft. On the right side elevation 
and above it, he finds this distance is to be 241". To find the 
distance from the center of the motor to the side of the cou¬ 
pling member that is attached to the motor shaft, he looks 
above the motor and finds the specification 25 

QUIZ QUESTIONS* 

1. What is the distance from the center of the pump to 
the center of the suction end ? 

2. What is the size of the priming connection? 

3. What is the diameter of the bolt circle at suction end 
of pump? 

4. What is the size of opening at discharge end? 

5. What is the distance from base of pump to center of 
discharge opening? 

6. What size of pipe tap should be used for hose valve 
connection ? 

*No written answers are required for Quiz Questions. 
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PRACTICAL MATHEMATICS 

PART I 

INTRODUCTION 

No one who is at all acquainted with the demands of the En« 
gineering profession will deny the need of a good foundation in 
elementary mathematics any more than he will deny the need of a 
solid underpinning on which to rest the walls of a big business block. 

The simplest problems of the contractor and workman, such as 
the number of feet of lumber required for a house, the number of 
cubic yards of excavation for a ditch or cellar, the proper under¬ 
standing of plans and specifications, and the laying off of measure¬ 
ments according to these plans, all recjuire a knowledge of this im¬ 
portant subject. The size of a concrete retaining wall, the dimensions 
of a girder for a steel structure, the amount of iron in the field of a 
dynamo, or the capacity of tlie (wlinders of an engine, is certainly 
not left to the arbitrary judgment of a foreman but is carefully worked 
out by mathematics and by a knowledge of the properties of the 
materials used. 

Mathematics might be likened to a kit of tools which the work¬ 
man carries; the master workman carries more than the apprentice 
and the more tools eacli man has in his kit and knows how to use, 
the more things he can do and the greater is his can ing power. 
Each mathematical process is a tool to be uschI as the* occasion de¬ 
mands. Some of them are used in every problem whicli comes up, 
others less frequently, but the more advanced the work the greater 
the number of tools required. 

It is with this keen demand in mind, therefore, that we ar» 
requiring of each student at the outset of his course this work or its 
equivalent in Practical Mathematics. We want him to fill his kit 
with enough tools to meet the steady demands of (he work ahead of 
him, and we feel sure that, once provided with this equipment, hb 
progress will be assured. 
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In the preparation of this work the authors have intentionally 
lost sight of the material usually found in the school books on this 
subject, and have kept in mind only the particular parts which are 
of special importance to the engineering student. Not only the 
topics discussed but all of the problems have been made exception¬ 
ally practical, and the aim has been at all times to give the student 
the satisfaction of knowing that whatever he is learning will be of 
use in his work and will also count for his advancement. 

DEFINITIONS AND MATHEMATICAL SIGNS 

I • Definitions. Mathematics is the science which treats of quan¬ 
tity ; itsfundamental branches are Arithmetic, Algebra, and Geometry. 

Quantity is anything which can be increased, diminished, or 
measured; as numbers, lines, space, motion, time, volume, and 
weight. 

A xinii is a single thing, or one. 

A numbery or quantity, is a unit or a collection of units and is 
either concrete or ahstrari. 

A concrete number, or quantity, is one whose units refer to par¬ 
ticular things, as, for example, 5 rivets, 7 bolts. 

An abstract number, or quantity, does not refer to any particular 
thing. For example, 5, 21], etc., used without designating any 
particular objects, are abstract numbers. 

Like quantities refer to the same thing, as 7 saws, 2 saws; vnlike 
quantities refer to different things, as 2 trunks, 4 tables, 3 chairs. 

2 . Mathematical Signs. For the sake of brevity, signs are 
used in mathematics to indicate processes. Those signs most used 
in Arithmetic are +, =,(), and . 

The sign + is read “plus’’ and is the sign of addition. It show’s 
that the quantities between which it is placed are to be added 
together. If 2 and 2 are to be added, it is expressed, thus: 2+2 are 
four. 

The sign — is read “minus'’ and is the sign of subtraction. It 
means that the quantity w’hich follows this sign is to be subtracted 
or taken away from the quantity which precedes it, thus: 6 — 4 are 2. 

The sign X is read “times” and is the sign of multiplication. 
It means that the quantity w’hich precedes this sign is to be multiplied 
by the quantity w+ich follow’s it, thus*. 2X5 are 10. 
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The sign -*• is read “divided by” and is tne sign of division 
It means that the quantity which precedes this sign is to be divided 
by the quantity which follows it, thus: 4 -r 2 are 2. 

The sign = is read “equals” or “is equal to” and is the sign of 
equality. It means that the expressions between which it is placed 
are identical in value, thus: 4 + 3 = 10 — 3. This sign is very 
often misused. Great care should be taken at all times to make sure 
that the quantities connected by it are eqvxd. For example, it would 
be absurd to say that 5 + 9 = 14 *^2 = 7, because 5 + 9 does not 
equal 7. 

'Fhe parenthesis ( ) and vincxdum are used to show 

that two or more quantities are to be treated as one; or in other 
words, that the operations indicated within the parenthesis oi 
under the vinculum are to be carried out_first, thus: — (20+5) is 
equal to —25, not —20+5; similarly, -- 2 + 3 is equal to —5. 

NOTATION 

3. Notation is the art of writing numbers in words, in figures, 
and in letters. 

There are tw^o methods of notation in common usi‘; the Roman 
and the Arabic, 

4. Roman Notation. In the Roman notation, 7 capital letters 
are used, as follows: 

I is used to (‘\pr(*ss one. 

V ” “ ‘ “ five. 

X “ “ “ ten. 

L “ “ “ “ fifty. 

C“ “ “ “ one hundred. 

D“ “ “ “ five hundred. 

M “ “ “ “ one thousand. 

All other numbers are expressed by repetitions or by combina¬ 
tions of these seven letters according to the follows’ng rules: 

By repealing a letter the value denoted by the letter is doubled; 
thus: XX means tw^enty; CC means two hundred. 

By placing a letter denoting a less value before a letter denoting 
a greater, their difference of value is represented; thus: TV denotes 
four or one less than five; XL denotes forty or ten less than fifty. 
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By plcmng a letter denoting a less value after a letter denoting a 
greater value, their sum is represented; thus: Vll denotes seven or 
two more than five. XV denotes fifteen or five more than ten. 

A line placed over a letUr increases the value denoted by 
the letter a thousand times; thus: X means ten thousand. IV means 
four thousand. 

The use of the Roman notation is now confined mainly to the 
writing of dates, and the numbering of chapters in books, and the 
hours on the dials of clocks. 

Table I shows some of the combinations of the 7 letters used. 

TABLE I 
Roman Notation 


I . 


LXXX . 

. eighty 

II . 


X(’ . 


Ill . 


c . 

. one hundred 

IV . 

. four 

vr . 

.... two hundred 

V . 


vve . 

. .three hundred 

VI . 


I) . 

.... five hundred 

VII. 


vr . 

. ... Bix hundred 

VllI . 


!)(’(’ . 

. . seven hundred 

IX . 

. nine 

(^M . 

.. . .nine hundred 

X . 


M . 

. .. .one thousand 

XX . 

. twenty 

Ml) . 

. fifteen hundred 

XXX . 

. thirty 

MM . 

. . . .two thousand 

XL . 

. forty 

X . 

. . . ten thousand 

L . 

. fifty 

M . 

. one million 

LX . 

. sixty 

M(’MX . 

. 1910 

LXX. ... 

. . seventy 



5. Arabic Notation. The . 

Irabie notation eni 

ij)loys ten chtir- 

actors or (igures in 

expressing numbers. They are 


1 3 

X, «», 

•1, r,, (! 

S ^ 1 

0, 0 

one two three 

four five six seven eight 

nine (‘ipher 


The first nine are sometimes called digits; the cipher Is also called 
naught or zero because it expresses nothing or the absence of a numlier. 

The digits (I, 2, 3, 4, 5, 0, 7, 8, 9) have been termed significant 
figures because each has of itself a definite value, always represent¬ 
ing so many units or ones as its name indicates. However, the value 
•f the units represented by a figure depends upon the particular 
position which that figure occupies with regard to other figures. This 
position is called its place or ordtr. 
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S 


CO 

1 2 
III 

4 = 4 units 
4 0 = 4 tens 
4 0 0 = 4 hundreds 
4 4 4 = total 


For example, if three tigures are written together to represent a 
number, as 444, each of these figures, without regard to its plaoe» 
expresses four units, but when considered as 
part of the number these fours differ in value. 

The 4 in the first place to the right represents 
^ units; the 4 in the second place, represents 
4 tens or 4 units each ten times the size or 
value of a unit of the first place; and the 4 in 
the third place, represents 4 hundreds^ or 4 
units each one hundred times the size or value 
of a unit of the first place. It is readily seen that the value of any 
figure is increased ten-fold by removing it one place to the left. 

The cipher bec'omes significant when 
connected with otlier figures by filling a place 
that otherwise would be vacant, as in 10 (ten) 
it gives a ton-fold value to the 1. In 130 
(one hundred thirty) it gives a ten-fold value 
to the 13. A cipher between two or more 
figures produces the same effect. In 403 the 
cipher which fills the inten^ening place be¬ 
tween 4 and 5 causes the 4 to represent four hundreds^ not four tens. 

The following ])rinciples should be firmly fixed in mind: 

All nuiiibcrs are vxpn ssnl hi/ I hr niur dig Its and zero. 

Zero has no value; If Is usuI to Jill ravani /daces only. 

A figure has different values according to the place it occupies. 

The base of the system of notation is ten; ten units of any order 
making one unit of the next higher order. 


tfi 

V 

c 


c '3 

5 = 5 units 
0 0 = 0 tens 
4 0 0 =4 hundreds 
4 ~{)~l = total 


NUMERATION 

6. Numeration is the art of reading numbers when expressed 
by letters or figures. 

This is accomplished by first enumerating the orders from 
right to left, as shown in Table II, and then reading these orders 
in the reverse direction in groups of three, called periods. The 
first three orders. Units, Tens, Hundreds, constitute the first or 
unit period. The second three orders form the second or thousand 
period; the third three orders, the third or million period; and so on.'*' 

* Commas are used to separate the different periods of figures. In reading numbers 
never use “and" to connect the periods, or orders. 
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The system of periods is shown clearly in Table III. Such a number 
as 534 consists of one period and is r^ad—five hundred thirty-four. 
The number shown below the orders in Table IT is read—two million, 
seven hundred fifteen thousand, six hundred thirty-nine. 

TABLE n 
The Orders 


7th 



fith 

VI 

c 

a 




u 

a 

s 


oth 4th 3rd 2nd 1st 


60 


o 


H 


1 




3 

O 

JC, 

h 


9^ 


() 


60 

c 


.5 

*3 

D 

0 


The number in Table III, which is 987054321987054, is divided 
into the periods 9<S7, 054, 321, 9S7, 054, and is read—nine hundred 
eiglity-seven trillion, six huiidrwl fifty-four billion, three hiindrec 
twenty-on<‘ million, nine hundred eighty-seven thousand, six hun¬ 
dred fifty-four. 

TABLE 111 
The Periods 




ssl 

1^1 


1 




9 8 7 6 6 4 


6th 

Period 


4th 

Period 


'sj 

a 

o| 

a 


H 

5 

Hundreds' 
Tens 

Units 

Hundreds'' 

Tens 

Units j 

Hundreds 1 
Tens 

Units ^ 

3 2 1 

9 8 7 

6 6 4 

3rd 

Period 

2nd 

Period 

1st 

Period 
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PROBLEMS FOR PRACTICB 

Write in words: 

1. 18,765,972. 

2. 834,769,780. 

3. 3,576,879,421. 

4. 10,805,056. Ans. Ten million, eight hundred five thou¬ 

sand, fifty-six. 

Write in figures: 

5. Seventy-eight million, forty-one thousand, seven. 

6 . One thousand three. Ans. 1,003. 

7. Five hundred six thousand. 

8 . Ninety million, two thousand, three hundred twenty-seven 

9. Three hundred five thousand, seventy-nine. 

10. Eight hundred sixty-four million, four thousand, twenty. 

ADDITION 

7. Addivg is the process of finding a number which is equal to 
the combined values of two or more given numbers. The result thus 
obtained is called the sim. Hence, it may be said tliat the sum of 
two or more numbers is a number containing as many units as all 
the numbers taken together. Thus the sum of 5 rivets and 7 rivets 
is 12 rivets, since 12 contains as many units as 5 and 7 together. 

Letters of the alphabet are also used to represent quantities. 
A letter may stand for any number, but the same letter must have 
one value throughout a given problem, although it may have differ¬ 
ent values in different problems. For example, a may equal 3 in 
one problem, and 7 or 13 in another; h may equal 2 in one problem, 
and 5 in another; c may equal 2, 3, 9 or 25; and so on with other 
letters. The sum of a, b, and c will be equal to a+b+c, just as the 
sum of 2, 5, and 7 will be equal to 2+5+7. Now, if a = 2, 6 = 5, 
and c = 7, the sum of a, 6, and c is found by simply adding together 
2, 5, and 7, obtaining 14; on the other hand, if the values of a, b, and 
c are not known, their sum can only be indicated. If a and 6 rep¬ 
resent the horse-powers of two different engines or of two weights 
lying in a scale-pan, then a+6 equals the total horse-power or the 
total weight. 
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8. Since a number is a cdlection of units of the same kind, 
two or more numbers may be united into one sum only when they 
are like quantities; thus: 2 bolts + 4 bolts = 6 bolts, but 4 rivets 
and 3 bolts cannot be united into one quantity, either of bolts or of 
rivets. On the other hand, if quantities of different kinds are 
represented by letters, they may be added together in order to help 
solve the problem. For example, if a represents a car, and b an 
engine, their sum may be indicated (a + 6). It must be remembered, 
however, that the car and the engine have not actually been added 
together, because they represent unlike quantities. The use of 
lett<Ts mak(*s the solution of eertain kinds of problems much simpler, 
and la1(T will be taken up more fully. 

Rules for Addition. Write the numbers under each other, placing 
them so that units are under units, tens under tens, hundreds under 
hundreds, and so on. 

Add up the column of units; and put the right-hand figure of this 
sum under the unit column, carrying the remaining figure or figures 
to the column of tens; add up the tens column, including the carried 
figures, put down the right-hand figure and carry as before. Continue 
%n this way until the last column is reached, putting down the total 
of the last column to gi ve the final sum. 

Examples. 1. Find the sum of 507; 141; and 03. 

Solution. Write these numbers under one another, so that 
the units of each shall be in the same vertical column. Then add 
up ns follows; 3 and 1 are 4, and 7 are 11. Place the right-hand 
figure 1 under the units column and carry 1 ten to the next column. 

Adding the tens column, 1 (carried) -f 9 are 10 and 4 are 14 and 
6 are 20. Put dowm the right-hand figure, which is zero, and carry 
2 to the next column; then 2 (carrie<l) and 1 are 3 and 5 are 8. 

Putting dowm the 8, the total sum is found to be 801. 

2. Find the sum of 6,321; 2,570; 9,702; and 257. 

Solution. Write these numbers one under the other as be¬ 
fore. Add up the unit column as follows: 7 and 2 are 9, and 6 are 
15, and 1 are 16. Put down the 6 and carry the 1; then adding the 
tens column, 1 (carried) and 5 are 6, and 7 are 13, and 2 are 15. 

Put down the 5 and carry the 1; then adding the hundreds column, 

I (carried) and 2 are 3, and 7 are 10, and 5 are 15, and 3 are 18; put 
down the 8 and carry the 1. Then adding the thousands column, 

1 (carried) and 9 are 10, and 2 are 12, and 6 are 18. Putting down 
the whole amount, 18, gives the total sum of the numbers as 18,856. 


567 

141 

93 

801 


6321 

2576 

9702 

257 

18856 
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3. Add the following quantities: o + 26 + c, 36 +2c, 6o + 
6 + c, and 106. 


Solution. Write the quantities in columns, keep¬ 
ing the like terms under each other; that is, keep the a's in 
the first vertical column, the b*8 in the second, the c's in 
the third. The sum of the a*8 is o 4- 6a or 7a.* 2h -f 36 
+ 6+106 are 166. c + 2c + c are 4c. Connecting the 
bums by the sign of addition the total is found^to be 7a +■ 

166 +• 4c. When the number showing how many times 
the letter is taken is omittt+i, the letter is to be taken 
once. Thus: o = la, 6 = l6,_c = Ic. 

9. Proof. To prove that a sum is correct, begin at the top and 
add the columns downward in the same manner as they were added 
upward; if the two sums agree, tlie work is presumably correct, for 
adding downward inverts the order of the figures, and therefore 
any error made in the first addition would probably be detected in 
the second. 


o + 26 + e 
36+2c 
6fl + 6 + c 

_106_ 

7a + 106-1- 4c 


PROBLEMS FOR PRACTICE 


Find the sum of 


1 . 

2 . 


3. 

4. 

5. 

6 . 


7. 

8 . 

9. 

10 . 

11 . 


12 . 

13. 


56 -H 49 + 17 + 30 -b 21. 

42 -f 40 + 43 -b 58 -b 91. 

467 + 530 + 84 + 705. 

2,008,+ 1,400 + 700 + 300 + 77. 
8,950 + 15,705 + 7,7.32. 

26,661 + 8,735 + 6,877 + 33,413. 
8,792 + 980 + 5,007 + 89. 

346 + 4,682 + 64 + 798 + 21. 

26 + 425,902 + 3,000 + 490 -t 30,221. 
3a + 116 + a + 7a + 06 . 


Ans. 179 
Ans. 1,792 
Ans. 32,447 


Ans. 465,645 
Ans. 11a + 166 


c + 2a + 5c + 4a + 3c. 

6a + 6 + 5ci + 2d. Ans. 6a + 6 + 7(i 

4a + 26 + 3a + 7c + 3c. 


10. It has now been .shown how to add numbers correctly 
when the process is indicated. It often happens, however, that prob¬ 
lems will be met in which only the statement of the relations between 
quantities are given. The following illustrative example wilT show 
the method of solving problems of this nature. 


* 7 ia called the coefficient of a and indicates that a is to be taken seven times. See 
114. p. 15. 
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Example. An electric light plant, capable of furnishing current 
for 200 16-candle-power lamps cost as follows: 


16 Horse-power engine.350 dollars 

Dynamo.275 

Driving belt. 50 ‘‘ 

Installation.35 

^^^lat was the total cost? 


SoiATTioN. In an etainple of this kina the problem should 350 

be read several times until it is thoroughly understood. If the 275 

numbers to be used in computation are fixed in mind the student i^q 

will not be misled by the wording. For example, it can readily be gg 

seen that 200 will not be used in the computation. Find the total 
cost of the equipment as shown in the margin. * 

PROBLEMS FOR PRACTICE 

1. A marine engine during a 3 hours’ run makes 0,187 revolu¬ 
tions the first hour, 9,062 the second, and 0,233 the third. How 
many does it make in the 3 hours? 

2. Coal is f(*(l to a furnace as follows: Monday, 376 pounds; 
Tuesday, 3)07 j)oun(ls; We(lne.sday, 438 pounds; Thursday, 425 
pounds; Friday, 300 pounds; Saturday, 301 pounds. Find the total 
for th<‘ wet*k. 

3. The items for lumber called for in a contract were—frame, 
3,8f)G fe*et; flooring, 6,706 feet; finish, 2,730 feet. IIow many feet 
were used? 

4. A surveying party works .six weeks. The first week they 
survey 151 miles; the second week, 111 miles; the third week, 162 
miles; the fourth week, 150 miles; the fifth week, IKi miles; the sixth 
week, 48 miles. How many miles did they sun^ey? 

5. TIktc are five water wheels installed in a water power plant. 
The power furnished by the first wdieel is 2,225 honse-power, and 
the others furnish, 3,150, 4,275, 5,650, and 8,275 horse-power. 
What is tlie total capacity of the five wheels? 

6. The weekly capacity of 4 lathes is as follows: 2,500 castings, 
4,175 nuts, 3,420 brass boxings, and 2,185 finished trimmings. How 
many pim\s do the four lathes turn out per week? 

7. AMien purchasing an 85 dollar indicator, the following extras 
were bought* 
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1 Spring. 

. 5 

dollars 

1 Elbow. 

. 3 

« 

Pantograph. 

. 10 

n 

Speed Counter. 

. 2 

t( 

Planimeter. 

. 20 

it 


What was the total cost of the outfit including the indicator? 

8. If a 10-inch belt will transmit 17 horse-power at a speed of 
1,800 feet per minute, and a IG-inch belt will transmit 3G horse-power 
at the same speed, how much power will be transmitted by the two 
Oelts? 


SUBTRACTION 

11. Subtraction is the process of finding the difference between 
two quantities; this difference when added to the smaller will give a 
result wjual to the greater. 

For example, the difference between IG and 7 is 9, since 7 added 
to 9 makes IG. The greater of the two quantitic'^ whose difference 
is to be found, is called the minuend; the smaller is called the sub¬ 
trahend, The quantity left after taking the subtrahend from the 
minuend is called tlie di^ercnce or remainder. 

Only like quantities and units of the same order can be sub¬ 
tracted, and the remainder is always like the minuend and sub¬ 
trahend. 

It can readily be seen that subtraction is the reverse of addition, 
and this fact is made use of to prove subtraction as shown in the 
following: 

Example. Subtract 114 from 237 and prove 

Solution. Bepinning with the units column, 4 
(units) are subtracted from 7 (units) leaving 3 (units), 
which is set do^^n directly under the column in units 
place. Proce<*ding to tlie iievt column 1 (ten) is sub¬ 
tracted from 3 (tens) leaving 2 (tens), which is set down 
in tens place. Proceedmg as before, the final remainder 
is found to be 123. 

12. Rules for Subtraction. Write the subtrahend under the 
minuend so that units of the same order uill be in the same column. 

Begin with the units of the lowest order to subtract, and proceed 
to the highest, writing each remainder under th£ line in its proper place. 


the result. 



Proof 

237 

114 

114 

m 

T23 

237 


143 
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If any digit of the minuend is less than the corresponding digit 
of the subtrahend^ add ten to it and then subtract; hvt consider that the 
next digit of the minuend has been diminished by one. 

Examples. 1. From 6,784 subtract 3,776. 

Solution. In order to subtract 6 in the units 
place in the subtrahend from 4 in the units place in the 
minuend, the 4 must first be increased by 10 giving 14; 
then 6 subtracted from 14 leaves 8 in the units place of 
the remainder. But the 10 added to the 4, has been ob¬ 
tained by diminishing the 8 in the tens place of the 
minuend by 1, leaving 7. The 7 in the tens place of the 
subtrahend subtracted from this leaves zero in the tens 
place of the remainder. The 7 in the hundreds place of 
the subtrahend subtracted from the 7 in the hundreds 
place of the minuend leaves zero in the hundreds place 
pf the remainder, and the in the thoiisands place 
of the subtrahend subtracted from the C in the 
thousands jdace of the minuend leaves 3 in the thou¬ 
sands place of the remainder, giving 3,008. 

2. From 1,000 subtract 621. 

Solution. The 0 in the units place of the minu¬ 
end must first be increased by 10; then 1 subtracted 
from 10 leaves 9 in the units place of the remainder. In 
adding 10 to the 0, 1 has been taken from the tens place, 
but as it was itself 0, it had to borrow from the next place 
and continue borrowing until a numerical place A\as 
reached. JVoceeding in this way the total remainder 
379 is obtained. 

13. Letters may be used in subtraction just as in addition. 
For instance, if a quantity represented by b is to be subtracted from 
a quantity represented by a, the difference will be represented by 
the quantity (a — b); or if c is to be subtracted from 6, the difference 
will be represented by the quantity (6—c). If the quantity consists 
of a letter or letters with a coefficient, as Sab, and another term con¬ 
taining the same letters, as Sab, is to be subtracted from it, the sub¬ 
traction may be performed in the usual way. It must be remem¬ 
bered, however, that Sab means that a6 is taken eight times, while 
Sab means that ab is to be taken three times. Therefore, if Sab 
is taken fromSab, 5ab remains. In other wwds, Sab Sab equals 
5ab. 


1000 minuend 
621 subtrahend 
379 remainder 


6784 minuend 
3776 subtrahend 
3008 remainder 
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Examples. 1. From lab + 96 + 4c subtract 3a6 + 6 + 2c. 

Solution. Arrange the terms as in addition 
of letters, subtracting the coefficients only and bring- 
ing down the letter or letters after each result. Thus: 

7ab-‘3ab^4ah; 96—6=96—16=86; 4r—2c=2c. The 
separate results of the subtraction may now be con¬ 
nected by the plus sign, giving as the final answer the 
quantity 4a6-f-86-h2c. 

2. From 6a + 2d subtract 5a + 2d. 

Solution. Subtracting we have 6a—5a = la = a; 

2d — 2d = Od = 0. When the difference between the 
coefficients is 0, the term is 0. Therefore, the second 
term of the remainder disappears, giving as the final 
result the quantity a. 

PROBLEMS FOR PRACTICE 

1. From 7,282 subtract 4,815 Ans. 2,467 

2. From 64,037 subtract 5,908. 

3. From 6,231 subtract 3,084. Ans. 3,147 

4. From 1,740,932 subtract 807,605. 

5. From 71,287 subtract 40,089. Ans. 31,198 

(). From 1,000,000 subtract 9995999. 

7. From the sum of 2,465,321 and 975,803 

subtract 739,034. Ans. 2,702,090 

8. From 9b + 7c subtract 46 + r. 

9. From 12a + 156 + 6c subtract 8a + 146 + 6c. 

10. From 5a -f 26 subtract 3a -f 6. Ans. 2a + b 

11. From a + 5b + 2d subtract a + 46 + 2d. Ans. 6 

12. From a tank containing 935 gallons of water, 648 gallons 
were drawn off. Then 247 gallons ran in. How many gallons were 
then in the tank? (Suggestion: Subtract 648 from 935 and add 247.) 

13. A man purchased 8,983 bricks, but used only 5,363. How 
many had he left ? 

14. A coal shed contains 8,579 tons. 3,243 tons are taken from 
it. It then receives 4,112 tons more. After that 1,602 tons are 
taken out of it. How many tons remain? 

15. An electric power plant can generate 2,000 horse-power. 
Of this, 1,910 horse-power is used. The manager then agrees to 

145 


6a 2d 
5a + 2d 
a 


lab + 96 + 4c 
3a6 “h 6 -f- 2c 
4a6 + 86 + 2c 
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furnish another firm with 784 horse-power. How much more powei 
will he need? (Suggestion: Add 784 to 1,910 and subtract 2,000.) 

Ans. 694 horse-power, 

16. An engine develops 147 horse-power. 16 horse-power is 
used in running the engine itself. How much power is available foi 
running machinery? 

17. 1,200 gallons are pumped from a tank. Of this, 32 gallons 
are lost in leakage, etc. How much is discharged by the pump? 

18. A 75 horse-power boiler evaporates 2,140 pounds of water 

into steam per hour. One engine uses 1,310 pounds, another uses 
417 pounds, and a pump recjuires the remainder. How much steam 
Is used by the pump? (Suggestion: Add 417 to 1,310 and subtract 
from 2,140.) Ans. 413 pounds. 

19. An engine makes 54,000 revolutions in a day of 12 hours. 
A motor makes 720,000 revolutions in the same time. By how many 
revolutions per day does the speed of the motor exceed that of the 
engine? 

20. It takes 3,SS0 pounds of steam per hour to run a certain 160 
horse-power engine. If it takes 1,940 pounds to run a 60 horse¬ 
power engine and 2,140 pounds to run a 72 horse-power engine, 
does the largest engine re(|uire as much steam as the two small ones? 
(Suggestion: Add 1,940 to 2,140 and compare with 3,SS0.) 

MULTIPLICATION 

14. Multiplication is a short metluKl of adding a quantity to 
itself a certain number of times; or, it is the process of taking one 
quantity as many times as there are units in another. 

It is known that 2 + 2*f2 + 2 + 2 = 10; but this same process 
may be expressed more briefly by the aid of multiplication, thus: 
5 X 2 = 10. The 5 shows how many twas are used in adding. 
This last expression is read, ‘‘five times two ecjuals ten.’* 

In multiplication tliree terms are employed—the multiplicand, 
the multiplier, and the product. 

^rhe mvliiplwand is the quantiiy to be multiplied or taken. 

The multiplier denotes the number of times the multiplicand is 
to be taken. 

The product is the result or quantity obtained by the multiplication. 
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Another term, called the eoeffictrnf, is used to indicate the 
numerical part of a quantity which consists of nunil>ers and letters 
multiplied together. Thus in the expression 'Aah, 3 is the coefficient 
of aby and denotes that ah is taken 3 times. Sometimes it is con¬ 
venient to consider any ])art of the product as tlie coefficient of the 
remaining part. Thus in 3rtfc, 3rt might he considereti the coefficient 
of by or 3& tlie coeffi(‘ient of a. A coefficient is, therefore, called 
numerical or literal according as it is a nuinher or one or more letters. 
When no numerical coefficient is (‘xpressed, 1 is always understood, 


TABLE IV 
Multiplication Table 


1 

.?J 

3 

4 

S 

Q 

Q 

D 

9 

10 

11 

12 

13 

14 

IS 

16 

17 

18 

19 

IQ 

21 

22 

23 

24 

2S 

2 

4 

6 

8 

10 

ra 


16 

18 

20 

22 

24 


28 

30 

32 

34 

36 

38 

40 

42 

"44 

40 

48 

50 

3 

e 

9 

12 

15 

■B 


24 

27 

30 

33 

36 

39 

42 

45 

48 

51 

54 

57 

60 

63 

66 

60 

72 

75 ! 

4 

8 

12 

16 

20 

24 

28 

32 

36 

40 

44 

48 

62 

66 

gli] 

64 

68 

72 

76 

80 

84 

88 

02 

96 

100' 

5 

i3 

15 

20 

25 

30 

35 

40 

45 

60 

55 

60 

65 


75 

SO 

85 

90 

95 

100 

105 

110 

115 

120 

125 

6 

12 

IS 

24 

30 

36 

42 

48 

64 

60 

00 

72 

78 

81 


90 

102 

108 

114 


126 

132 

138 

144 

150 

7 

14 

21 

28 

35 

42 

49 

66 

63 

70 

77 

84 

91 



112 

UJ 

120 

133 

140 

147 

154 

161 

168 

175 

8 

16 

24 

32 

40 

48 

66 

64 

72 

80 

8S 

96 

104 

112 

120 

128 

ia(, 

144 

162 

160 

168 

176 

184 

102 

200' 

9 

18 

27 

36 

45 

54 

63 

72 

81 

90 

99 

108 

117 

120 

135 

L44 

153 

162 

171 

180 

189 

198 

207 

216 

225 

10 

20 

30 

40 

50 

60 

70 

so 

90 

100 

no 

12C 

130 

140 

150 

iTlfl 

170 

180 

if»!c 


210 

220 

230 

240 

250 

11 

22 

33 

44 

55 

66 

77 

88 

99 

no 

121 

132 

143 

154 

IBw 

170 

187 


209 

220 

231 

242 

253 

264 

275 

12 

24 

36 

48 






120 

132 

144 

156 

168 

180 

192 

204 

216 

22^ 

240 

252 

264 

276 

288 

300 

13 

26 

39 

52 






130 

143 


fm 

nm 

195 

208 

221 

234 

247 

1 ^ 

273 

280 

209 

312 

325 

14 

28 

42 

50 

70 

m 

iBa 

[ffi 

IBB 

140 

164 

168 

182 

190 

210 

224 

238 

252 

266 


294 

308 

322 

336 

350 

15 

30 

45 

60 

75 

00 

105 

iB!l 

135 

160 

165 

180 

195 

210 

225 

240 

255 

270 

285 

t s 

315 

330 

345 

300 

375 

16 

32 

4S 

61 

80 

9C 

112 

128 

144 

160 

170 

192 

208 

224 

240 

256 

272 

288 

304 

c S 

336 

352 

368 

384 

400 

17 

34 

51 

08 

85 

lOL 

119 

130 

153 

170 

187 


221 

238 

255 

272 


KMS 

323 

340 

357 

374 

391 

408 

425 

18 

30 

54 

72 

90 

108 

126 

144 

162 

180 

198 

216 

234 

252 

270 

288 

306 

324 

342 

360 

378 

396 

414 

432 

460 

19| 

38 

57 

7ti 

95 

114 

133 

152 

171 

190 

209 

228 

247 

260 

285 

304 


342 

361 

380 

399 

418 

437 

456 

476 



60| 

80 





iroi 




Em 


HI 

MU 



380 

400 

420 

440 

460 

480 

500 


ii 

031 

84 

ItlB 

IBr 



189 

MB 

IBfl 


HE 

294 

315 

336 

357 

378 

liioO 

4-^ 

441 

462 

483 

504 

525 


44 

6G 

88 

uo 

132 

154 

176 

198 

220 

242 

264 

286 

308 

330 

352 

374 

396 

418 

440 

462 

484 

506 

528 

550 

23 

46 

6\\ 

92 

115 

13S 

161 

1^ 


230 

253 

276 

299 

322 

345 

358 

391 

414 

437 

Hm 

483 

50G 

529 

552 

576 

24 

48 

72 

90 

120 

144 

168 

192 

216 

240 

264 

288 

312 


360 

384 

408 

432 

450 

480 

504 

528 

552 

576 

600 

25 

60 

75 

100 

125 

150 

175 



250 

275 


g 

Em 


400 

425 

450 

475 

500 

525 

.550 

575 

600 

625 


2 

sj 

4 

5 


7 

E 

E 

m 

iS 



E 


m 

IZ 

IN 

m 


21 

22 

23 

24 



as a is the same as la. When a coefficient occurs just before a paren¬ 
thesis, it indi(‘ates that ev(*ry term within the parenthesis is to be 
multiplied by that coefficient. 

To multiply with accuracy and rapidity, the product of any two 
quantities, at least from 2 to 12, must be known at sight. The com¬ 
binations of these should be practiced until they can be given correctly 
and without hesitation. 

The following points should also be fixed finnly in mind: Zero 
times any quantity or any quantity times zero is zero. For example, 
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0 X 0 = 0; 0 X 8 = 0; 942 X 0 = 0, 6 X 0 = 0, etc. One times 
any quantity or any quantity times one gives that quantity as a prod¬ 
uct. For example, 1X7 = 7, 85 X1 = 85, 1X1=*1, aXl 

Table IV gives the product of any two numbers up to 25 X 25. 
To use this table, find one of the two numbers in the upper row and 
the other in the left-hand column. The product of the two will be 
found at the intersection of two imaginary lines drawn parallel to 
the heavy lines shown in the table at 12 X 12 and 20 X 20. For 
example under the 9 and opposite the 8 is found the product, 72. 
That is, 9 X 8 = 72. 

IS. Rules for Multiplication, (a) In performing mvltiplication, 
treat both terms as ahstrart quaniiiics, always nsing the larger quantity 
as the nniltiplicancL After the result is obtained, determine from the 
nature of the problem in nhat units the risult should be expressed, 

(b) Place rifflitAiand digit of multipVur directly under righU 
hand digit of multijdicand (with one exception—See Case 2, p. 17). 

(e) Each figure of the multi jdicand is multiplied by each siqnifi- 
cant figure of the multiplier, and the right-hand figure of each product is 
placed uml r the figure of the multiplier used to obtain if. The sum of 
the several produets will be the entire jwoduct, ]Vhcn there is a zero in 
the multiplier, multiply by the significant figures only, taking care to 
place the right-hand figure of each separate product under the figure 
used in obtaining it. 

Examples. 1. 

Solution. Having written the multiplier under 
the unit of the multiplicand, multiply the 5 units by 7, 
obtaining 35. Then set down the 5 units directly under 
the 7 and carry the 3; in other words, reseive the 3 tens 
for the tens column. Next multiply the seven tens by 
7, obtaining in, and add the 3 which is carried, and 
obtain 52 tens t" hich is the same as 5 hundreds and 2 
tens). Sot dowTi 2 tens and carry the 5 hundreds; mul¬ 
tiply 1 and 7 and add the 5 which was carried, making 
12, wdiich can be wTitten <low’n in full. 

The product then reads, 1,225. 

2. Find the product of 145 and 13. 

Solution It can be seen that 13 *=» 10 4- 3, 
hence the product of 13 X 145 will be the same as 
(10 X 145) + (3 X 145). Adding the products gives 
1,885 os a result. 


175 multiplicand 

_7 multiplier 

1225 product 


145 X 3 = 435 
145 X 10 = 1450 
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Solution 6. The same result is obtained, however, if the 
numbers are arranged as follows: 

Commence with 3, multiply through and write the product 13 

435. Under this write the product 1,450 obtained by multiplying 435 
by 10 . In this latter product ihe 0 may be discarded but it must 145 
be remembered to write the 5 under second place. Adding these 
two products, called partial products, gives the final product 1,885. 

3 . Multiply 1246 by 235. 

Solution. Note tliat the three partial products are the 1246 
results of multiplying by 5, 3, and 2 where each successive partial ^35 

product is set one place further to the left than the preceding one. 6230 
Note that 0 is under 5, 8 is under 3, and 2 is under 2 ; in other 3738 
words, the first figure of each partial product is placed under the 2492 

digit used to obtain it. * 29^810 

Two special causes not covered by the general rules given above 
bhould be here considered. 

Ctise 1. Jjytrn digits of imdtipUer are separated bp ciphers: 

Example. Find the product of 13,456 ai. 1 2,004. 

Solution. Although the multiplier contain- four digits, in the short 
method only two partial products appear. 

The first figures obtained by multiplying by 4 and 2 appear under these 
respective digits, the zeros simply marking the absence of any other character# 
in the product. 

Regular method Short method 

1345(> 13456 

2CX)4 2004 

53S24 53<S24 

00000 26912 

00000 2G(>6,5824 

26912 
2G9G5S24 

Case 2. When ciphers arc at right of rrivHlpli(r or uiidiipUcand: 

Example. Multiply 5,760 by 3,000. 

Solution. In this case it is necessary only to multiply 576 by 5750 
3 giving 1,728; then annex the total number of ciphers found at the *4000 

right of both multiplier and multiplicand, in this case four, giving-.*- 

as the final result, 17,280,000. 17280000 

16. Short Methods. To midiiply by ten and ^powers of ten. 
This method is only a slight variation of that given in the previous 
paragraph. 

* A power of ten is the product obtained by using ten as a factor a certain nurnber 
times Thus, 1,000 and 10.000 are, respectively, the third and fourth powers of 10. 
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Annexing a cipher to a whole number multiplies that number 
by ten, etc. Thus, to multiply 378 by 1,000 wTite at once 378,000. 

To mxdti'ply hy a number a little less than 10, 100, or 1000 the 
process may be shortened as shown in the following: 


Examples. 1. Multiply 254 by 99. 

Solution. 99 is 100 diminished l)y 1; hence, multiply 254 
first by 100 and then by 1 and subtract the results. 

2, Multiply 196 by 997. 

Solution. 997 is 1,000 diminished hy 3, hence, multiply 
196 first by 1,000 and then hy 3 and suhtraet the results. 


25400 

254 

25146 

196000 

588 

195412 


To multiply hy 25 annex two ciphers to the multiplicand and 
divide b} 4. 

To multiply hy 11: 

(a) When the multiplicand contains hvo figures, place their sum be¬ 
tween them. If this sum is greater than 10, carry 1 to the third place. 


Example. Multiply 47 by 11. 

Solution. Place 7 in units placi*. Add 4 and 7. Putting 1 in tens 
place and carrying 1 . Place (1 4- 1) in hundreds place. Result 517. 

(6) When the midiiplicand is any ninnhcr, write the right-hand figure 
in units place; then add the first and second, second and third, and 
so on, finally setting down the left-hand figure. Carry as usual. 


Example. Multiply 365 by 11. 

Solution. Write 5; 5 + 6 - 11; write 1 and carry 1; 1 car- ^05 

ried + 64-3** 10; write 0; 1 cariied + 3 4; write 4, making 11 

the result, 4,015. 4015 


17. A iVlcthod of Checking Multiplication. Add separately the 
figures of the multiplicand and multiplier until they are reduced ta 
one figure each; thru multiply these together and again reduce this 
product by addition to one figure. If the multiplication is correct, 
the final result will xtsually check with the successive additions 
of the figures of the product 
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Example. Multiply 6,547 by 301 and check. 

Solution. The solution is shown in the ^ - 

margin. To check proceed as follows: Taking the oo47 — 

multiplicand, 6-f5 + 4 + 7 = 22* 2 + 2 = 4. _ ^ 

Again for the multiplier, 3 + 1 = 4. ()547 10 — 7 

Their product, 4 X 4 = 16; 1 + 6 = 7. 19041 

Treating the product in the same manner; 7 

1 + 9 + 7 + 6 + 4 + 7 = 34; 3 + 4 = 7. The * 

multiplication is correct. 


18. Letters may be used in multiplication as follows: The 
product of a and b in a X b, and tlie product of t/, b, and c is a X h X c. 
If a = 0, 6 == 4, and c — 1, the product of a, and c is 0X4 X 1 or 
24. The common practice is to omit the multijilication si^n when 
letters are multiplied by letters or numbers thus* 2 X a: is written 2x; 
2a X is written Oab; X 4/> X oc is written {\0abr. The order in 
which the letters arc placed is immaterial although the alphabetical 
order is usually followed. For e\amj)lc, (>() cab is the saim^ as OOafcr. 


PROBLEMS FOR PRACTICE 

Multiply: 


1. 2,92<S by 304. 

2. 7,319 by 394. 

3. 5,r>9Sl)y792. 

4. 9a by 2b. 

5. Sab by 4cd. 

6. 3,lS(n)yS39. 


Ans. 1,005,792 

Ans. 4,512,810 
Ans. lSr/5 
Ans. \2abcd 
Ans. 2,073,054 


7. 42,:?0Sl)y(;92. 

8. S70 by itself. Ans. 707,3)70 

9. 4a6 by 14c. 

10. 57 by 1,000. 

11. 52 by 99. 

12. 10 by 25. 

13. 92 by 11. 

14. 103 by 25. 

15. There are 740 watts in a horse-power. I low many watts 
are there in 20 horse-power? (Suggestion: Multiply 740 by 20.) 

16. A piston has an area of approximately 113 square inches. 

If the steam pressure is 47 pounds per square inch, w^hat is tlie total 
pressure upon it? Ans. 5,311 pounds. 
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17. The head of a boiler has an area of 11,310 square inches,* 

If the pressure per square inch is 40 pounds, what is the total pres¬ 
sure on the head? Ans. 452,400 pounds. 

18. A concrete mixer delivers 14 cubic yards per hour. A gang 
of men takes away 12 cubic yards per hour. How many cubic yards 
will remain unmoved at the end of 4 hours? At the end of 8 hours? 

19. If there are 12 tlireads per inch on a screw, how many 
threads are there in 4 inches? 

20. If a piston moves through 408 feet in one minute, how far 

does it travel in 45 minutes? Ans. 21,000 feet. 

21. If a boiler evaporates 1,045 pounds of water in one hour, 
how many pounds will it evaporate in 9 hours? 

22. A certain girder supports 130,925 pounds. How much will 

65 such girders suj)port? Ans. 8,000,125 pounds. 

23. An engine in a certain power plant requires 18 pounds of 
steam per horse-power per hour. If the engine is developing 640 
horse-power, what is the total steam coasurnption? 

DIVISION 

19, Division is a j)roeess of finding how many times one quan¬ 
tity contains another. In division then^ are thri'e principal terms, 
the dividend, tlu* divisor, and the (juotient or answer. 

The dividend is the (piantity to l>e divided. 

The divisor is the (juaiitity which is di\ided into the di\idend. 
quotient is the number of times the divisor is contained in 
the diviileiid. 

Wlien the dividend does not contain tlie divisor an exact number 
of times, the excess is called the remainder. The remainchT being 
a pai’t of the dividend will always be of the same kind as the dividend 
and must ni'cessarily be h\ss than the divisor. 

Division may be indicated in any of the following ways: 24 -r- 2; 



Division is the reverse of multiplication, as shown by the follow¬ 
ing: 

6 X 7 - 42 42 6 = 7 42 7 - 6 

5 X 8 - 40 40 -h 8 - 5 40 5 - 8 

20, There are two distinct methods used, viz, long division* 
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and short division; in the former all the work is written out but in 
the latter the process is performed menially and the result only is 
written. Short division is generally used when the divisor does not 
exceed 12 

The following examples illustrate the two processes. 

Examples. 1. Divide 720 by 5. 


Solution. Ip long division it is found that 5 is 
contained in 7 once. Write 1 as the first figure of the 
quotient, and subtract, giving a remainder of 2. To 
the remainder *annex the next figure of t)ie dividend, 
and divide as before, obtaining 4 as the second figure 
of the quotient. Annex 0 ^\hich is the next figure of tin 
dividend, and divide again by 5, obtaining 4 as tlie last 
figure of the quotient with no remainder. The division 
is now complete. 

It often happens, after bringing down a figure from the dividend, 
that the number is too small to contain the divisor. In this case 
place a zero in the qnofienf, and continue hrintjiug down the fuiurcs 
fro.n the dividend until the number thus formed will contain the divisor. 
The following example illustrates this point: 

2. Divide 10,420 by ]P>. 

Solution. It is seen that the first two ])hire8 
in the dividend are h\sh than the divisor; therefore, 
three places must be taken. 13 is contame<l in 104 
exactly 8 times, giving 8 as the first figure in the quo¬ 
tient. There Ix'ing no remainder, the next figure of 
tlio divi<l(*nd, vvluai brought down, stands alone and 
is, of course, less than 13. Place a zero as the s(*cond 
figure of the quotient and annex the n<*xt figure* G of 
the dividend making 2t), into w'hich 13 goes exactly twice. This makes the 
complete quotient 802 without a re*maindc‘r. 

21. Rules for Long Division, (a) Write the divisor and divir 
dead in the order named, and draw a curved line between them. 

(b) Fi}id how many times the divisor is contained in the left-hand 

*Iu the abovo solution tho t^rm “annex”, meaning fo p/arc o/<#r, is umd. The opposite 
term “prefix”, meaning./o place hifore^ is also often used. Bo careful to make a distincUon 
between “annex” and “add**. 


_S02 
13)10420 
101 

20 

20 


Long Division 
144 quotient 
5)720 

22 

20 

20 

Short Division 
5 )720 

144 quotient 
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figure or figures of the dividend, and write the number in the quotient 
over the dividend. 

(c) Multiply the dirisor by this figure of the quotient, writing the 
product under that part of the dividend from which it was obtained; 
subtract, and to the remainder annex the next figure of the dividend. 

(d) Find how many times the divisor is contained in the number 
thus formed, and write the figure denoting it at the right hand of the last 
figure of the quotient. 

fe) Proceed in this mariner until all the figures of the dividend 
are divided. If there is a remainder after dividing all the figures of the 
dividend, place the remainder over the divisor ivith a line between them, 
and annex to the quotient. 

(f) The proper remaindir is, in all cases, less than the divisor. 
If, in the course of the operation, it is found to he larger than the divisor, 
this indicates that there is an error in the work and that the figure in the 
quotient should he increased. 

Example. Divide 5,111 liy 20. 

Solution: 2(H) 

20)51 ll 
rv> 


241 

^4 

7 romaitider 


Proof. In order to pro\e division, multiply the quotient by the 
divisor, and add the remaindiT, if there is any. If the quantity thus 
obtained p:i\('S the di\ idend, the work i^ correct. 

22. *Short Methods. To divide hy ten and powers of ten. 
From the right in the dividend j)oint oil’ as many phu'cs as the divisor 
contains ciphers. The figures so cut oiT represent the remainder, 
to be written over the divisor and annexed to the quotient. 

To divide hy multiples of ten. 

Example. Find the quotient of IS,053 4“ 3,000. 

Solution. Murk otT as many fisuros in the di\ i- 
dend as ihiTc are eiphers in the divisor, thus dividing 
by 1,000. Thi^ l('a\(‘s IS to the left of the mark to be 
divided by "b going a quotient of 6 with a remaindiT 
of 053. Plaee this remairuler over the dudsor and 

053 


053 

_ 3 {^ 

3|000jlSl053 

IS 


annex it to the 0, giving, finally, 0.- 


3000' 


053 


*rhefie mtthoda mav be made mote oomprehenaive and valuable after the subject of 
Decimals has been diaoussed. 
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To divide by 25. 

Multiply the dividend by 4 and divide the product by 100, by cutting 
off two figures to the right. 

23. Letters may be used in division as follows: a divided by 

b may be expressed as a -t- h a divided bv c, as a -r c, or -• 

b ‘ c 


If a = C and b = a divided by b will equal 0 3 = 2. If a = 6 

and c = 2, a divided by c will equal G 2 or 3. In dividing terms 
containing letters, it is useful to remember the statement on page 
20, that division is the reverse of viuUipUcaiion, For example, 4a6c 
di\ ided by 2c equals 2a6, for 2c X 2u5 equals 4ahe, 


Examples. 1. I)i\ide l(W//>cd by 4r;d. 

SoLCTTON. The cooffioieni of the divisor ks 
contained in the coefficient of the di\id(‘nd 4 tinu's. 
Place a 4 in the qutdieiit. Again a and d of tht divisor 
are contained in a and d of the dividend ovactly once 
but ad is contained in abed, be times for ad X be equal i 
abed. The complete quotient is, thtTcfore, 4bc without 
a remainder. 


4hc 

4(id) 1 imbed 
1 imbed 


2. Divide (Ibabc + Gab) by Zb. 

Solution. In this problem the two terms of 
the dividend are divuled seiiarately and the two quo¬ 
tients connected by the ])roper sign. 15rd>r di\idl’d 
by gi\es a quotient of fior; Ciuh divided by 3h gives 
2a as a quotient. The final quotient is, therefore’, 
5ac -h 2a. 


5ar + 2a 
Zb)irmbe + (mb 
1 ,mbr + Gab 


PROBLEMS FOR PRACTICE 

Divide: 

1. 05,814 by G. Ans. 10,909 

2. Gab by Zb. Ans. 2a 

3. 3,870 by 10. 

4. 24abcd by Gd. Ans. 

5. 9,473 by 100. Ans. 

6. 13,987 by 1000. 

7. ZOabed by 5ac. 

8. (lSabc+12abd) by 36. 

9. If coal costs 5 dollars per ton, how many tons may be 

bought for 275 dollars? (Suggestion: Divide 275 by 5.) 


4a6c 
94i'»-'- 
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10. A steamer runs 27G miles in 23 hours. What is her average 
speed per hour? (Suggestion: Divide 276 by 23.) 

11. IIow many 30-fo()t rails are there in a double track (four 
rails) two miles long? There are 5,280 feet in one mile. (Sugges¬ 
tion: Divide 2 X 4 X 5,280 by 30.) 

12. If 0 (lays* work will pay for 6 tons of coal at 6 dollars per 
ton, what is the price of a day’s labor? 

13. A company furnishes ecjual power to 26 establishments 
The total horse-power is 8,450. How much does each receive? 

14. If a locomotive goes to shop for inspection after every 

average run of 283 miles, how many times would it be in shop during 
runs aggregating 10,188 miles? Ans. 36 times. 

15. A certain boiler supjdies steam for heating. If there are 

180 square feet of heating surface in the boiler and each radiator 
recjuires 12 square feet of heating surface of the boiler, how many 
radiators can be suppli(*d by the boiler? Ans. 15 radiators. 

16. If 8(X) cubic fe(*t of air are re(|uired for each j)erson, how 
many people can occupy a room that contains 21,()()() cubic feet? 

17. If 1 foot of 1 inch pij)e is allowed for every 90 cubic feet of 
space in heating a factor\, how many feel of the same pipe will be 
reauired to Iieat 225,000 cubic feet of space? 

FACTORING 

24. An integer is a whole number, as 1, 8, 15. 

All numbers an* (*ither cxld or e^'(‘n. An odd number is a num¬ 
ber that cannot be di\ided by 2 without a n*nuiinder, as 3, 9, 13, etc. 
An even number is one that can be divuh*d by 2 without a remainder, 
as 4, 6, 8, etc. 

A Tprimc number is a number wiiich can be exactly divided only 
by itself or 1, as 1, 3, 5, 7, etc. 

A factor of an integer is a number which is contained an exact 
number of times in the given integer. 

A 'prime factor is a factor which is a prime number. 

Numbers are prime to each other when they have no factor in 
common. Thus 7 and 11 are prime to each other; also 18 and 25, etc. 

In speaking of the factors of a number it is not customary to 
include the number itself or 1. For this reason a prime number is 
said «o have no factors. 
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Example. What are the prime factors of 16? 

Solution. Divide 16 by 2 which is the least prime number 
greater than 1 , and obtain 8 as the quotient. Since 8 may again be 
divided by 2, the division is carried out giving 4 as the ne^t quotient. 

Next divide 4 by 2 giving a quotient of 2 , wkiuh is a prime number 
and cannot be further divided. Now the several divisors and the 
last quotient, all of which are prime, are the prime factors of 16. 

The rule for finding prime factors may be expressed as follows: 
Divide the given number by the least primr inimbcr {greater than 
1) that loill divide it; and divide each quotient, in the same manner. 
Continue dividing until a prime number is obtained as the quotient. 
The several divisors and the last quotient will be the prime factors 
desired. 

Example. What are the prime factors of 78? 


2)K) 

2)J 

2)J 

2 


Solution. 2)78 

3)39 

1 d A.ns. 2| and 13 
25. Factoring by Observation. Certain niimliers have such 
characteristics that some of their factors may be found without the 
trouble of an actual operation in divi.sion. The simplest of these 
rules for factoring by observation are as follows: 

2 is a factor of all even numbers, 

3 is a factor of all numbers the sum tf whose digits is divisible by 3. 

4 is a foe! or of all numbers whose last tiro pi ores arc di visible by 4. 

5 is a faelor of all numbers ending In J or 0, 

10 is a fuetor of all numbers whose last figure is 0, 

Examples. 1. Factor the number fiO. 

Soli 1 ION. l^v in^'pi^c’lioii it iswrii that r>(> I lot) 

is divi''ihl(* by t, and although 4 is n<»1 a i»rini(* j 

factor, its U'^c sa\(“s one division, ^i'hc nsult- 

ing factors are 4, 2 , and 7 7 A ns. 4, 2, and 7 


2. Factor the number 720. 

SoLi^TioN. According to the ruh* in § 2 r) 
this number is divisible by 10 and, althougli 
10 is not a prime number, the proe(‘.ss of factor¬ 
ing is shortem‘d by its use. The quotient 72 
is divisil)le by 4, which should be used instc'ud 
of dividing twice by the factor 2 . Tlic remaining 
factors are 2, 3, and 3. 720 may also bo dividf<i 
into the factors 10 , 8 , and 9, the two latter being 
equal, respectively, to 4 X 2 and 3X3. 


10)720 

4)72” 

2)18 
3) 9 

3 Ans. 10,4,2,3, 
and 3 
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3. Factor the number 426. 

Solution. 2)426 


3)213 





71 Ans. 2, 3, and 71 

Find the prime factors of the following: 


1. 

36 


Ans. 2, 2, 3, and 3 

2. 

30 



3. 

68 



4. 

148 



5. 

189 


Ans. 3, 3, 3, and 7 

f). 

1,264 



7. 

2,552 



8. 

1,932 



9. 

91 



10. 

2,508 

CANCELLATION 

Ans. 2, 2, 3, 11, 19 

26. 

Cancellation Methods. When a series of multiplied factors 


is to be divided by a second series, the operation may be shortened 
by a process called '‘Cancellation’\ The first series is placed above 
and the second below a horizontal line and divisions are performed 
between the factors on opposite sides of the line. Any number on 
one side which is exactly divisi!)le by a number on the other side of 
the line may be so divided. 

Examples. 1. Divide 18 X 5 by 10 X 3. 

Solution: Arranging the fir^t s(*ries above and the second 
series below the line we have 

6 6 1 

IS X 5 ^ X r> ^ X 3 
10 X 3 10 X 3 10 x '» 

1 2 1 

It will be seen that IS, the first term above, and 3, the second term 
below the line, are divisible by 3. The 18 is, therefore, crossed out 
or “cancelled out” and a 6 placed above it; the 3 below is also can¬ 
celled and a 1 placed below it. Similarly 5 is contained in 5 and 
10, the remaining factors, and these should also be cancelled out as 
indicated, a 1 bt‘ing placed above the 5 and a 2 below the 10. 

Further inspei'tion shows that the 6 which remains above the 
line is divisible by the 2 which remains below the line and this can- 
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cellation gives a final result of 3. The complete process is 

3 

6 1 

W X 3 ^ 3 ^ 

Z0 X 3 i ‘ 

2 1 
1 

9 fi2<Ax AX ^'ix_24 ^ 

2 X 3 X 2 X 4 X G 

Soi.uTiON. To ranc(‘l, select 
any two numbers one abo\e and one 
below the line, ami find some num¬ 
ber that v»ill di\ide <‘aeh of them 
without a remiunder. Iwir in^anet*, 
it is seen tliat 2 will be contained an 
exact number of tinit's m both 0 and 2. 

Then jierlorrn the division, erossiriK 
out btith numbers and placinp; the re¬ 
sults directly over and below’, the 
numbers crossed out. Pioceed m this 
inaniuT until there is no lonj».er a 
number below the line that can be 
cancell(‘d with one abo\<3 the line. 

Then multiply together all the num¬ 
bers above the line and use as a divi¬ 
dend; and miiltiiily tof^ether those 
below the line, and um* as a div’isor. 

U) V 2 X ITi X 1 ^ 

:JJ X ti X S X '12 

Sou TioN 111 an example vnIutc the 
product above the line, after I’ancellinK, is 
less than the product below the lim*, tin* 
result is allowed to stand as obtained, tliii'> 
iSince 5 and 22 do not cancel into any ol the 
other numbers the result is the jirodiict of 
ilie quantities in the numerator divided by 
the product of the quant it i(‘s in the de¬ 
nominator. 

4. Four men have the task of sortin/^ 24 lioxt^s of eastings, each 
box containing; 720 pieces. If each man can liandh' 12 j)ie(rs per 
minute, how many hours will it take tlie men to sort tlu‘ eastings? 

SoLpTiON. A little examination of this problem wall show that the total 
number of pieces to be handled will form the (juantity above the line, that is, 24 


115 1 

n X 2 X X i ^ 5 
32Xhx'Hx’22 S8 
2 3 2 
1 
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times 720. As there are 4 men and each can handle 
12 pieces per minute, the number handled per minute 
will be 4 X 12 and the number per hour will be 
4 X 12 X 00. This quantity is placed below the line 
as the total number of piece's divided by the number 
bandied per hour will give the required result. Carry¬ 
ing on th(* canec'llation as before, the final result is 6, 
that is, it will take the men 6 hours to sort the castings. 


1 

12 

() 72 

24 X 720 


72X00 
1 0 
1 


= 6 


Rules. Cancel the comvion factors from both dividend and divisor. 
Nfjrt, divide the product of the remaining factors of the dividend 
by the product of the remaining factors of the divisor. 

It is seen, therefore, that (‘aneellation is merely a combination 
of the ])roc(‘ss(*s of factoring and division. 


PROBLEMS FOR PRACTICE 

Divide: 

1. 2X3X<SXl2X241»y ()X4X:]()X4. Ans. 4 

2. 1S X 24 / 32 X3() by 0 X ‘IS X 1X1S. 

3. 15X20X25X27 by 15X1SX25X10. Ans. 3 

4. 40X48X54X00 by 30X24X72X3. 

5. 12xOOx:i()X70by 2SX5X 4SXO. Ans. 45 

0. 32X30X33X45 by 24X30X44X0. 

7. IS piers, each consisting of 5 j)iles, wi re set by 10 men in 3 
days. What is tlie cost of driving each pile if each of the men receive 
3 dollars a day? 

S. Knell of 40 teainst<*r.s hauls 9 yards of sand per day for 4 
days at 1 dollar ])er yard. How many men ^^ith li eel barrows 
will earn the saint* amtuint in two days wheeling 3 yards per day at 
1 dollar per \ard? Ans. 240 men. 


REVIEW PROBLEMS 

1. A steam p'ant has two engines of 934 horse-power each. 
The starboard engine of a steamship d(‘\elops 3,21S horse-power 
and the port engine 3,232 horse-power. How much greater power 
is developed in the ship than in the steam plant? Ans. 4,582 H. P. 

2. A pump delivers 33,720 cubic feet of water in two hours (60 
minutes each). How many cubic feet are delivered per minute? 

Ans. 281 cu. ft 

3. A nine-foot blower makes 175 revolutions per minute. How 
many revolutions will it make in 20 minutes? Aas. 5,075 rev 

4. There are 360 rivets in a hundred pounds. How many 
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pounds will be required to afford 04,S(X) rivets. Aiis. 18,000 pounds. 

5. The heating surface in a locomotive is 8S s<]Mare feet in the 
Sie box anti 702 square feet in the ful)es. What is the total heating 
surface? How many times as much siirfare is there in the tubes than 
in the fire box? (880 square feet 

(0 times 

G. The weight of a battery of eight marine boilers and their 
equipments is as follows: 

Boilers comph'te witli mountings.205 tons 

Water in boilers. 73 “ 

Funnels. 50 “ 

Stoke-hole plates, floors, etc.23 

Feed pumps. 7 ** 

Fans and fan engines. 8 ** 

Feed rt'gulators. 2 ** 

Tools and fittings. 2 ** 

Spare gear. 10 

What is the weight of two such batteries? 

7. At ](X) degrees Fahrenh<‘it a cubic foot of water weighs 62 
pounds. At 205 degre(»s a cubic foot weighs (>0 pounds. What 
is the difl'erence in weight between 173 cubic feet of water at 100 
degre(\s and bSO cubic feet at 205 degrees? Ans. 614 pounds. 

S. A roof is composed of 11 frames. The weight of one frame 
in detail is as follows: 

2 rafters each weighing.875 lbs. 

5 rods, each weighing.17G “ 

IG bolts, each weighing. 5 “ 

8 bridle-straps, each weighing. 15 ‘‘ 

2 piers supporting rafters at ridge, a^ erage each. .. 11 ** 

6 pieces at foot of struts, average (‘arh.11 lbs. 

4 pieces uniting rafters at junction in strut, with 

bolts and nuts, each. 44 

2 rafter shoes, each.144 

2 cast-iron struts, each.154 

What is the total weight of tlie roof? Ans. 40,500 pounds. 

9. A double mine ventilating fan runs at the rate of 84 revolu¬ 
tions per minute. It gives 2,818 cubic feet of air per revolution. 
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How many cubic feet should it give per minute? 

Ans. 236,712 cubic feet 

10. If oak-tanned leather belting costs 2 dollars per foot, and 

four-ply stitched can\as belting costs 1 dollar per foot, what is the 
difference in the cost of 40 feet? Ans. 40 dollars. 

11. If tliere are 0,326 heat units in a pound of lignite coal, how 
many heat units in 2K7 pounds? 

12. If 23 srjuare feet of No. 30 sheet iron weighs 11 pounds, 
how much will 23 scjuare feet weigh if three times as thick? 

13. 'I'he weight of the masonry of a bridge and an engine passing 
over it is 1,608,376 pounds. The engine weighs 198,560 pounds. 
What is the weight of the masonry? 

14. A pound of Pennsylvania petroleum will theoreti(‘ally 
cvaporat(» about 22 [)ounds of water. How many j)ounds are neces¬ 
sary to evaporatt* 4,378 pounds of water? 

15. A cubic foot of hemlock weighs 25 pounds. A cubic foot 
of iron weighs 450 pounds. Find the (liffer(*n(‘e between the weight 
of 230 cubic feet of launlock and 87 cubic f(‘et of iron. 

16. O'liree guy rop<‘s arc fastened to a stake. 0'h(‘ pull on one 
ro])e is .V)0,S()0 pounds; the pull on the se<‘on(l is 118,421 pounds; 
and on tlu* third is 1()1 ,S(k) pounds. Whal is the total pull? 

17. '’* l)i\ide (20«ff X by 165. Ans. Tv/er/ 

18. * l>i\ide the product of 7a and f)5erf by 3a(/. 

10. L<*t u, 5, and c have, respeetiwly, the values 4, 7, and 2. 
Subtract a from the sum of b and r and give the numerical result. 

Ans. 5 

20. Give values of 5, 0, (>, and 12 to u, 5, c, and d, respectively; 
find the inniierieal result of adding 3a, 7c, and od, and subtracting 
85 from this sum. 

21. The record of a pieceworker in a shop for one week was as 
follows: for Monday 122 pieces, Tuesday 140, Wednesday 114, 
Thursday 151, Friday 132, and Saturday 142. What is his aver¬ 
age day's work. (Suggestion: An average is found by dividing 
the sum of the various items by the number of items.) 

Ans. 134 pieces per day, 

• Work this pn blom by cancelUtioa. 
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PART II 


FRACTIONS 


27. A fraction is an expression denoting one or more equal 
parts of a unit, and may be regarded as indicating division. The 
fraction is written, i. e.,* the division is indicated, by placing the 
dividend over the divisor with a line between. 


5 

Thus, — denotes that 5 of the 12 e(jual parts (^f a unit are to be 

X ^ 


0 . 

taken. — is merely a different way of writing 5 12, and the 

i iU 

fraction is used because the dividend is less than the divisor. 


To say ~ of a 100 pound keg of bolts indicates, that the keg of 


bolts is to be divided into 4 equal parts, and 1 of these parts taken. 
In this UvSe, the unit may be considered as made up of a number 
of equal parts, but when used separately and without reference to 
any certain thing, it is convenient to consider the fraction merely 

1 3 S75 

as an unperformed division; thus,— — l-r4;— «3-!“4; ■» 

875 301. 


I'he quantity below the line is called the denominator. It shows 
into how many equal parts the unit is divided. 

The quantity above the line is called the numerator. It shows 


how many of these equal parts are taken. 


Thus, in the fraction 


1 

12 ' 


the 12 shows that the unit has been divided into 12 equal parts, and 

the 1 shows that one of the 12 parts is taken. In the fraction-^ the 

unit is divided into b parts and a of these parts are taken. 

The numerator and denominator are called the terms of a 
fraction. 


• The letters **i e/' ere used to reDre«#.nt the exoressioD ‘‘that is'*. 
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A fractional unit is one of the equal parts into which the unit in 
question is divided. Thus, if the unit is divided into fourths, 

-^is the fractional unit; if divided into b parts,-r-is the fractional 

4 0 

unit. 

Since any number divided by 1 gives a quotient equal to the 
dividend, any whole number may be expressed as a fraction by writing 

4 4 

1 for the denominator. Thus, 4 may be vrritten—, as—= 4 -r 1 = 4. 

The valiLe of a fraction depends upon the value of the fractional 
units and tlie number of these units taken, or simply upon the division 

4 

of the numerator by the denominator. Thus, in —, the quotient 


of 4 -i- 2 is 2, and the value of the fraction can be expressed 


If the numerator and the denominator are equal, the value of the 

fraction is 1. Thus, may be expressed as 8 8 and is equal to 

1. This shows that one unit is divided into eight parts, each part 
being tin eighth and that 8 of these are taken, making a unit 
or 1. 

Strictly speaking a fraction is less than a unit; hence if the numera¬ 
tor is less than the denominator, the value is less than 1, and it is 

known as a projyr fraction. For example, the expression means 

that a unit has been divided into nine parts, each part forming a 

fractional Unit having a value of and that eight of these parts are 

taken. This is one less than the nine parts necessary to make a 

unit, and therefore ~ is k^ss than 1. 

If the numerator is greater than the denominator, the value of 
the fraction is greater than 1, and it is called an improper fraction. 

Thus, tlie fraction is an improper fraction, because 7 is contained 

once in 8 with a remainder, or, expressing it in another way, because 
eight parts, each one being a seventh of a unit, have been taken, form¬ 
ing a unit and one seventh. 
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REDUCTION OF FRACTIONS 

28. To reduce a fraction is to change its form without changing 
its value. 

To reduce a fraction to higher terms multiply both numerator and 

3 3X39 

denominator by the same quantity. Thus, — = \^ The 

^ ^ • '44X312 

value of the fraction has been increased three times by multiplying 
the numerator by 3, and then decreased just as many times by mul¬ 
tiplying the denominator by 3. If in the fraction both the 

numerator and denominator are multiplied by c, the value of the 

be 

fraction is not changed but the form is changecl to Thus, 

multiplying both numerator and denominator by the same quantity 
does not change the value of the fraction. 

To reduce a fraction to lower terms divide botii numerator and 


denominator by the same number. Thus, 


4_-_2 

6 -^ 2 ' 


- In this 

3 


case dividing tlie denominator by 2 changes the fractional parts from 
sixths to thirds, which are twice as large as sixths and this much of 
the operation has doubled the value of the fraction. Dividing the 
numerator by 2 decreases the number of parts to one-half of the 
original number. Therefore dividing both numerator and denom¬ 
inator by the same (juantity does not change the value of the fraction. 

In the same way — may be reduced to by di\ iding both numer¬ 
ator and denominator by m. 

A fraction is reduced to its lowest terms when its numerator 
and denominator have no common factor other than 1; that is when 

the terms are prime to each other. Thus, -4*, are 

2 3 16 6 

4 

reduced to their lowest terms, but — is not, as 4 and 0 may both 

o 

2 od 

be divided by 2, reducing the fraction to —, and — is not, as ad 

3 ac 

and ac may both be divided by a, reducing the fraction to — 

c 
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An entire quantity is one which has no fractional part as 3, II, 
or 6. An entire quantity, which is also a number, is called an integer. 
For example, 3 and 11 are integers. 

A mixed quantity consists of an entire quantity and a fracdonu 
IT & 

Thus, S-i-j 3—,anda + —are mixed quantities. To reduce a 
6 8 d 

mixed quantity to an improper fraction, multiply the entire quantity 
by the denominator of the fraction, add to this product the numerator 
of the fraction and place their sum over the denominator. To reduce 
7 

3— to an improper fraction, reduce 3 units to eighths by multiplying 

o 


3 by 8 obtaining 24; add this to 7 and the result, 31, is the numerator 


of the fraction. 



In the same way a -f 


d 


ad + h 
~d~ 


To reduce on improper fraction to a mixed quantity divide the 
nuuHTator by the denominator, write the (quotient as the entire 
quantity of the mixed quantity and place the remainder over the 
divisor (denomiuat(»r of improper fraction) as the fraction. 


31 

Examples. 1. Change — to a mixed numbci. 
Divide tlie nnmerator 31 by the 


So I T’TfON 

(lenoniiFiutor 21, and place th(* r(*niaindcr 10 o\er the 
di\iMor21 as the fraction of the mixed quantity. As 
21 twenty-firstfi coiiKtitute one unit, 31 twenty-firsts 
constitute one unit and ten more twenty-firsts. 

2. Reduce V* — to a mixed number. 
lOa 

Solution. Following the process already given 

35fl^ ,,, , . . ,, 3a/> Zh 

tor tiyeaneeliation , . becomewS-—7, 
lb Ibfi lb 


*7 - *= Zh 

Iba 


quotient 


‘ s I 

21)31 

10 remainder 


giving the final form 2/; -f This ijuantity 2h -f 

can bo changed to the original quantity thus: Fol¬ 
lowing the rule given above, 10 X 26 equals 326 and 
adding to this 36 and placing 16 as the denominator 
356 

we have . M ult iplying bot h numeral or and denom- 


26 +fY quotient 
16a)3r)u/> 

32^6 

3a6 remainder 


inator by the same quantity a does not change its 
value and gives the original fraction. 

•Thi« must not b« expraaned m 26 m this would mean 26 X —. 15. Part L 

in la 
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Reduce to mixed quantities: 
j 25679 


2 . ~ 


3. 


Ans. 23- 


4 
13 
7 

117 
5 

Reduce to lowest terms: 

m 

936 

Find the proper numerators 

1 ? 3 

_L = JL 10. - 

16 96 5 


PROBLEMS FOR PRACTICE 

Change to improper fractions: 
4. 


7. 


9. 


10 . = 


12 . 


obc 

Reduce to lowest terms: 


Ans. 2rt + ^ 
5 


14. 


Sa 

12 


, za 
Ans. — 

U 


Change to improper fractions: 
16. 4 + 

7p tp 

Find the proper numerators: 

18. 1.^ — 

5a 25a 


5. 


6 . 


8 . 


4 


288 

360 


V 

525 


11- = Ans. 


?_ 

462 


^1 

'462 


Suggestion : Problem 9 96 16 = G 

for numerator and dononunator of fraction 

Reduce to mixed quantities: 

1 4abc 


Henco, 6 is the niuItipIyiuR factor 
See §28, secoi.il paragraph. 


13. 


15. 


16 o 

IT 

165c 

32c 


17. 7«-|- 


3a 


19. 


.) 

65 


y 

125 


A 10 

Ans. — -r 

125 


LEAST COMMON DENOMINATOR 

29. The product of a number of factors is called a rwuUipU 
of any one of them. Thus, 6 is a multiple of 3; 21 is a multiple of 
7;* and ah is a multiple of 6. 

Now the denominators of any group of fractions must be reduced 
to some common multiple, called a common deriomincUorf before the 
fractions may be added, subtracted, or compared in value. This 
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common denominator may be obtained by multiplying together the 
denominators of the fractions. Suppose, for example, it is desired 


to reduce and 


4 


of a foot to fractional parts of a foot, having a 


common denominator. Let the common denominator be 3 X 4 = 12. 


factor 4; thus, - 


In a similar manner is found to be 

4 12 


To reduce-^ to higher terms, L e., to a fraction having the given 
denominator 12, multiply both numerator and denominator by the 
J. 

3 12 

The least common denominator of several fractions is the least 
quantity which may be divided by each denominator without a re¬ 
mainder. Thus, 24 is the least common denominator of the fractions 

5 3 7. 

—, —, and “ -, and ab is the least common denominator of the 

6 8 12 


fractions 


1 


and 

b 


The least common denominator of several fractions contains all 
of the {>riine factors of the given denominators. Thus, either 96 

5 7 

or 192 is a common denominator of the fractions and —, and 

12 16 


contains all their prime factors, 2, 2, 3, and 2, 2, 2, 2. The least 
common denominator, however, is neither 9() nor 192, but 48, because 
48 is the least quantity which contains the prime factors of both 12 
and 16 the greatest number of times that they appear in either one of 
these (juantities. 

12 - 2 X 2 X 3 

10-2X2x2x2 

48-2x2X2x2x3 

Since 2 is a common factor of 12 and 16 and appears four times in the 
latter, it is taken four times. There are no other common factors 
and therefore, the four 2’s and the remaining factor 3, are all the 
factors which make up the least common denominator, and their pro¬ 
duct is 48. 

Therefore, to find the least common denominator, separate the 
denominators into their prime factors and take each factor as many 
times as it appears in the denominator containing it the greatest 
number of times. 
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Examples. 1. Find the least common denominator of the 


13 *^ 7 

fractions, y’ f .-y. and —. 

Solution. First, write the denominators in a 
row, as shown in the margin. Now the least quantity 
to contain 3, 4, 9, and 12 must be the smallest quantity 
that w’dl contain the factors of each of them, but no 
other factors. Then all the prime factors that the com¬ 
mon denominator contains must be found. 2 is a prime 
factor of 4 and 12. Therefore, it must be a factor of 
any quantity that contains 4 and 12 without a re¬ 
mainder. Divide the 4 and 12 by 2, writing the quotients 
below, carrying dowm the 3 and 9 w hich are not divisibie 
by 2. Again it is seen that 2 is a factor of 2 and (J, 
and the operation is repeated, obtaining 3, 1, 9, and 3. 
Next dividing by 3, the result is 1, 1, 3, and 1. Now 
these final quotients have no common factor, and must 
be factors of the least common denominator just as 2, 
2, and 3 are. Disregarding the 1 *s, 2 X 2 X 3 X 3 =" 30. 
The result 30 is the least common denominator. When¬ 
ever Fs appear, they may be disregarded, as mul¬ 
tiplying by the factor 1 produces no change in the 
quantity. 


2)3; 

4; 0; 

12 

2)3; 

2. '•>, 

6 

3)3; 

1; 9; 

3 


1; 1; 3; 1 


2 . 


Find tlie least common denominator of the fractions 


5 

12035’ 


7 5 

486y ’ mx ■ 


Solution. Dividing through by the suc¬ 
cessive factors, remainders are a, 4y, and 7. There¬ 
fore, xX2X3X2X6XaX4yX 7 = 
^SOabxy. The work can sometimes be shortened 
by dividing out any factor common to all the de¬ 
nominators even though it is not prime. It may 
be observed that 6 is such a common factor, and 
could have been u.se<l as a divisor in place of 2 
and 3. 


x)l2dx;48by; 42bx 

2) T2a; my; 42fc 

3) ()a;_246?/; 216_ 
2f2ar ^by T 7b 
b ) la; 4by; 7b 

a; 4y; 7 


Sometimes the least common denominator may be found by 

inspecting the fractions. In —, and --t since 12 is a multiple 

of 6, and any quantity which has 12 as a factor must contain 6, it 
is only necessary to find the least common denominator of the deno¬ 
minators 12 and 7, which is 84. 

To reduce fractions to their least common denominator^ first reduce 
each fraction to its lowest terms, and then find the least common 
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denomiimtor of these fractions. Each fraction must now be changed to 
a fraction whose denominator is the least common denominator, which 
operation, it is readily seen, is merely the reducing of the fractions 
to higher terms. For example, in the preceding paragraph, the least 

1 5 4 . 

common denominator of the fractions —» —> and —, is found to 

O 1Z i 

1 14 5 

be 84; when the reduction is accomplished, — becomes —; — be- 

O o 4 1 A 

35 , 4 . 48 

comes —; and — becomes —• 

84 7 84 


6 3 2 7 

—, and be reduced to equivalent 

^ 1 ^ 


Examples. 1. ^ 

fractions with a least common denominator, 

SoLTrriON, 1 % must be reduced to lower terms by dividing both numera¬ 
tor and denominator by 6, which changes the form to The least common 
denominator of J, and {'g has just been found to be 36. 


30 -f- 3-12 

12 X 1 = 12 

1 

12 


T 

36 

36 + 4-9 

9 X 3 = 27 

3 

27 


4 

‘36 

36 + 9-4 

4X2-8 

2 

8 


T 

‘30 

36 + 12 = 3 

3 X 7 = 21 

7 

21 


Y2 

36 


2. Reduce 


7 ,5 . , . . 

~ 3()(ix * ^ equivalent fractions with a 


least common denominator. 


15 

Solution. The fraction niay be reduced by dividing both numera¬ 


ls 5 

tor and denominator by 3. -;r— •« - • 

3(xix 12ax 


The least common denominator 


5 7 5 

ot tt :—» rm—» was found on Page 37 to be SSGahxy. 

12ax 48bi/ AZbx ® ^ 


33&abxy 12nar = 28fcy 

2Sby X 5 = 1406// 

5 

1200? 

23&ahxy 4Sby ■= 7ax 

7ax X 7 = 49ax 

7 

486y 

3&6abxy 426a? = Say 

Say X 5 = 40ay 

5 

426a? 


140/n/ 

33^abxy 

40ax 

3!36(ibxy 

40ay 
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PROBLEMS FOR PRACTICE 

5 3 

1. Change—and—to fractions having a common denomi* 


nator. 


4 7 5 

2. Change —, —, and — to fractions having a common de» 
o 1a d 


nominator. 


3 5 2 1 

3. Change —, —,and — to fractions having a common 
/ o o Z 


denominator. 

Change to proper or improper fractions using the least common 
denominator: 


4. 


10. 

f, and 

6. 

5i, 2|, and 1|. 

11. 

.") , h 

—■ and — 
b c 

6, 

iV 

12. 

c b . q 

ad d de 

7. 

4- 

13. 

1 a 6 , 

" ■" ■', - "'■» —, and 
m n 7np 

8. 

I, and 

14. 

a b , c 

and —— 
XJ/ xz t/z 

9. 

f 1 ®^nd |. 

15. 

2a 3b j 4c 
, and *• 
yz xy y 


ADDITION OF FRACTIONS 


c 

np 


30. To add together two or more fractions, the fractional units 
must be of the same size; in other words, they must be reduced to a 
common denominator before the addition can be accomplished. 


Por example, suppose it is desired to add the fractions — and 


1 

T. 


These may for convenience represent — and of a foot. Now, it 


is well known that a foot contains 12 inches, and the ~ may be con- 

aidered as 3 indies or of a foot, the — as 4 inches, or—of a foot 
12 3 12 
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3 4 7 

The required sum is then 3 + 4=7 inches, or— + 

This process is graphically illustrated in Fig. 1 . 



Fig. 1. Graphical Representation of Addition of Fractiona 


Now if an example be taken in which there are more than two 

5 7 

fractions, it will l)e noted that the procedure is the same. -^ + 7 ^+ 

8 12 

11 3 

24 “I" ^ It may be seen by inspection or by the process already 

given that 24 is the least common denominator of the several fractions. 
The next step is to change the numerators of the fractions so that 
they will exjiress the same value with the common denominator 24 

5 15 

as they now express with their respective denominators. — = ;— 

8 2 4 ^ 

^ stand as written; ” =* Adding the several 

12 24' 24 4 24 ° 

numerators and placing the sura over the common denominator the 
required sum is found to ^ 7^9 which is an improper fraction. Re¬ 
ducing the improper fraction to a mixed quantity gives 2 |J, or finally 


d d d 

Again, to add —> and - - first find the least common de* 

2p 5p Sp 


nominator, which is 30p. Then 


d 15d . _6 d ^ d lOd 

2p 30p’ dp 30p’3p ** 30p" 


^ d ^ lOd _ 31d 

2p 6p 3p 30p flOp 30p “ 30p’ 

If the problem involves letters only, the process is essentially 

the same, If ~ and are to be added, they must first be r<»duced to 
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their common denominator, np. 


P 


0 _ ^ 1 ^. a 

n np* p np* n 

—, As the relation between ap and bn is not known, the 
np np ^ ' 

sum of the numerators can only be represented by the expression 

ap + bn 
np 

To add mixed qmnfiiies, add the entire quantities and the frac¬ 
tions separately, and if the fractional result of this addition is an 
improper fraction, reduce it to a mixed quantity and add the entire 
part to the sum of the entire quantities already obtained. 

Examples. 1 . 20f + 13J + 7| = ? 


ap + bn, giving the final sum 


SoLimoN. Adding the entire quantities together 
gives 20 + 13 -f 7 = 40. Reduce the fractions to 
higher terms having a common denominator and add, 
u. • • 16 ^ 12 . 3 31 - 7 .rt ^ , 7 

obtaining 24 "*■ 24 24 “ 24 “ ^24’ ^ *24 “ 

7 

41 777 * as the final result. 


2o;-2ou 

13i - I3i| 
40 U. 

40+1A.4i5J 


2 . Add 06 + and 2 ab + -h. 

Solution. The sum of the entire 
quantities is 3a6. The least common denom¬ 
inator forandis 6, and the new 
^ o 


forms of the fractions become and 

D D 


5h 


5b 


As — cannot be 
C 


giving ~ as their sum. 

reduced to lower terms, the result is com 
plete as shown in the margin. 


at + A- ab+^ 

2a6 + A . 2 ab + 

3a6 + 

6 


PROBLEMS FOR PRACTICE 

Find the sum of 


1 . 

I, y\r, and i\. 

Ans. 

i{ 

2. 

tVi tV« 



3. 

6 |> 24 , and 

Ans. 

13, Vj 


T , T 



4. 

y andy. 



& 

R j a 

N T* 

Ans. 

Pll+MN 

NP 
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e. d + ^ and 4d + Y‘ Am. 6i + -^ 

c c 

7. ® ^ 

8. A room is 32} feet long and 29}^ feet wide. What is thf 
distance around the room? 

9. Three castings weigh respectively 225f, 232jj, and 240} 
pounds. What is their total weight? 

10. A steel rod is to be cut into five pieces; the first to be 4| 
inches long, the second 3} inches, the third 5^ inches, the fourth 
4/f inches, and the fifth 1}} inches. Find the length of the rod 
required. 

11. A casting weighing 18f pounds has had 2} pounds of 
metal removed by the planer. How much did the original casting 
weigh? 

SUBTRACTION OF FRACTIONS 

31 • Fractions may be subtracted only when they have a common 
denominator, and express quantities of like units. 

Hence to subtract proper fractions reduce the given fractions to 
their equivalents, having a least common denominator, and write 
the difference of the numerators over the common denominator. 

Examples. 1. Find the difference between — and —. 

r» 15 

Solution, TW fraotionf,, when reduced 
to the least common denominator, become 

and their difference is, therefore, 
oO oO oU 

3 

or reduced to lowest terms 


I Id 

“ A 


2. Find the difference between — and 


2 p 


Solution. The fraction 


a 

P 


may be 
2a 


Then, subtracting, - 


P 

2 a 


2 p 


2a_ 

2 p 

a 

Tp 


a 

Tf 


reduced to 

2p 

a ^ 

2p "* 2;) 2p “ 2p 2p‘ 

To subtract mixed quantities, subtract the fractional and entire 
parts separately, and add the remainders. If the mixed quantities 
are small, they ma^ be reduced to improper fractions and subtracted. 
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Examples. 1. From 27| subtract 14f. 

SoLimoN. Subtracting the entire quantities, 27 
% 14 » 13. Reduce the fractions to higher terms hav¬ 
ing a common denominator and subtract, obtaining 

i£ A 

24 “ 24 24* 


27{ - 27tf 

iq - 14U 
13A 


2. From 2yT subtract 


Solution. The common denominator is 14. 
. _ 11 39 . , 2 9 18 

“ 14 ' - ~r “ 14 - 


The difference is -jj, which may be reduced to 
the lowest terms by dividing both numerator and 


denominator by 7 giving - 


2H-U 
14 - U 

44 = 5 = 


To subtract a fraction or mixed quantity from an entire quantity, 
or from a mixed quantity in which the fraction of the minuend is 
less than the fraction of the subtraliend, one unit of the integer in the 
minuend must be written as a fraction. This is shown by the follow* 
ing example. 

9 

3. From 17 take 


Solution. First write one of the 



17 units as a fraction having 11 parts. 

Thus, 17 « 16 + Now the subtrac¬ 

17 = 16!! 

minuend 

,»r 

subtraliend 

tion may be accomplished without 

16,*f 


difficulty, giving 16-^. 




In the case of letters, subtraction may be made after writing 
the entire quantity, as shown in the margin. 

4. Fromm take—. 

_ P m 

Solution. The entire quant ily may Ik* written V 

in fractional form having the (leHired denominator by my n iny-^Ct 

multiplying and dividing m by p, thus giving V V ^ 

The subtraction is then indicated as showm. 

PROBLEMS FOR PRACTICE 

1. From if subtract £. 

2. From f subtract 5 . Ans. 

3. From subtract iff. Ans. 
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4. From || subtract -h 

5. From subtract Ans* ||- 

6 . From } J subtract 

7. From 2 ^ subtract 

8 . From 5 } subtract ^ Ans. ||.| 

0 . A flagstaff 50^^ feet high was broken off in a storm so that 

43|’o f<^’et remained standing. IIow much was broken off? 

10 . A box and its contents weighed 75f pounds. The box 
alone weighed SyV pounds. Wliat was the weight of its contents? 


MULTIPLICATION OF FRACTIONS 


32. Multiplication of fractions requires no such reduction of 
the fractions as was found necessary in addition and subtraction. 
Multiplying the numerator of a fraction multiplies the number of 
fractional units, tlieir size remaining the same, and dividing the 
denominator multiplies the size of the fractional units, the number 
remaining the same. In many solutions cancellation will be found 
useful. 

To multiply a fraction by an entire quantity, multiply the 
numerator of the fraction by the whole number,’and write the prod¬ 
uct over the denominator, or divide the denominator of the fraction 
by the entire quantity, when it can be done without a remainder, 
and ^Tite the quotient as the denominator. Then reduce to lowest 
terms, and if necessary to a mixed quantity. 


Examples. 


1 . 


Multiply 



Solution o. Multiplying the numer¬ 
ator by 4 incieases the number of frac- 

tional units from 7 to 28, giving-^, 'ahich, 

O 

reduced to lower tern'll becomes and 
finally as a mixed number 3}. 



28 

8 



3J 


Solution b. Dividing the denominator by the 
Jivisor is equivalent to cancellation. 4 divided mto 
8 is 2. The denominator is then 2, making the frac- 



•• changed to 34- 



2 _ 

2 


7_ 

9 


3i 
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2L Multiply — by 3p. 

SoLiTTioN a. Multiply the numerator 
of the fraction by 3p, and place over the 
21 z> 

denominator 6p. may be reduced 

by dividing out p in the numerator and 
denominator. 


Soijttion h. The same result would have 
been obtained more briefly by dividing the de¬ 
nominator of the fraction by 3p. By cancellation 

7 

the result — is immediately obtained. 




{ip (ij 
21 _ , 3 

— _ = 3-; 




To mulilply one fraction by atioihcr, niultiplv together the two 
numerators and place this product over the produc*t of the tw’O de¬ 
nominators, or indicate the nultiplication, and cancel wherever 
possible. 

T) 2 

3. Multiply - by - . 

o O 

Solution a. The 2 of the multiplier 

makes the product laicrer, and therefore, g o 6v2 10 1 

the numerator of the multiplicand is mul- x — ____ ■■ 

tiplied by 2. The 5 of the multiplier makes 8 5 8 X5 40 4 

the product smaller, and henoc# the de¬ 
nominator is multiplied by 5. 

Solution b. The solution in the margin 5 2 1 

shows how the multiplication may be more briefly X ■■ •— 

performed by cancellation. P P w 


4. Multiply — by —. 

Solution. By the usual method the 
numerator is equal to the product of d and 
2a or 2ad, and the denominator is 46. 


f-T 


d X 2a _ 
4X5' 
2 (id 
4b 


To multiply mixed quantities, change them to improj^o' fractions 
and multiply as before. 

5. Multiply 2y by 5 ^ ^ 

Solution. Write these as improper fractions. 

•y and ~ Is obtained. Cancellation gives 12 at onoe* ^ ^ 
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To mnUiply mixed quantities and whole numbers or fractions, 
changr^ the mixed quantities and whole numbers to improper frac¬ 
tions and multiply. 

2 5 7 

6. Find the product of 2 --, 2--, , and 6p. 

7 b op 


so.™ |x^xix*J-84 

7 » 1 

PROBLEMS FOR PRACTICE 

Find the product of 

1. J and 4- Ans. ^ 

2. -^ji^and^^^. 

3. -fr and -iS;-. 

4. 12JandllS. 

5. Ilf and 8|. Ans. 99^} 

G. 12^ and 7. 

7. 6J;J;and4iS. 

8. »; }; IS; and 

9. A water-tube boiler has a grate surface of 27yV square 
feet. It burns 15’{ pounds of coal per square foot per hour. How 
much does it burn in 1J hours? 

10. What will 14‘2 yards of curbing cost at $6| per yd.? 

11. What will 17 J tons of coal cost at ^nn? 

12. A point on the fly wheel of an engine travels IGf feet per 
revolution. How far does it travel in 294 revolutions? How long 
would it take if the wheel made one revolution in 2f seconds? 


DIVISION OF FRACTIONS 


33. Division of fractions is the reverse of multiplication. 
Dividing the numerator of a fraction divides the number of frac¬ 
tional units, their size remaining the same, and multiplying the 
denominator also divides the size of the fractional units, the number 
remaining the same. This latter process is equivalent to inverting 


the divisor and multiplying. 






aie 
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equivalent ^ressions. The fraction after inverting is cafled the 
reciprocal of the original fraction. 

To divide a fractum by an entire quantity, change the entire 
quantity to a fractional form with one as a denominator; invert the 
fractional form and multiply; or, divide the numerator of the frac¬ 
tion by the entire quantity. 

8 

Examples. 1. Divide — by 4. 

y 

Solution. The reciprocal of 4 is • 

4 

g 

This multiplied by , using, cancellation gives 
2 

the quotient 

2. Divide by a. 


9 • ^ T^T T 


1 

Solution. The recipro<*al of o is ^ ^11 

multiplied by the fraction, and by canctlla- ^ ^ ^ 

tion the result is obtained. 

8. Divide 13 by 

7 

Solution. Invert the 

fraction and multiply. Multi- 3 7 91 1 

plying 13 by the reciprocal of 30 “s* 

3 91 1 * o o o 

-s- gives at once — or 
7 3 3 


1 

j d ^ X c 

a -= -- V— =» c 

Solution. The reciprocal of the fraction C 

is multiplied by d, and cancellation is used. 1 

To divide a fraction by a fraction, invert the divisor, that is, the 
second fraction, and then proceed as in multiplication of fractions. 

5. Divide ^ by 
4 8 


4. Divide d by —• 


Solution. The multiplication is 

3 

accomplished by multiplying — by the 

_ ^ 3 7 

7 — -*■ —~ 

reciprocal of using cancellation. The 4 * g 

g 

lesult is obtained at once. 



6 

7 ' 
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6. Divide — by —. 

V ^ c 

Solution. The process is exactly ^ 

the same as used in the preceding _ 

examples. V 


a 

c 


A X — — 

p a ap 


When <livision involves a mixed number, the mixed number may 
be reducerl to an improper fraction and one of the preceding methods 
used. 

7. Divide 2| by 1 

Solution. 

1 4 

8 ” 2 ‘ 8 ^ 2^15 3 

1 3 

When a fraction takes the form called a compkx fraction, that 

1 . 

4 

That 


2 - 1.1 7 


4 


is, having a fraction in niimeratt)r or denominator or both, as 


the division is liandled as in the examples just discussed. 

•7.7^1 7 

18, ^ - 4 = -^- X 


iw' 


8. Divide by 

0 

Solution. The complex fraction 
is first reduced to a simple fraction; the 
division by the st'cond fraction is then 
indicated,and thissecond fraction in\(*rted 
SO as to allow multiplication. Cancella¬ 
tion reduces the fractions to the final 
result. 


n ■ 5 11 2 


Vll 2/ ■ 4 11 ^ 2 ^3 


3 


= -^x-’x^ 

11^2 3 

1 1 


= = 0.8 


11 


11 


PROBLEMS FOR PRACTICE 


Divide: 

1 . 

2 . 

3. 

4. 

5. 
8 . 
8 . 


?ln 
I by h 
A by 


^3 8 


Y 8 

2 8 by yo. 
7^ by 41 


l3fl 


6. 


fl 

s 

Vlt 

a 


■> 4 - 

bv K 
a 


K ht 
Ans. — 
s 


A railroad 10 J miles long cost §06,937; find cost per mile. 
A steam pump delivers 2 l gallons per stroke. It delivers 
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330 gallons in 2^ minutes. Kow many strokes does it make per 
minute? Suggestion: First find gallons delivertd per minute. 


DECIMALS 


34. Decimal Fractions. It has been shown that common 
fractions may be reduced to higher or lower terms, /. e,, to fractions 

3 

having any desired denominator. For example, the fraction may 

be reduced to one having a denominator of 12 by multiplying both 
terms by a number which will change the denominator to 12, viz, 

3 3 9 

by 3. Thus—X “o" ~ which is the desired fraction. The 

4 o 1 


same fraction may have the denominators, 20, 32. 40, 00, and SO by 

multiplying both terms successively by 5, S, 10, 15, and 20, giving 

^ . 15 24 30 4 5 ,60 » ^ . 

the fractions—, —, — , ^oid ^rTrl all of then* fractions are 
20 32 40 60 SO 

of equal value with the original fraction. 

Now, suppose it is desirable to reduce all fractions to a 

standard denominator of 10, 100, 1,000, etc. Tiider this sys- 

3 . . 7h 75 

tem the fraction — will have successively the forms —, — 

4 ^ 10 100 


7 8} 

. etc., while another fraction like — will have the forms 

1000 o 10 


750 

100 

87i 


1 

100 ' 1000 


Notice that the first form for — and the first 


and second for — have fractions in the numerators. 


This makes 


an awkward combination which may always be avoided in deal¬ 
ing with such fractions by using the higher forms whic4i contain 

no fraction in the numerator, as ttut and 


100 


1000 


However, it will be evident that if all fractions are so reduced, 
many of them will have fractional numerators, even though the 
denominators are made higher powers of 10, and hence, in cutting 
off the extra fractions certain errors will be made. It will be 
learned in the section on Per Cent that such errors, if they are small, 

are usually neglected. The fraction for example, may be given 
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a denominator of 10 ,000, making a fraction 


769A 

lOOOO' 


which may be 


considered equal to 


769 

10 ^ 


77 

1000 


without any appreci- 


able difference. 

75 875 , 77 , . 

Such fractions, as "lOOO * TOOO ' 100> 

1000, etc., as denominators are called decimal fractions. In order to 
simplify this system and thus avoid writing the denominator, decimal 
fractions are expressed in another form which consists in writing only 
the numerator and placing a point (.) so that the number of places 
on the right of it shall be equal to the number of ciphers in the 
denominator. The decimal fractions given above, when expressed 
in this way, become .75, .875, .077, and when so used they are called 
decimals. 

The point (.) is called the decimal 'point and its office is to mark 
the beginning of the decimal or separate it from a whole number. 

A pure decimal has only decimal places, as, .93678. 

A mixed decimal consists of a whole number and a decimal, 
as 364.23. 

The decimal system is merely an extension of the ordinary num¬ 
ber system to the right of units place, with a decimal point to indicate 
the boundary line. This is clearly shown in Table V. 


TABLE V 





6439 .36579823 


In reading the decimals, use the names just given to represent 
the places, omitting the word and except at the decimal point. The 
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following examples give the proper reading and the corresponding 


figures for a few cases: 

1. Nine tenths .0.9 

2. Ninety-five hundredths.0.95 

3. Nine hundred fifty-four thousandths.0.954 

4. Six thousand one ten-thousandths.0.6001 

5 Six and one ten-thousandth.6.0001 


The number shown in Table V is read thus: Six tliousand, four 
hundred thirty-nine, and thirty-six million, five hundred seventy- 
nine thousand, eight hundred twenty-three hundred-millionths. 

The United States and some other countries use the decimal 
system in money. For instance, take the sum of $13.74. This 
may be considered to be made up of 1 ten dollar bill (tens position), 
3 one dollar bills (units place, dollars being considered units), 7 
dimes or tenths of a dollar (tenths position), and 4 cents or hun¬ 
dredths of a dollar (hundredths position). It is read thirteen dollars 
and seventy-four cents, and means thirteen dollars and seventy-four 
hundredths of a dollar. It is, of course, better to say seventy-four 
hundredths than seven tenths plus four hundredths, just as it is better 
to say seventy-four cents than to say seven dimes and four cents. 


PROBLEMS FOR PRACTICE 


Write in words: 

1. .965 

2. 3,8506 

3. 5.0061 


4. .10792 

5. .010952 

6. .4563 


Yfrite in figures: 

7. Seven thousand eight hundred forty-nine hundred- 
thousandths. 

8. Sixteen thousandths. 

9. One hundred thirteen ten-thousandths. 

10. Six hundred and thirty-three thousand seven hundred fifty- 

eight millionths. Ans. 600.033758 

11. Twenty-nine hundredths. 

12. Twelve and twenty-seven hundredths. 

13. Four hundred seventy-two and four hundred eighty-seven 
ten-thousandths. 
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ADDITION OF DECIMALS 

35. In additim of decimals, place the numbers so that the 
decimal points will be directly under each other, regardless of the 
number of figures. Having done this, add the figures as in addition 
of whole numbers. The last step is to place a decimal point in the 
sum directly under the column of decimal points. 

Example. Add 1.7.'); 02.025; and 3.987. 

1.75 

Solution. Following the process given above and placing ^2 025 
the decimal point in the sum directly under the column of decimal ^ 
points, 68..'} 12 is obtained. -- 

08.312 

The greute.st accuracy must he exercised in using decimals. A 
decimal point is more important than any figtire, because a mis¬ 
placed decimal point increases the error at least ten times. 

SUBTRACTION OF DECIMALS 

36. In suhfraciwn of decimals, the process is exactly the same 
as in the case of whole iimnhcrs. 

Place the subtrahend under the minuend with the decimal points 
directly under each other. Subtract as in whole numbers. In the 
remainder, place the decimal point in tlie same column and 
directly under the other decimal points. 

Examples. 1. From 5.17 subtract .01. 

Solution. Subtract us in Mhole numbers paying careful 
attention to the decimal point. 

2. From 12(S subtract %.307. 

Solution. This is an example in which the minuend is a 
whole number, which necessitates placing a decimal point to the 
right of the whole number, and annexing ciphers. In doing this 
the integer is changed to a mixed decimal. Adding ciphers to the 
right of the decimal point multiplies both the numerator and de¬ 
nominator of the decimal fraction by the same number, which, 
although changing its form, does not change its value. Carrying 
out the subtraction as in whole numbers, the remainder 31.69.'} is 
obtained. 

3. From 134.089 subtract 93. 

Solution. Placing a decimal point at the right of 93, 
subtract as before. 


5 17 
.01 
5.16 


128.000 
96 307 
31.693 


134.089 

93. _ 

41.089 
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PROBLEMS FOR PRACTICE 

1 . From 25.38 take 14,05 

2. From 39.85 take 29.755 Ans. 10.095 

3. From 72.189 take 35.976 Ans, 36.213 

4. From 78.896 take 53.5987 

5. From 21.12 take 12.31 

6. From G. 325 take 1.0345 

7. From 6.45 take 2.3375 

8. From 81.35 take 11.679 Ans. 69.671 

9. From a cistern that contained 30.5 barrels of water, 25.75 
barrels were drawn off. How much water remained in tlu' cistern ? 

10. A hundred pounds of coke were found to contain 5.79 
pounds of a.sh and .597 pounds of sulphur. The rest was com¬ 
bined carbon. How much combined carbon was (here? 

11. In 1 pound of brazing metal there are .5 pound of copper 
and . 125 pound of tin. The remainder is zinc. How much zinc 
is there? 

12. An iron casting weight'd in the rough 22.75 pounds, and 
when finished, it weighed only 16.875 pounds. How much had 
been taken off in tiie prcx^ess ? 

MULTIPLICATION OF DECIMALS 

37. In multi'plying decimals proceed as with whole numbers, 
paying no attention to the decimal point until all the figures in the 
product are obtained. Then point off as many places in this product 
as the total number of places in both multiplicand and multiplier, 
prefixing ciphers if necessary. 

Examples. 1. Multiply .397 by 41. 

Solution. Since there are three decimal places in the 
multiplicand and none in the multiplier, point off 3 -I- 0 places 
in the product. 


2. Multiply .027 by .05. 

Solution. First write the decimals so that the multiplication 
may be most readily performed. 27 is multiplied by 5 as if both 
were integers. Cipliers are then prefixed to 135 until the product 
contains 3 + 2 = 5 decimal places. 


.397 

41 

397 

1.588 

10.277 


.027 

.05 

00135 
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To mvUi'ply a decimal or a mixed number expressed as a decimal 
hy 10, 100, 1,000, etc., move the decimal point as many places to 
the right as there are ciphers in the multiplier. If there are not 
figures enough for this, annex sufficient ciphers. 

Observe the following: 

.040X1 =.046 . 046X100 = 4.6 

.046 X 1 0 =.46 .046 X 1 0000 = 460. 

In the last two multiplications the product contains whole 
numbers. The reason for this is that after the decimal point has 
been moved the recjuired number of places to the right, the cipher 
which comes before is dropped since it has no effect on the value. 
In the last case it is necessary to annex a cipher to the 46 to give the 
number of places required by the four ciphers in the multiplier. 

After a multiplication is completed, if ciphers occur at the 
right of the decimal point with no figures following, the ciphers may 
be dropped. Thus 12.4X10.5=1.^0.20, The result should, there¬ 
fore, be written 130.2. 

PROBLEMS FOR PRACTICE 

Find the product of 

1. ,876 and .375 Ans. .3285 

2. 72.2 and ,055 

3. 3.62 and ,0037 

4. 15.8 and ,0855 

5. 2,53 and .00635 Ans. .0160655 

6. .765 an<l .067 

7. 18.46 and 1.007 Ans. 18.58922 

8. .(XX)76 and .0015 

9. Thirty-four million and twenty-six millionths. 

10. Eight hundred and forty-two thousandths and five hundred 
thousand. 

11. A U. S. gallon of water weighs 8.335 pounds. What is the 

weight of 17.3 gallons? Ans. 144.1955 lbs. 

12. A steamship sailed at an average speed of 325.75 miles 

per day. If another steamer sailed from the same port at the same 
time and in the same direction at the rate of 395.25 miles per day, 
how far apart were they in 5.5 days? Ans. 382.26 miles. 
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13. A cubic foot of water weighs 62.3 pounds. How much 

will 177.3 cubic feet of water weigh? Ans. 11,045.79 lbs, 

14. A steam pump delivers 26.4 gallons per stroke. A gallok 
weighs 8.335 pounds. What weight of water will be delivered in 117 
strokes? 

15. In one pound of phosphor bronze, .925 is copper, .07 is tin, 
and .005 is phosphonis. How much of each (copper, tin, and 
phosphoms) is there in 369.5 pounds? 

16. A round bar of rolled iron 2iV inches in diameter weighs 
11.1 pounds per foot. What is the weight of a bar of the same 
diameter and material which is 9.33 feet long? 

17. A train made an average speed of 1.33 miles per minute. 
How many miles did it cover in 17.5 minutes? 

DIVISION OF DECIMALS 

38. In division of decimals proceed as with whole numl)ers 
paying no attention to the decimal point until the quotient is ob¬ 
tained. Then point off in the quotient as many decimal places as 
tliose in the dividend exceed those in the divisor. This, it will be 
noted, is the reverse of the process just given in multiplication of 
decimak. 

It should be remembered that while the dividend may contain 
more decimal ylaees than the divisor, it must contain at least as many^ 
To bring this about, annex as many cijdiers as necessary to the 
right of the decimal point in the dividend. 

When the division docs not come out evenly, annex ciphers to 
the dividend and continue the division so as to give at least two 
decimal places in the quotient. 

Examples. 1. Divide 36.744 by 24. 


Solution. No attention is paid to the decimal 
point until all the figures of the quotient are obtained. 
As there are no decimal places in the divisor and three 
in the dividend, the number of decimal places in the 
quotient is three. 


1.531 

24)36.744 

24 

127 

120 

74 

72 

24 

24 
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2. Divide .196 by .004. 

ScjLi’TioN. Tlicre are three decimal places in the 
divisor and three in the dividend, ^'herefore, none ^^ill be 
found in the fpiotient. The decimal jioiiit is placed to the 
right of the result. 

3. Divide .0027 by 1.35. 

Solution. It is seen that 13.5 is not contained in 
27. Therefore, annex a cipher to the dividend making 
270, and the divisor 135 is contained twice without a 
remainder. Since a cifdier was added to the dividend, 
it contains fi\e decimal places, the divisor contains two, 
and hence, in the cpiotient there must be five minus two, 
or three decimal places. In order to have three decimal 
places, two ciphers must be prefixed to the quotient, 
and the decimal point placed before them. 

4. Dbi(le7bv8. 

SouTTioN, 8 is not contained in 7 an integral 
number of times it is necessary to annex ciphers, the 
decimal point being placed to the right of 7. The 
division is tlicn carried out as witli whole numi)erB and 
the numhei of decimal places in the (piotient is c(jual to 
the number in the dividend. 


.004) .196 
49. 


.002 

1.35).00270 
270 
0 


8)7.000 

.875 


By iHTforniing the division whieh the fraction only expresses, a 
common fraction becomes a decimal. 




7 , 15 

—, and —, may 


32’ 


be expre.s.sed a.s deoiinal.s by dividing 3 by 8, 5 by 24, 7 by Ui, and 15 
by 32, giving respectively .375, .208 + *, .437 + , and .469—. 


PROBLEMS FOR PRACTICE 


Divide: 

1. 183.375 by 489 

2. 67.8632 by 32.8 

3. 67.56785 by .035 

4. .567891 by 8.2 

5. .172Sbyi00 

6. 13.50192 by 1.38 

7. 783.5 by 6.25 

8. 983 by 6.6 


Aas. .375 

Ans. .0692.')+ 
Ans. .001728 


Ans. 148.93+ 


♦ The + and — aliniB after the decimals indicate that the true values are slightly 
dors or less than the values given. 
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9. 3 by 8 Ans. .375 

10. 1.95 by .45 

11. How much gas at $1.25 per thousand cubic feet can b« 
bought for $17.50? 

12. The distance between two places is 1G7.75 miles. How 
long will it take a steamer to run the distance if she makes, on the 
average, 12.5 miles per hour? 

13. If a freight train runs at the rate of 15.75 miles per hour, 
how long will it take it to run 189 miles? 

14. A lot of 22,840 railroad ties cost $39,867.22. IMiat was 
the cost per hundred? 

15. Seven readings of a dynamometer gave the following horse¬ 
powers; 17.31, 17.95, 18.13, 17.79, 17.87, 17.03, and 17.47. W’hai 
was the average reading? 

Reduce to decimals: 


16. 

17. 

20 . 

21 . 


8 

3 

4 


18. 


19. 


^2 

64 

16 


riiange .7.16 to the nearest 12th. 
Change ..3()4 to the nearest 64th. 


Ans. ,*3 


PERCENTAGE 

39. The idea of a fraction of anything, wJietlier it he a coi.imon 
fraction like — or a decimal fraction like .001,.should now he <{uite 

1 5 

clear. The fraction — merely .serves to show tliat .sometiiing has 

15 ■' 

been divided into 15 parts and one of the.se parts has been taken. 
^ of the same thing were taken, this portion would evidently 


If 


1000 


1 


l)e smaller than the Again, a given quantity is a bigger part of 
1 o 

a small group than it is of a large group. The results of one day^s 
excavating may be ^ of all the work to be done on one section of 


a tunnel, but only 


3000 


of the total work if there are 100 sections. 
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The coin which a man with a bank account gives to a boy in 
exchange for a small service is an insignificant part of the man’s 
money, but becomes at once in the boy’s hands a large and important 
portion of his capital. 

Evidently, therefore, there must be some standard number by 
which to determine the importance of quantities which are to be 
measured or compared. This standard group number is 100 and all 
changes in numbers can be so reduced as to be expressed in terms 
of 100 parts; when so reduced the result is called the per cent of 
change in that number (written % and meaning by the hundred). 
For example, a change of 2 parts in 200, that is, a change from 200 
to 198, may be reduced by dividing by 2, to equal 1 part in 100, 
or 1%; a change of 10 parts in 500 when divided by 5 is found to be 
the same as 2 parts in 100, or 2%. A man who has one hundred $1 
bills arid spends one of them, has decreased his capital by 1 part in 
100 or 1%; if he spends $3, $5, or $15, his capital has been dimin¬ 
ished by 3%, 5%, and 15%, respectively. Again, a man who buys 
corn at 33e and sells at 35c makes 2c on every 33c, 4c on G6c, or 
6c on 99c, say $1; that is, his gain is G%. 

Fractions may be expressed in terms of per cent. — may be 

15 

2 

expressed as 1 part in 15 or G— parts in 100, roughly 7%. This 

means that ~ of any thing, as the weight of a casting, is about 7% 
1 o 

of it. The fraction means 1 part in 1000, or .1 part in 100, 
1000 

or .1%. Similarly -~= 12 !%; ~ = 10%, etc. 

Examples. 1. What per cent of error is allowed in a shop if a 
steel shaft 2 inches in diameter must be true to the third decimal 
place? 

Solution. Accuracy to the third decimal place means that the shaft 
can have a diameter of 2.001 inches or 1.999 inches. This is 1 part in 2000, 
.6 part in l(XK), or .05 part in 100. The pi^rmissible error is, therefore, .05%. 

2. A base line 500 feet long w’as measured by a party of sur¬ 
veyors. The total error in this measurement proved to be 2 inches 
What is the per cent of error? 
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Solution. 600 feet « 600 X 12 inches « 6000 inches. An error of 2 
ipohes is, therefore, an error of 2 parts in 6000, or 1 part in 3000. This is J of 
a part in 1000 or A in 100—that is, A of 1% or approximately .03%. 

3. A contractor figured the cost of a certain piece t>f work at 
$6750; he added 10% for delays and accidents and 20% for profit. 
What was his profit and what was the amount of his bid? 

Solution. The cost price of the work is $6750. 10% added for accidents 

is 6750 X .10 or $675. 20% added for profit will be 2 X 675 « $1350. The 
amount of his bid should be, therefore, $6750 + $675 -f- $1350 * $8775. 

4. What error is made in using the reducing factor 2.5 centi¬ 
meters to the inch instead of the actual value 2.540 ccntimetcTs? 

Solution. 2 540 — 25 = .04, the error. This is an error of 4 huiKlredths 
in 254 hundredths or 4 parts in 254 or about 1 in 6i. Increasing 64 bv h =“ 96, 
approximately 100, and increasing 1 by J = li. Therefore, 1 part in 64 equals 
IJ iiarts in 100 or 1^%. The error is 1 J%. 

To put the matter in rule form it is necessary to give names to 
the different quantities as follow^s: 

The quantity of which the per cent is taken is l alled the hose. 

The number of hundredths or % of the base to be taken is 
called the rate. 

The result obtained by taking the required per cent of the base 
is called the 'percentage. 

Rules, (a) The product of the rate and the base equals the per¬ 
centage, 

(b) The percentage di'dded by the base equals the rate, 

(c) The percentage divided by the rate equals the base, 

(d) To change a number to the per cent form multiply by 100 
and annex the sign %, 

(e) To change a number indicating per cent back to the original 
figures, drop the % sign and divide by 100. For example .25 
and this expressed as a per cent equals .25X100 or 25%. Con- 
ver»ly 20%-^-l-.2. 

These rules will help in many cases, but for applications to 
shop work or calculations in general, the more informal method 
given above is strongly recommended. 

Examples. 1. Find the per cent of error made by a machinist 
who took a dimension from a drawing as 4.72 inches and finished 
his piece with a dimension of 4.79 inches. 
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Solution a. The difference between the two dimensions is .07 and as 
there are approximately 470 hundredths in the dimension, the error is 7 parts 
in 470, about 1 in 65, or 1.5 in 100, i, c., 1.5% error. Ans. 

Solution h. The base is 4.72, the percentage is .07, to find the rate. 
.07 -r 4.72 » .0148 (t 1.4S+% 

Note. In solution a, approximate values are taken so as to arrive at 
the conclusion without labored calculation. In this way it is easy to calculate 
% of error mentally with sufficient accuracy. In solution b it is necessary to 
move the decimal point of the quotient two places to the right in order to 
obtain the %. 

2. In a town of 8,000 inhabitants, during an epidemic of typhoid 
fever, there were 114 deaths from the disease. Find the per cent 
of deaths. 

Soltttion. 114 deaths in every 8,000 equals about 14 in 1,000 or 1.4 
in 100, 1 . e., 1.4% Ans. 

3. A business firm has a factory stock valued at $28,000. 

At inventory time the firm allows a depreciation of What is 

the loss? 


SoLirrioN a, 8^ depreciation means $8 loss on every SlOO, ami as there 
are 280 of these $100, the loss is $8 X 2<SU - $2210. Ans. 

SOMTTION Thr ImKO !s $-.>S,(M)0. tl.o ^ 

rate 8%. 'llu' pereentugo will lx* the loss. 

Note. In such problems as No. S, solution h is the better method. 

4. "rh<‘ total weight of a freight car wli(*n loadt'd is 14S,()00 
pounds, and the weight of the einjdy ear is 41,700 pounds; what 
per cent of the entire weight is the weight of the empty ear? What 
per cent of the entire weight is the freight carried? 

Solution. 41,700 ^ .28+ or2S + ‘;;,. Aus. 

Evidently the weight of the freight is (100 — 28) or 7‘2% nf the total weight. 

The method of per cent may be used also in determining how far 
to carry the caleulations in various problems. Tin* multiplication 
of the two numbers 4.77) and ()r).4 gives 310.07). If it is asked w hether 
it is necessary to carry the sec*ond decimal place (.07)) in this prod¬ 
uct, this coiiUl he determined at once hy finding w hat per cent .05 
is of the wdiole number. .05 in 310.1)5 is roughly 7) in 31,(X)0 or 1 

in 6,0(X), which is — in 100 or a very small error. The slide 

rule, by wdiich engineers often make important calculations, does 

not give an accuracy of more than ~% to Consequently in ail 

« J U 
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of the problem calculations, the carrying of the results to four or five 
numerical places (this means the actual figures and does not count 
the ciphers) is usually sufficient. It is with this probable error 
in view that reports on elections, census, etc., are given in round 
numbers. The population of the U. S. in 1900 may have been 
84,755,643, but for all practical purposes 85 million is sufficient. 

contractor might figure that a piece of work would be worth 
$12,743.22 but his bid probably would be $12,750. 


PROBLEMS FOR PRACTICE 


1 . 

2 . 


Express in two other ways: 

5. 20%.6r.S%, 125%. 

.2.5, .121. .7.5. 4. ±. ±. ±. C. .00,1. 0.2;, .33t. 

7. What per cent is $25 of $75? $107.03 of $1,040? $7,S94 of 

$11,841? Ans. 33Jl%; 5J%; ()0J%. 

8. A merchant lost $3,000 of his capital and had $21,000 
remaining];. What per cent of his capital did he lose? Ans. 12^%. 

9. The value of the ratio of the circumference to the diameter 
of a circle (usually designated by the Greek letter tt, pi) is 3.1416, 

2 2 

with an approximate value of —. What per cent of error is made 


in this approximation? Ans. .04 + % 

10. A steam engine furnishes 350 horse-power to a dynamo, 
which transforms this into electrical energy with a loss of 8%. P^ind 
the horse-power supplied by the dynamo. 

11. If gunpowder consists of 15% charcoal, how much charcoal 
is required to make up 250 pounds of gunpowder? 

12. Plaster is made from a mixture of 5 bushels of lime and 7 
bushels of screen sand. What proportion of the mixture is sand? 

13. If $0.00 is 20% of a man’s money, how much has he? 

14. A train of gears transmits 04% of the power supplied at 
one end. If 14.3 H. P. is furnished to the train, how much will 
be delivered to the machinery at the other end? Ans. 9.152 H.P. 

15. A certain 200 II. P. steam engine uses only 18.5% of the 

energy of the coal. What would be its horse-power if it turned all 
of the energy into useful work? Ans. 1081.08+H.P 
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PART III 

DENOMINATE NUMBERS 

40. A denominate number is one in which the unit of value is 
established by law or custom. For example, 7 pounds, G feet, 10 
kilograms. 

Wlien a denominate number is composed of units of l)ut one 
denomination, as, for example, 3 gallons, it is called a simple number. 
If it contains units of more than one denomination that an related 
to each other, as 6 feet 10 inches, or 7 pounds 5 ounces, it is called 
a compound number. 

The reduction of denominate numbers is the process of chang¬ 
ing them from one denomination to another without (‘hanging their 
value. The reduction may be from a high(T to a lower denomination, 
or from a lower to a higher denomination. 

Note In a decimal system like the Metric <S?/9tem, the units increase and 
decrease by a uniform scale of 10, but in the English System thc‘ scale varies. 

MEASURES 

41. A unit of measure is a standard by which a quantity—such 
as length, area, capacity, or weight—is measured. For example, the 
length of a piece of cloth is asccrtaiiuH:! by applying the yard or the 
mder measure; the capacity of a cask by the use of the gallon or the 
liter measure; the weight of a btxly by the use of the pound or the 
kilogram, etc. 

There are two systems of measurement which are l(‘galized 
in the United States, the English System and the Metric System, 
The former is in common use in the United States and England, the 
latter in all other countries and in oir* own governmental dt‘part- 
ments. The metric system is introducce' here for general informa¬ 
tion and for those who hold government positions or who are in foreign 
trade. The student is referred to the Appendix for a complete list of 
tables in the English and ^Metric systems. 
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MEASURES OF EXTENSION 

42. Extension is that property of a body by virtue of which it 
occupies space and has one or more of the dimensions—^length, 
breadth, and thickness. 

A line has a single dimension—^length—^and its measurement is 
accomplished by linear measure. 

A surface or area has two dimensions—^length and breadth—^and 
its measurement is accomplishc‘d by square measure. 

A solid has three dimensions—^length, breadth, and thickness— 
and its volume or capacity U obtained by cubic measure. 

The standard units of extension in the United States are the yard 
and the meter. The yard is 30 Inches, the meter 39.37 inches. 

43. Linear Measure. The English measure for length or 
distance, calh‘d long measure, makes use of the yard as its funda- 
m(‘ntal unit, with subdivisions for convenience into feet and inches. 
For instance, a merchant sells cloth by the yard; a person measures 
his height in feet, and the length of his arm in inches. Larger units, 
the rod and the mile, are used when distances to be measured be¬ 
come so great that the small units are not convenient. A complete 
table of long measure is given in the Appemdix. For ordinary cal¬ 
culations it is sufficient to remember the following: 

12 Indies (in.) = 1 foot (ft.) 

3 ft. or 36 in. == 1 yard (yd.) 

5280 ft. = 1 mile (mi.) 

The metric sijstem is founded on the meter as the fundamental unit, 
and as it is a decimal system, the smaller and larger units are all 
decimal divisions or multiples of the meter. For example, the centi¬ 
meter, which is about 2J times smaller than the inch, is, as its name 
indicates, ^ of a meter; while the kilometer, which is about .6 miles 
is 1,000 meters. Remember the following units: 

10 millimeters (mm.) « 1 centimeter (cm.) 

100 centimeters (cm.) == 1 meter (m.) 

1000 meters (m.) = 1 kilometer (km.) 

Ic is also useful to remember the following approximate values 
25 mm. or 2.5 cm. « 1 inch, Fig. 2; 30 cm. = 1 ft; 1 kilometer « 
.6 mi. 
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Engineers have adopted the decimal plan in connection with the 
English system by using scales and steel tapes with feet divided 



Fig. 2. OomparisoD between t^entimeter and Iiu h Sfales 


Fig 3. 
A Foot 
StiuiU’O. 


into tenths. They also use iSurveyors' long measure in making land 
surveys. (See Appendix.) 

44. Square Measure. A surface has two dimensions, length 
and breadth. 

The area of a surface is defined as the number of units of surface 
it contains, and is equal to the product of its two dimen¬ 
sions expressed in the same linear units. The unit of 
surface is a square, which is a plane figun* boundiHl by 
four equal sides and having four right angles, Fig. 3. 

A square, each side of which is one incli in lengtli, is 
called a square inch. Squares formed with sides of 1 
foot, 1 meter, 1 mile, etc., are ealhsl nspeetividy, 1 square foot, 1 
square meter, 1 square mile, etc. 

A distinction should be clearly inad(' between the Utius square 
foot and foot square or between square mile and 
mile square. If Fig. 3 may Ixj supposed to rep¬ 
resent a s(|uare 1 foot on a side, it may be called 
either 1 sq. ft. or 1 ft. square. On the other 
hand. Fig. 4 measures two feet on a side and 
hence it is 2 ft. square, but, as may readily be 
seen, it has not 2 sq. ft. but 4 sq. ft. of area. 
Therefore a cattle ranch covering an area 3 miles 
square has really 9 square miles of surface. 
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Pig. 4. A 2-Foot 
Square. 
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Square measure, therefore, involves units whose names are the 
same as those used in linear measure with the term square in front 
of each. Tlie English system has an extra unit used in measure¬ 
ments of land, which is called the acre, equal to the area of a square 
about 209 ft. on a side. 

In the metric system, the square ccntimeier and square meter — 
the latter being al)out 20% larger than the English square yard — 
are used for small areas. The larger surfaces are measured in ares 
and hectares, the former being 10 meters square (:jV ^cre) and the 
latter equal to 100 ares or 2V acres. 

45. Cubic Measure. The volume of any solid is obtained by 
cubic measure. The unit of volume is a cube. Fig. 
f), (*ach edge of which is some unit of length; for 
(‘xamplt‘, the cubic inch, cubic centimeter, cubic 
foot are common units of volume. 

The volume of a body of rectangular figure is 
equal to the product of its three dimensions, each 
expressed in the same linear unit. 

In the case of an irregular body, however, the volume although 
still expr(‘ss(‘(l in cubic measure, must be measured by displacement 
of water. Liquids are classed as irregular bodies but in the English 
systc'in are measun*d by a diflercnt unit, giving rise to the classifica¬ 
tion as given in Sec. *10. 

In S(‘C. 44 it was proved that the 
area of a sejuare surface iucrcas(‘.s as 
the second j)ow’tT of the side of the 
square; i. c., a surface 2 fei't sejuare was 
found to cover 2 X 2 or 4 sq. ft. of area. 

In the same manner, Figs. 5 and 6 show 
that a 2-foot cube has 2 X 2 X 2 or S 
cubic feet of volume; i. r., the volume of 
a cube incn‘ases as the third pow’er of 
the length of the side. 



Note. The use of the multiplication sign in finding the volume has 
given ris<» to its use in indicating the dimensions of surfaces and sohds. Thus 
a2 X 12 joist means a joist 2'inches thick and 12 inches wide; or a room 
15' X 12' X 10’ means a room 15 feet long, 12 feet wide, and 10 feet high. 


198 












PRACTICAL MATHEMATICS 


67 


The units of cubic measure in the English system are the same 
as those in long measure with the prefix cubic; for example, cubic 
inch, cubic yard. The cord (128 cu. ft.) for wood and the 'perch (24| 
cu. ft.) for stone or masonry are also used. 

In the metric system, the cubic centimeter and cubic meter are 
common, the latter being 30% larger than the cubic yard and used 
in place of it in measuring eartli and roek excavations, as well as in 
measuring timbei, stone, etc., w4ier(' the English cord and perch are 
used. 

MEASURES OF CAPACITY 

46, Capacity signifies the extent of volume or space. In the 
English system a lack of unity exists In the measurement of capacity 

because of the ust; of several kinds of 
nu'asure. For example, the common 
liquid measure and the apothecaries* 
fluid measure are used for liquid. 5 ’, and 
still another kind called dry measure 
for grains, vegetables, etc. 

This complication is avoidea in 
the metric system by having the same 
units for all measurem(*nts of capacity. 

47. Liquid Measure. Liquid 
measure is used in measuring liquids 
and in (‘stimating the capacity of cis¬ 
terns, restTvoirs, etc. In the English 
system, the most common liquid 
measure makes use of the gallon, 
barrel, (*tc. The following units should 
be remembered: 

2 pints (pt.) = 1 quart (qt.) 

4 quarts = 1 gallon (gal.) 

31 i gallons = 1 barrel (bbl.) 

In the metric system the unit is the 
liter, which is 5% larger than the liquid 
quart and 10% smaller than the dry 
quart. Fig. 7. 



Pig. 7. Comparison of IJter, Dry 
Quart, and Liquid Quart. 

( i actual site) 
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Note the following: 

1000 cubic centimeters (c.c.) — 1 liter (1.) 

100 liters = 1 hectoliter. 

48. Dry Measure. Dry measure is used in measuring dry 
substances such as grain, vegetables, salt, etc. In the English system 
the quart, peck, and bushel are used. In the metric system the 
hectoliter serves the same purpose as the United States bushel and is 
equal to about 3 bushels. 

The common units in dry measure are: 

8 quarts* = 1 peck (pk.) 

4 pecks = 1 bushel (bu.) 

MEASURES OF WEIGHT 

49. Weight is a measure of the force of the earth’s attraction for 
a body. 

In the English system several units of weight are used, viz, the 
standard Trotj weighty which is used in weighing gold, silver, and 
jewels; the more common avoirdupois weighty used in general trade; 
and the apothecaries^ weight, used by druggists and physicians. The 
student is referred to the Appendix for the Troy and apothecaries^ 
measun*. 

50. Avoirdupois Weight. Avoirdupois weight is used to 
measure the weight of ol)jeets in general trade. The most useful 
units are as follows: 

10 ounces (oz.) == 1 pound (lb.) 

2000 pounds = 1 ton (t. or T.) 

The ton just given is the short ion and is more generally used 
than the gross Um which is ecjual to 2,240 lbs. This latter unit is 
now mainly used in the United States custom house and in weighing 
coarser articles, such as coal at the miiiv.' 

51. Metric Weight. In the metric system the unit of weight 
is the gram which is equal to the weight of 1 cubic centimeter of pure 
water at a temperature of 38° F. The following are the most impor« 
tant units: 

1000 grams (g.) = 1 kilogram (kg.) 

1000 kilograms == 1 metric ton. 

*Tho dry quart is about 15% larger tbaa the liquid quart. Fig. 7. 
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30 grams approximately equal one ounce, and one kilogram 
equals 2.2 pounds, hence the gram is used wherever the ounce, penny¬ 
weight, etc., would be used, while the kilo and /la/f kilo replace the 
pound. The metric ion serves the same purpose as the short or gross 
ions. 

MEASURE OF TIME 

52. Time is measured in the same manner and by the same 
unit throughout the civilized world, the unit being the mean solar 
lay. 



This mean solar day is obtained by taking the average of all of 
the days of the year, a day being measun^d from noon of one day to 
noon of the next day. This proc(\ss is nee(\ssary because the position 
of the earth relative to the sun changes as iho year advances, and, 
therefore, no one day can be taken as the true day. Evidently the 
time when it is noon, i. e., the instant the sun is passing the north and 
south line, will be different as we pass from east to west. For example, 
London has her noon five hours earlier than New York. This has 
led to the adoption in the United States of four standard times, the 
Eastern, Ceyifral, Western, and Pacific, each one hour later than the 
preceding. Therefore, when it is noon in Washington it is 11 o'clock 
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in Chicago, 10 o’clock in Denver, and 9 o’clock in San Francisco. 
All citi(\s or towns falling in one of the four regions adopt the standard 
time of that s(‘etion. The divisions of the calendar year are shown 
graphically in Fig. 8. 

MISCELLANEOUS MEASURES 

53. The English money system has for its principal units the 
pound sterling (£.) (*(^ual roughly to $r).()0, and the shilling, equal to 
25 (‘ents. Tlie French money system has for its unit the franc, ecjual 
roughly to 20 cents. Tlie (xcrman money system makes use of the 
mark, (^fjual to about 2.5 cents, for its principal unit. 

A useful table of enumeration is given briefly as follows: 

12 units — 1 dozen (doz.) 

12 dozen == 1 gross (gro.) 

Another table much used by sbitioners is as follows: 

24 sheets = I (juire 

20 (luires — 1 ream 

The student is rc'ferred to the A})pendix for the complete tables 
to which refer(‘nee£. hav(‘ already betu made together with others 
whieli are in more or less common us('. It is well to have these 
tables fairly W(*ll m<‘moriz(‘d, and problimis are given in the following 
sections on the assumption that the reciuired familiarity has been 
attained. 

REDUCTION OF DENOMINATE NUMBERS 

54, The reduction of denominate numbers in the English system 
is accomplished according to the following rules: 

To change a compound denominate number to a simple number of 
lower d('nomiiadion: Multiply the integer of the highest denomination 
by the tnnnber of units of the next loieer denomination in one unit of the 
higher denomination, and add to this product the given numJjer of the 
lower denomination, rrocecd into lower terms in this manner until 
the required denomination is reached. 

To change a simple denominate number to a compound number 
of higher denominations: Divide the given number by the number of 
units contained in one unit of the next higher denomination. Set 
aside the remainder; then in the same manner divide the quotient thus 
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obtained, and 'proceed in this way until the required denoTnination i$ 
reached. The last quotient and the several remainders will he the 
result sought. 

Examples, 1. Reduce 6 mi. 116 yds. 24 ft. to feet. 

Solution. Since 1 mile == 1760 yds., 6 mi. = 6 X 1760 yds. 
= 10,560 yds.; and with 116 yds. added this becomes 10,676 yds. 
Since 1 yd. = 3 ft., 10,676 yds. = 32,028 ft., and with 24 ft. added, 
this becomes 32,052 feet, Ans. 

2. Reduce 765 liquid pints to higher denominations. 


Solution. Dividing 7G5 pints by 2 gives 
3S2 qts. 1 pt. Dividing by 4 to reduce to gallons 
givcp 95 gal. 2 qts. 1 pt. Dividing by 31.5 to reduce 
to bbl. gives 3 bhl. \ gal. 2 qts. 1 pt. As 2 qts. == 31.5) 95 gal. + 2 qt^ 
J gal. this added to the 4 gal. already obtained gives —‘ 

as a final result 3 bill. 1 gal. 1 pt. 


2) 765 pts. 

4)382 qts . + 1 p t 


3 bbl. -f J gal. 


55. Reduction in t,lie metric system is accomplished hy moving 
the decimal point. 

Example. Recfuce 10,450 millimeters, 276 centimeters, and 600 
meters to kilometers. 

Solution. Reduce 10,450 mm. to meters by moving the decimal 
point three places to the left = 10.45 meters. Similarly reduce 276 
cm to in. by moving the decimal point tw^o places to tin* left ~ 2.76 in. 
600 + 2.76 + 10.45 = 613.21 m. lliis result may be changed to 
kilometers by moving three points to the left = 0.6132 km. 

^Yhen quantities expressed in the English system are to be 
reduced to their equivalents in the imdric s\stem, or the reverse, 
the eomjiarative tables, p. 105, are used. For e\ami)le, if 31 meters 
should be changed to yards, the table .shows that 1 meter equals 1.1 
yard^; \ meters equal 34X1 .1 yards or 37 4 yards. 

Examples. 1. Change 172 feet to centimeters. 

SonrTioN. From the table, 1 foot equals .3 in. 172 f(‘et equals 172 X .3 
or 51.0 in. 51 0 in. equals X 100 = 5100 ein 

2. (diaiige 12.4 iiounds to grams. 

Solution. From the table, 1 pound equals. 15 kilograni.s. 12 4 iiounds 
equals 12 4 X .45 or 5.58 kilograms. 5 58 kilograms equals 5.58 X 1000 or 
5580 grams. 

PROBLEMS FOR PRACTICE 


1. Change 2560 lbs to ounces; to tons. 

2. Change 42 meters to centimeters; to millimeters. 
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3. Reduce 76 yds. to inches; to feet. 

4. Change 35 ft. to centimeters (approx.). 

Ileduce 

5. 18 lbs. 12 oz. to ounces. 9. 3 A. 78 sq.ft.to square feet. 

6. £ 8 12 5 to shillings. 10. 5 bbl. 12 gal. to gallons. 

7. 75 m. 86 cm. to centimeters. 11. 21 T. to pounds. 

8. 8 bu. 4 pks. to pecks. 12. $746.50 to dimes. 

Reduce to higher denominations 


13. 

15()() ft. 

If). 

1040 dry pints. 

19. 

7562 oz., avoir. 

14. 

15,7(»() mm. 

17. 

085 doz. 

20. 

375 pints. 

15. 

8r),4(K) see. 

18. 

()59 sliillings. 

21. 

2500 sq. in. 


Using approximate values, change 

22. 120 yds. to meters. 25. 4750 francs to dollars. 

23. 15 s. to dollars. 2(). 65 cm. to inches. 

24. 56 kilos to pounds. 27. 450 liters to pints. 


OPERATIONS WITH DENOMINATE NUMBERS 


56. There are two methods of adding, sahiraciing, invltinlying, 
or dividing d(‘nominate numbers. One is to reduce the given numbers 
to the lowest dcuiomination mentioned in the example, then per¬ 
form the reejuired process and reduce the result to higher denomina¬ 
tions. The other is to perform the process on the numbers as they 
stand, making the necessary reductions during the operations. 

57. Addition and Subtraction. Examples. 1. Find the sum 
of 3 mi. 182 rd. 4 yds. 2 ft.; 304 rd. 1 ft.; and 5 mi. 76 rd. 4 yds. 2 ft. 
Solution a. 


3 mi. 182 rd. 4 yds. 2 ft. = 15,810 + 3,003 + 12 + 2 = 18,857 ft 

304 rd. 0 yds. 1 ft. = 5,01(> + 1 = 5,017 ft. 

5 mi. 70 rd. 4 yds. 2 ft. = 20, KK) + 1,254 + 12 4-2 = 27,0(>8 ft. 

51,542 ft. 

51,542 = 9 mi. 243 rd. 4 yds. 0 ft. 0 in. Ans. 


Solution, b. The sum of the right-hand column 
« 5 ft =1 yd. 2 ft.; write down the 2 ft. and add 1 to 
the y<ls. column. The sum of the yds. column and 1 
carried **9 yds.; 9+51 = 1 rd. -f yds., the 1 rd. to be 
added to the rds. column. The aum of the rds. column -H 
\ carried *563 rd.s. 503+320 — 243 nls. 4- 1 to he added 


mi. rd. yds. ft. 
3 182 4 2 

0 304 0 1 

5 70 4 2 

9 243 4 i 
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to the mi. column, making it 9 miles. The result is therefore 9 mi. 243 rda 
3i yds. 2 ft. «9 mi. 243 rds. 4 yds. 0 ft. 6 in. 

2. Subtract 3 pks. 1 qt. 1 pt. from 1 bu. 2 pks. 4 qts. 

Solution. Mentally take 1 qt. (2 pts.) from the bu. pks. qtS. pts. 
second column and place it in the first; 2 — l^lpt. j 2 4 Q 
(4—1 borrowed) — 1 =* 2 qts. 1 bu (4 pks.) -f 2 pks. noil 
» 6; 6 — 3 « 3 pks. The result is therefore 3 pks. 2 qts. 

1 pt. 3 2 1 

PROBLEMS FOR PRACTICH 

Find the sum of 

1 . 10 yds. 2 ft. 10 in.; 15 yds. 1 ft. 9 in.; 8 yds. 2 ft. 7 in.; 
18 yds. 1 ft. 11 in.; IG yds. 2 ft. 8 in. Ans. 12 rd. 4 yds. 2 ft. 9 in. 

2 . 12 A. 35 sq. rd.; 14 A. 110 sq. rd.; 15 A. 132 sq. rd.; 11 A. 

96 sq. rd.; 25 A. 100 sq. rd. Ans. 79 A. 153 sq. rd. 

3. 5 t. 6 cwt. 14 lbs 10 oz.; 7 t. 15 cwt. 36 lbs. 15 oz.; 17 t. 
5 cwt. 84 lbs. 12 oz.; 70 t. 9 cwt. 94 lbs. 11 oz. 

Ans. 100 1 . 17 cwt. 31 lbs. 

Prom 

4. 12 gal. 2 qts. 1 pt. 2 gi. take 6 gal. 3 qts. 1 pt. 3 gi. 

Ans. 5 gal. 2 qts. 1 pt. 3 gi. 

5. 15 yds. 2 ft. 7 in. take 4 yds. 2 ft. 10 in. 

Ans. 10 yds. 2 ft. 9 in. 

6 . 25 t. 8 cwt. 75 lbs. 10 oz. take 10 t. 11 cwt. 35 lbs. 15 oz. 

Ans. 14 t. 17 cwt. 39 lbs. 11 oz. 

58. Multiplication and Division. Examples. 1. Multiply 14 
gals. 3 qts. 1 pt. by 7. 

Solution a. 

14 gal. 3 qts. 1 pt. = 112 4-6 + 1 = 119 pts. 

119 pts. X 7 == 833 pts. — 416 qts. 1 pt. = 104 gal. 1 pt. Ans. 

Solution b . (14 gal. 3 qt. 1 pt.) X 7 =* 98 gal. ^ ^ 

21 qts. 7 pts. = 98 gal. 24 qts. 1 pt. = 104 gal. 0 qts. 7 

1 pt. Ans. ][q 4 Q I 

2. Divide 14 gal. 3 qts. 1 pt by 4. 

Solution a. 

14 gal. 3 qts. 1 pt. = 119 pts. 

4 )119 pts. 

29J pts. *= 14 qts. IJ pts. =* 3 gal. 2 qts. 1 } pts. Ans. 
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PROBLEMS FOR PRACTICE 

Multiply 

1 . 3 hrs. 20 rain. 35 sec, by 5. Ans. 16 hrs. 42 min. 55 sec. 

2. 2 t. 5 cwt. 4S lbs. 15 oz. by 8 . Ans. 181. 3 cwt. 91 lbs. 8 oz. 

3 . 12 cu. yds. 15 cu. ft. by 6 . Ans. 75 cu. yds. 9 cu. ft. 

Divide 

4. J5 bii. 3 pks. 5 qts. by 4. Ans. 3 bu. 3 pks. 7 qts. J pt. 

5. 23 cwt. ()<S lbs. 10 oz. by 5. Ans. 4 cwt. 73 lbs. 11 1 oz. 

6 . 15 rd. 4 yds. 2 ft. 8 in. by 5. Ans. 3 rd. 2 ft. Hi in. 

POWERS AND ROOTS 

59. Powers. A power of ji quantity is the product of factors* 
eacli of which is c(pjal to that number. This quantity niay be 
simply a number, as 1, 2, 3, or 4, or it may be any letter, as 
a, b, c, or d, which may have any numerical value whatso¬ 
ever. 

In order to sliow how many times the quantity is to be used 
as a factor, a small figure is placed to the rij:!;ht and a little above the 
quantity; as 3^ or Tliis small number is called an exponent^ 
and shows to wluit power the (juantity is to be raised. Thus, 3^ 
means the fourth j)ower of 3, or 3 X 3 X 3 X 3 ^ SI; /. e., 3 is 
taken 4 tiira's as a factor. If the letter a is substituted for the figure 
3 and this letter is raised to the fourth power, the result is (i X a X o X 
a or Since no definite value for <t has b(*en given, th(‘ result of 
raising the letter to the jiower can only be indicated; thus, d*. 

Tlie second power (if the (piaiitity is ralh'd its square. For 
examjile, 4 is the sipiare of 2, for 2x2 — 4; again, a^ is the square 
of n, for a X (t - id. The third j)owei of a cjuaiitity is calh^d its 
enbe; thus, S is the cube of 2, for 2 X 2 X 2 ^ S; or a^ is the cube of a. 

Suppose now it is re(|uired to find the square of a* X (d = a*, 
for X (d =- {a X (t) X (n X «) == a*; or, in other words, when 
tivo like quantities are multiplied together, the exponent of the product 
equal to the sum of the exponents of the quantities. 

The power of a fraction is obtained by multiplying the numerator 
by itself and the denominator by itself the required number of times. 

2 2x2 4 

Thus, the second pow('r of ^^ ; the third power of 

^ 4 4X4 16 ^ 

1 _ 1 X 1 X 1 _ 1 

7 7 X 7 X 7 343* 
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Examples. 1 . What is the cube, or third power of 21? 

21* = 21 X 21 X 21 

Solution. Here it ia readily seen that raising 
21 to the third pow’cr is the same as using 21 three 
times ss a factor. 


2 . WTiat is the cube, or third power of 2 fi? 

(2./)* = 2fj X 2a X 2o. 


Solution Note here, that \Nhen raising a 
quantity like 2<i to a power, tlie coefficient 2 and 2(t 

the letter a are each raised separately to the retiuired 
power. 


8a* Ans. 


21 

21 

4 ^ 

441 

441 

882 

9201 Ans. 


3. What is the cube of .71? 


Solution. When raising a decimal like 
.71 to a power, care should be taken to correctly 
place the decimal point. In the aiisw'cr to this 
problem there w ill bo six jilares to be jMiinted 
off, thus bringing the decimal point before the .'1. 


.71* = .^1 X .71 X .71 
.71 

ill 
71 
197 
.501 i 

5041 

35287 

.357911 Ans. 


4. What is the fourth power of —7 

3 V/ 3 ^ 3 3 3 X 3 X 3 X 3 81 

5 5 6 5 5X 5 X5X5 625' 


Ans. 


PROBLEMS FOR PRACTICE 

Raise the following quantities to the power indicated: 

1 . 47 to (he second Ans. 2,209 

2 . 6m ‘‘ ** second 
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3. 

71 

to 

the second 

Aas. 

5,041 

4. 

2.61 

n 

‘‘ second 

Ans. 

6.8121 

5. 

.13 

a 

third 



6 . 

c* 

4i 

third 



7. 

r 

a 

fifth 



8 . 

h 

a 

fourth 



9. 

Cfc 

n 

'' fourth 

Ans. 

1296e 

60. 

Roots. 

A root of t 

1 f|uantity is one of the «jual 

factors 


which, when inultij)lie(l together, give the quantity. Tims, if a cer¬ 
tain (|uantity is used twic(‘ in onhT to produce another (juantity, then 
the quantity first mentioned is the square rooi of the second. Thus, 
2 is the s(juare root of 4, for 2 X 2 — 4. If the first quantity must l>e 
used three times as a factor, it is the cube root of the second quantity; 
thus, the culie root of S is 2, for 2 X 2 X 2 == (S; the cube root of 
27 is for 3 X X — 27. This also aj)plies to any root as the 
4th, 5th, etc. Thus, the 5th root of == a, for a X « X a X a X a 
« a\ 

This process of finding the root is merely the reverse of finding 
the power, and is terriH'd extracting the root. 

The radical sign ^ when plac(‘d before a quantity shows that 
some root of it is to be taken. The root is indicated by a small figure 
called the index placed above the radical sign; thus, ^ . When 

no index is written, the s(|uare root is always understood. 

U'he h)llowing examples show the meaning of the sign and 
index: 

yjsi = 0, for!) X 0 = 81. 

^27 = 8 . for 3X3X3 = 27. 

-^81 = 3. for 3 X 3 X 3 X 3 = 81. 

^32 = 2, for 2 X 2 X 2 X 2 X 2 = 32. 

= 6 , for 6 X 6 = 6 *. 

-^'86*= 2b, for 2b X 2b X 2b ^ 86*. 

2fc>. for 2b* X X 2i»* X 2b* X 26* = 32ft“ 
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61. Square Root* In the above iUustrations the required root 
may be readily determined by inspection, but in most cases^ this 
method cannot be followed. When the root desired is the square 
root the method illustrated below should be used. 


Examples. 1. Find the square root of 185,761. 


Solution. First point off the num¬ 
ber into periods of two figures each com¬ 
mencing at the right of the number. Then 
find the largest number whose square is equal 
to or less than 18. This is found to be 4. Set 
down the square of 4 or 16 under 18, and 
place 4 as the first figure of the root. 

Subtract 16 from 18 and to the re¬ 
mainder annex the next perioc^, obtaining 
257 as the new dividend. The new divisor 
is twice the root already found with a cipher 
annexed, that is 2 X 40 -= 80. By trial 80 
is found to b(‘ contained 3 times in 257, so 
3 is placed as tin* second figure of the root. 
Add 3 to 80 and multiply this sum 83 by 3. 
Place this })ro(luct, 240, under 257 and 
subtract. Annex to the remainder the last 
jK'riod obtaining SOI as the now dividend, 

Tlic next divisor is twice 430 or 8(50. 
This is contained in SOI once. Place the 
1 as the third figure of the root, add 1 to 
SOO, thus making the complete divisor SOI. 
As there is no remaind(T, the nuinher 1S,5761 
is a pcTfect ])ower, and its square root is 431. 


431_ 

2X-10-^!0 IS r)7()l 
_3 1() 

S'.''.)2r)7 

2 X-130 =-800 

I LM!) 

’sCl) SOI 
S(>I 


9 


Find the scpuin* root 


of lS,7(i:hSlM0. 

2 X 


1 _ 

10-20 1 S7(i3.80 10 ^ 
3 I 


Solution. Point off the p(*riods to the 
left and right of the decimal point, obtaining 
for the whole number the periods, 1, 87, and 
63, and for the decimal the periods, 89 and 
10. The root must have thr(‘e numerical 
places to the left of the decimal point to 
correspond to the three periods in the whole 
numb(‘r; hence, the final value of the root 
w 136.98. 


23JS7 

2X130=260 

6 ()9 

2X1360=2720 

_ 9 m(\ 
2720)20789 

2X13690 = 27380 

_s 24:>()1 

273ksy2228r6 

219104 
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3. Find the square root of .001225. 

Solution. In finding the square root of a decimal 
like the above, it is seen that the first period contains 


only zeros; consequently the first figure of the root will *00 12 25 

be a zero. Begin by finding the square next smaller 9 

than 12, and proceed as in previous examples. Point 65)325 

off three places in the root to correspond to the three 225 

periods in the decimal. - 


4. Find the square root of 3 to three decimal places. 

J1.732+ _ 
3.00 00 00 
1_ 

S^iLiTioN. Annex ciphers at the right of the 27)200 

decimal fujint and separate into periods as usual. 1S9 

343)Ti()0 

1029 

3462)7100 

Rules. (a) Point off the gimi number info periods of tivo figure,s, 
heginning at the deetnial point. If the ninntur eontaln.s a irhole num¬ 
ber 071(1 a (leeimaf point off periods to the hft of the dceimal point 
for the whole numbers and to the right for the derimal, annexing a 
cipher to the la,st figure of the decimal if nece,s.sary. 

(h) hnd the greatest number whose sipiare is contained in the left- 
hand period. This figure will be the first figure in 'he root. Subtract 
the s(piare of this number from the left-hand period and annex the 
next period to the remainder to form the new diridend. 

(c) After annexing a cipher to that part of the root already found 
ntul doubling the r(\sult, place the ([uantity thus obtained on the left for a 
trial divisor, A,scertain how many times this divisor us contained in the 
new dividendy and write the (piotient as the next figuri of the root. Then 
add the number jimt placed in the root to the trial dirisory and multiply 
the completfd dinstw bg the last figure in the rout. Subtract this prod¬ 
uct from the dicidendy and to the remainder aniux the ne.vt period for 
the 7iew dividend. Continue the operation until all the jieriods arc used. 

(d) To place the decimal point in the result^ if the number is a 
decimal numbery point off in the nsif as many figures from the left as there 
are periods from the hft tit the decimal point in the original riumber, 

(e) If after ike root is found there is a remainder, it should he 
drtypped and a + sign placed after the root. 
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PROBLEMS FOR PRACTICE 

1 . Find the square root of 3()4,03r) 

2. Find the square root of S25,487.(39 

3. Find the square root of .(X)38(>4 

4. Find the s(|uare root of .0r>C)3 

5. Find the square root of 1,873 

6 . Find the square root of 6,432 


Ans. 604.09+ 
Ans. 908.56+ 
Ans. .0621 + 
Ans. .2372+ 


62. Square Root of Fractions. When the square root of a 
common fraction is desired, first see if tlu* numerator and denominator 
have perfect square roots. If so, write the root of the numerator 
over the root of the denominator. If this is not the cast*, **educe the 
coramt)n fraction to decimal form and find the re(|uirtHl root as before. 
If the quantity is a mixed (juantity change to decimal form before 
extracting the root. 

The following solutions will illustrate these (>nn<*iples! 


Examples. 1. Find the stpiare root of ^ 

49 


\49 " ^/'49 


Ans. 


4ci^ 

2 . Find the square root of 

2 a 

l/jW 4b 
169 

3. Fintl the square root of — 

250 


250)169.000 

.676 


Ans. 

to three decimal places. 

:822+_ 

.67 60 00 

64_ 

162)360 

324 

1642).3000 

3284 


Hence, .822 + Am. 


211 
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4. find the square root of 

v/sl^ 9in 


Ans. 


Fmd the square root of — to two decimal places. 

O 


8)3.000 

.375 


A^±. 

.37 50 
.30 

121)1.50 

121 

29 


Hence, = 1/.375 = .01 + Ans. 


PROBLEMS FOR PRACTICE 

Find the square root of 


1 . 

2 . 


49 

109 

27 

15025 


Am. .79 + 

O 


Ans. ,041 -f 


3. 

81 


I 

8 ^/" 

T2W 


RATIO AND PROPORTION 


63. Ratio. Ratio is the relation which one quantity bears to 
another quantity of the same kind; or, in other words, it is the quotient 
obtained by dividing the one by the other. The ratio of lo to 3 is 

5, because 13 contains 3, five times. The ratio of 3 to 13 is because 

5 

3 is of 13. 


The two quantities given are called the terms of the ratio. The 
first term is called the antecedent; the succeeding one, the consequent. 
The antoewient is the dividend, the consequent is the divisor, and the 
value of the ratio is the quotient resulting from the division. The 
Tijrmtx)! used to express a ratio is t^’o dots (:), which is merely an 
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abbreviated form of the sign of divbion (•«-) For example, the 
ratios 7 to 11 , and a to b, are written thus, 7 : 11 , and a : b. The 

T (I 

same ratios may also be expressed in fractional form thus, — or —. 

11 b 

A ratio like the above is called a direct ratio: that is, one in which 
the antecedent is divided by the consequent. An {ni>erse ratio is a 

direct ratio inverted Thus, if and are the direct ratios, the 

11 b 


inverse ratios of the same quantities are ^ and 

As a ratio is always an abstract number, it is possible to lia\ c a 
ratio hrfvrcn aiwUnr qaantitiee only. For example, it is possibh 
to establish a ratio between 75 rivets and 10 rivets, but no ratio 

between 75 rivets and 10 horses. If the ratio - - is pv'^n, and a 


represents 5 horses and 6 , 10 horses, it can seen that, although this 
ratio has been expressed in letters, eaeli letter is a quantity of the 
same kind. 

The value of a ratio is not changed by either dividing or mul¬ 
tiplying both terms of the ratio by the same numlxT. Thus, for 
example, if IG : 32 is divided by 2, the ratio becomes 8:16; likewise, 
each term may be multiplied by 2 , obtaining 32 :04. From the above 
it is seen that the values of the ratios have not been changed for 

= — X — = —Consider the ratio 5a : 106. Divid- 
32 1 () 2 04 2 

ing each term by 5 , the ratio a : 2b is obtained. Again multiplying 
each term of the first ratio by 2, it liecomes lOa : 206, which has the 

same value as before because 'ttv X 77 - *= -rjrr- 

26 10 206 


PROBLEMS FOR PRACTICE 


What is 

the 

value of each of the following? 


1 . 

51 : 

17 

Ans. 

2 . 

20 c 

:40rf 

Ans. 

3. 

16 : 

48 


4 

6 it : 

8 m 

Ans. 
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5. What is the inverse ratio of 9 : 81? Ans. — = 9 

9 

6 . What is the inverse ratio of a : bf 

7. What is the inverse ratio of 10 ^•: 20 rf 

64. Proportion, (a) A proportion is an expression of equality 
between ratios and is indicated by the sign :: or by the equality 
sign =. For example, the proportion 3 : 9 :: 6:18 is read 3 is to 
9 as C is to 18. The same proportion may be stated thus: 3 over 

3 6 

9 equals 0 over IS; that is,— = —. Anv proportion whatever exist- 

9 18 

iiig between letters is expressed in a similar manner; thus, a :b ::c :d 

may also be written= —• 
b a 

(b) The iertns of a jiroportion are made up of the antecedents and 

Cl c 

consequents of two ratios. Thus, in the proportion — , 

6 d 

a, b, c, d, are called the tcnnn and arc numbered—first, second, tidrd, 
and fourth. This may be illustrated as follows: 

First Second Third Fourth 

d : 9 : : 0 : IS 

or « : b : : c : d 

The first and fourth terms are called the extremes; the second and 
third terms, the nmnus; thus,IS, and a, d, are the extremes, while 
9, G, and b, c are the means. 

(c) In all proportions the lyroduct of the mcam is equal to the prod- 
vei of the exiremes. Thus, in the proportion .3 : 9=G : IS, the pn)duct 
of the means is 9 X C = 54 and the product of the extremes is 3 X 18 
= 54. If the proportion is expressed in fractional form, that is, 

3 f) 

- 1 - = it is seen that the law just stated means that the product of 
9 18 

the numerator of the 6 rst fraction with the denominator of the second 
is equal to the product of the numerator of the second fraction with 

3 G 

the denominator of the first. Therefore, in the proportion “= —> 

3X18 = 9X6 and, in the proportion — = —, od = be. Wher 

b d 

taken by themselves the letters, a, b, c, d, may have any values 
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whatsoever, but as soon as they are placed in the proportion, their 
relation to each other becomes fixed. If the proportion has an 

a c 

unknown terra to be found, this latter form —is perhaps the 

b a 

simpler form in which to arrange the ratios for finding the missing 
term. 

Rules, (d) The product of the means divided by either extreme 
gives the other extreme; or the product of the numerator of the second frac¬ 
tion with the denominator of the first fraction divided by the numerator of 
the first fraction gives the denominator of the second fraction, 

(e) The product of the extremes divided by cither mean gives the 
other mean; or the product of the numerator of the first frartion with 
the denominator of the second fraction divided by the denominator 
of the first fraction (jives the numerator of the .*tecond fraction. 

In stating a proportion in which one term is unknown, let x 
represent the unknown term and solve for x. 

Examples. 1. Solve for x in the propoilion, IS : (> == 9 : x, 

IS 9 

or — -- —. 

() X 

Solctiok. Product of extremes, 1<S X .r - 9 X t>, product of means 

T)! 

Dividing each side by 18 x— - -- 8 Ans. 


Hence the missing term is 3. 

2. Solve the proportion, 0 :18 = .r : 3. 
Solution. 18X^ = CX3 x — I Ans. 


3. Solve the proportion, 9 : 3 = IS : a: 


Solution. X 


bS X 3 
9 


— = G Ans. 


4. Solve the proportion, 3 :9 = 6 : a: 

c IQ A 

Solution, x = — -— = io Ans, 

o 

5 . Solve for x in the proportion a :b : :c :x 

Solution. Tliif. may be written in this form, ax he, from 
hr 

which In this case the answer can only be indicated, but 

if a, b, and c, had the respective values, 5, 6, and 10, their sub¬ 
stitution would give to a: a value of 12, since x = « 12. 


ax - be 



a 
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Find the value of x in the following proportions: 


6 . k :m : :x :n. 

Jc X 

SOI.UTION. -=- 

m n 

mx=^kn 

II 

Ans. 

7. : r : : x : p. 

J? x 

Solution. — = — 

r p 

8 . e :f : :x :h. 

rx’=‘ap 

li 

Ans. 

B X 

Solution. *7 = 7- 

/ h 

fx—eh 

eh 

X-j 

Ans. 


PROBLEMS FOR PRACTICE 

Solve for the unknown value of x in the following proportions: 


1 

6 : 

3 :: 

ni : 

X Ans. 

G. 

21m 

:3 

: :x : 

7 

2 . 

S 

:9 : 

: X : 

2 

9 

7. 

X : 4 

I : 

3r : s 

* 12r 

An8. -- 

‘A. 

9 

:81 : 

: : 2 

: X 

8. 

3X4 : 

04 

:: X : 

111 

4. 

4 

: X : 

: 10 

: 5 

9. 

4X0 : 

X : 

: : 10 : 

4cS 

5. 

r 


;2 : 

X 

10. 

90 

t : 

; 9 : A; 

Ans. lOi 


65. Any root of both sides of a proportion may be extracted, 
or any power of both sides may be taken, without destroying the 
proportion. 

Examples. 1. Extract the stjuan* root of both sides of the 
following proportion: 1:9 — 49 :441. 

Solution. Extracting the square root of each term 
1:3 = 7 :21 

-I 

:i ” 2] 

which equation, by clearing of fractions, shows that the equality of 
the proportion has not been destroytxl. 

2 Extract the square root of l)oth sides of the following pro¬ 
portion: : (P. 

Solution. This proportion may be stated thus: 

a* c’ 

IP ^ I 

_ . , a c 

Extracting the square root ^ 
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3. Find the cube of the proportion, 1 : 2 = 2 : 

1 2 

Solution. Changing its form — = — 

2 4 


Cubing each term 


1 8 


8 G4 

Thus it is seen that the proportion is not destroyed. 

« Cl 

4. Cube the proportion, - 7 - = -r 

0 

Solution. Cubing each term 

6* dr 


Thus it is seen the rules are true for both letters and numbers. 

66. Two numbers or quantities are directly 'proyoriicmal when 
they increase or decrease together; in which case their ratio is always 
.he same. 

Two numbers are inversely 'proportional when one increases as 
the other decreases; in which case their product is always the 
same. 

For example, if 8 men perform 10 units of work per hour, 
they wdll perform 40 units in 4 hours and 100 units in 10 hours; that 
is, as the time increases the amount of work done increasi's. This 
is a direct ratio. Now, on the other hand, if there are say 800 units 
of w’’ork to be done on a job, 8 men will finish this work in 10 hours, 
16 men will finish it in 5 hours, 40 men in 2 hours. Here the time 
varies inversely, or oppositely, as the number of men em])loycd, and 
such a ratio is called an inverse ratio. 

67. The following rule will solve any problem in simple pro¬ 
portion whether it be direct or inverse: 

Rule. Flare for the third term of the proportion the number 'whose 
units are like the answer sought (80 rivets in Example 1 below; 7 
hours in Example 2). From the conditions of the problem determine 
if the answer (x) is to be greater or less than the third iernr, if greatery 
place the larger of the two remaining numbers for the second term; if 
less, place it for the first term. Then solve according to the rules given 
for finding the missing term. 

Examples. 1. If a joint 16 feet long requires 80 rivets, what 
number will a joint 11 feet long require? 
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Solution. Let X equal the number of rivets required. 
Then 10 :11 = 80 :a: 

16 ^^ 

11 X 

80X11 

X =- 

16 

X = 55 rivets. Ans. 


The result shows that the shorter joint requires fewer rivets; hence, 
this is culled a direct proportion. 

2. A train running 27 miles per hour covers a certain distance 
in 7 hours. IIow long does it take a train running at 32 miles per 
hour to cover the same distance? 

SoLi'TiON. It is evident that the train 
runninp .‘52 mih's per hour will require less 
time to eoviT the same distance than the 
train running 27 inil(*s per hour. Thus, the 
faster train r<‘quireH l(‘.ss time, and the slower 
train more time; or, in other words, the speed 
varies inversely as the time. 

It can r<‘adily be 8<‘en that the proportion 32: 27: : 7: x is an inverse one* 
If the speed varied as the time, the proportion would be direct and stated as 
follows: 32: 27 : : x : 7. It will be noted in the direct form of this proportion 
just given, that the si'cond and fourth terms rider to tlie first train and its time, 
while the lir>t an<l tliird terms refer to the other train and the unknown time. 
In the inverse projiortion the time of the first train is found as the third term. 


32 : 27 : : 7 : a* 

32 a- = 27 X 7 
189 
' 32 

,r = 5.9 + hrs. Ans. 


PROBLEMS FOR PRACTICE 

1. If the earth moves through 360 degrees in 365J days, how 

far will it move in a lunar month of 29^ days? Ans. 29.07+ 

2. IIow long will it take a gang of 50 workmen to erect the 
walls of an 8 story building, if it requires 4 days for 100 workmen t(» 
erect one story? 

3. If 15 men can build a wall 12 feet high in one week, how 
many men will it require to raise it 20 feet in the same time? 

4. If it requires 18 hours to saw 10,000 feet of lumber, using 
a 20 h.p. engine, what horsepower will be required to saw the same 
amount in 10 hours? 

68. Negative Quantities. If an ordinary thermometer is con* 
suited it will be found that the scale divisions have opposite them 
numbers which increase both upvrards and downwards from 0- 
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All values below the zero point are considered negative and all values 
above are considered positive; thus a temperature of —6 degrees 
means that the mercury reads 6 degrees below zero; similarly 6 
degrees means that the reading is 6 degrees above zero. 

The boiling point of water on the Fahrenheit thermometer scale 
is 212 degrees. On the other hand, the temperature of liquid air, 
which is a very cold body, is —292 degrees Fahrenheit. Thus it is 
seen that the 0 point is merely a point of reference. In the same 
manner, the 0 of the numerical system is considered as a figure of no 
value and all numbers with the + sign have positive values and all 
numbers with the — sign have negative values. 

Suppose a man’s money in the bank is 300 dollars and his debts 
amount to 350 dollars; here his money in the bank may be considered 
as positive and his debts as negative. Thus + 300 — 350 = —50 
dollars. This —50 shows that the man is in debt 50 dollars, or lias 
virtually 50 dollars less than nothing. 

Again when a ship sails a miles to the north (^f the eejuator, it is 
sailing in a positive direction as compared with a course to the south 
of the equator. For example, if a ship travels 200 miles north it is 
said to have traversed + 200 miles; on the other hand if it turns about 
and sails in the reverse direction 250 miles, it then will have a position 
50 inih's to the south of the starting point, i.r., its position will be —50 
miles. Expressing this in equation form gives 200 — 250= —50. 

Examples. 1. What is the difference in longitude between two 
places where the longitudes are —80° and +30°? 


Solution. Sinct^ one position is 80® 
from the starting point in one direction and 
the other 30® in the opiKwite direction from 
the starting point, tlie difference between 
the two places will be represented by the 
equation: 


80+.30=110° Ans. 


2. A man has bills receivable to the amount of 500 dollars, 
and bills payable to the amount of ],(K)0 dollars; how much is he 
worth? 


Solution. Having bills receivable to 

the amount of $500, this is what he is worth; - $1000 = - $500 Ans. 

but having bills payable to the amount of l * * j lx 
$1,000, this is what he owes. He is actually debt $500 

worth then: 
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PROBLEMS FOR PRACTICE 

L The temperature at 6 P. M. is + 14® and during the evening 
it grows colder at the rate of 4® an hour. Required the temperature 
at 9 P. M., at 10 p. M., and at midnight. 

2. What is the difference in latitude between two places where 
the latitudes are +S6® and —14®? 

69. Parenthesis. The parenthesis has already been shown to 
indicate that the terms enclosed are to be considered as one quan¬ 
tity. The following rules indicate the proper use of the parenthesis. 

Rules, (a) When a parenthesis is preceded hy the + sign the 
parenthesis may he removed without making any change in the express 
sum within the parenthesis. 

(b) When a parenthesis is preceded hy the — sign the parenthesis 
may he removedif the sign of every termwithin the parenthesis he changed. 

(c) When a number or letter immediately precedes or follows the 
parenthesis, with no sign between, the multiplication sign is understood. 

(d) When the first term within a parenthesis has no sign before 
it, the 4- sign is always understood. 

Examples. 1. Remove the parenthesis from the expression: 

8 + (2 + 6 ). 

8 + (S) = <S + 8 = IG 

In this problem, 2 is added to G before the parenthesis is 
moved, and the result is added to 8 to give the total sum of Ki. It 
should be noted that the parenthesis has been removed without 
changing the signs within the parenthesis. 

2. Remove the parenthesis from a + {h + c — d). 

a + {!) + c — d) = a + 6 + c — d 

3. Remove the parenthesis from 12 — (G — 4) 

, According to tlie rule, since the quantity (G — 4) is preceded by 
a minus sign the removal of the parenthesis makes it necessary to 
change the + G to — G, and the — 4 to -f 4. The expression then 
becomes 12 — 6 + 4, or 10. 

If the operation indicated had been performed before removing 
the parentliesis and the result subtracted from 12 the remainder 
would have been the same. 

4. Remove the pan»!itheses from e + A* — (m — 1) + (a H- b). 

The signs of rn and 1 are changed to — and + respectively on the 
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removal of the parentheses and the final expression becomes c+it— 
ffi-hl-t" 0+6. 

5. Remove the parentheses from o - G (i/+7c - p). 

Removing the parentheses and changing the necessary signs the 
expression becomes a—6 (ft+Tc—c) =a—G6—42c+Gc. Ans. 

PROBLEMS FOR PRACTICE 
Remove the parentheses in the following problems: 

1. 6 - (4 + 10) 

2. a + b — {r — ax + 5) 

3. 36 - (14 - 8) + (3 - 10) 

4. c — (a + (») + (c* — m) 

EQUATIONS 

70. An equation is an expression of equality between two 

quantities. It has been proved that the proportion can be 

expressed in the form ad = bx, by the law of the means and extremes. 
Since the products ad and bx are equal the whole expression, ad = bx, 
is called an equation. The quantities on the left side of the equality 
sign constitute the first member; those on the right side constitute * 
the second member. Any quantity or group of quantities which is sepa¬ 
rated from others by the + or —sign is called a term of the equation. 
The equation has the following properties: 

(a) If letters occur in an equation, they must be given such 
numerical values that when substituted in the equation both members 
vuill be numerically equal. In the equation 2b = 4k, let 6 = 4 and 
k = 2. Substituting these values, the equation becomes 2x4 = 
4x2, or 8 = 8. 

(b) The same quantity may be added to or subtracted from each 
member without destroying the equality. In the equation, 2t = 4/r, let 
8 be added to each member. Thus, 26 + 8 = 4fc + 8. Then sub¬ 
stituting the values given in (a) in the above equation, it becomes 

(2 X 4) + 8 = (4 X 2) + 8 
8 + 8 = 8+8 
16 = 16 

It is seen that the quantities within the parentheses, which represent 
the values of the members of the original equation, are equal and the 
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final result shows that the equality has not been destroyed by adding^ 
the same quantity to both members. 

Similarly it can be shown that the same quantity may be 
subtracted from both members without destroying the equality. 

(c) Each member of the equation may be multiplied or divided 
by the same quantity without destroying the equality. For example, 
divide by 3 each side of the equation 3.r + Gc = 9?7i + 15. 

3.r + Gc_0w + 15 
3 3 


Let .r = 25, 5, and m = 10. Substituting these values in the 

(3X25)+(GX5) (OX 10)+ 15 
equation, it becomes--=-- 

75+ 30 00+ 15 
3 ' ” 3 * 


105^105 
' 3 '"3 


It is seen that the equality has not been destroyed by the 
division. Similarly it may be shown that the same root of each 
member may be extra(*ted, or that each member may be raised to 
the same power without destroying the equality. 

(d) a term has no sign before it, the plus sign is understood. 

(e) The order of the terms or of the letters within the terms is 
unimportant; the proper sign, however, must be given to each term. 
For example Ga5e+4c/y = () is the same as 0rr/5+4//c = 0. Again, 
3a - Gfcc— .ry = 40 is equivalent to — .ry +3a — i)bc == 40. 

71. Transposition, (a) Suppose it is required to solve for the 
unknown value of x in the equation 4.r+2 = ()+3.r. In this equation 
the unknown quantity is found in both members. In any equation 
containing the unknown quantity in both members it kf common to 
arrange the unknown tmlues on the left side of the equation, and the 
known values on the right. After combining the terms divide both 
sides of the equation by the coefficient of the unknown quantity. The 
above operation may be accomplished by subtracting 3.r and 2 from 
both members of the equation which results in the following: 

4.r + 2 - 3.r - 2 = 6 + 3 j - 3j- - 2 

combining terms a* + 0 == 4 + 0 

X = 4, Ans. 
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Again, solve for x in the equation 

Sx + 4a* + C) = 2^ + 8 

Subtracting 2a: and 6, 

from both members, 8a: + 4a* + 0 ~ 2a* — G = 2.r + cS — 20 * — 6 
combining terms 10.r = 2 

or .r = .2 Ans. 

(b) The above form of solution may be simplified by the use 
of a method known as trayisposition. All Imm containing the 
unknown quantity, which are found on the right side, are transposed to 
the left, at the same time changing their signs; likewise all known terms 
found on the left side are transposed to the right, at the same time changing 
signs. If, when the terms have been combined, x is found to be 
change its sign to + and at the same time change the sign of its 
numerical equivalent. (See Examples 6 and 8 following.) 

Examples. 1. Solve the equation, 4.r + 2 - G + 3.r. 

Solution: Bring over the 3a* to the left-hand side of the eijuation 
and change its sign from + to — ; also transpose the 2 to the riglit- 
hand side and change its sign to ~ ; thus, 


Transposing 4.r — 3.r 

Combining a* 

2. Solve the equation: So* + 4a- + (i 
Transposing 8.r + 4a* ~ 2.r 

l().r 

.r 

3. Solve for m in the e(|uation, 10m + 12 — 2m = 24 — 2m 
Transposing 10m — 2m + 2m = 24 — 12 

Combining 10m = 12 

7a = ~ = 1.2 Ans. 


G - 2 
4 Ans. 
2.r + 8 
<S — f> 


or .2 Ans. 


4. 


Solve the equation: 9x=Ga*+20 
Transposing 9a:—Go* = 20 

Combining 3x=20 

20 

a: = —or G4 

o 


Ans. 
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5. SoJve the equation; 4ar—3=61 

Transposing 4a:=61 +3 

Combining 4ar=64 

64 A 

X ——or 16 Ans. 

4 

6. Solve the equation: 8a:~22 = 12a-— 18 

Transposing 8a: — 12a: = 22 — 18 

Combining — 4a: = 4 

Dividing each side by 4 and changing signs, 

a:= — 1 Ans. 

7. Solve the equation: 32a:+24 = 30—50a: 

Transposing 32a:+50a: = 30 — 24 

Combining 82a: = 6 

6 3 . 

8. Solve the equation :12 — 13a- = 5 — 10a: 

Transposing —13a:+10a: = 5—12 

Combining — 3ar= —7 

Changing signs 3a: = 7 

x = ^or2l Ans. 

PROBLEMS FOR PRACTICE 

Solve for x in the following equations: 

1. 5a-+9 = 14-2a: 

2. 6a*—2S = 15x—16 Ans. — IJ 

3. 20-14a: = 26-18a: 

4. 12a-+25-35 = 14a:+22a—22 

5. 81 + 10-20a- = 60+40a: 

72* Equations Containing Fractions. The equations which 
have so far been given illustrate more simple algebraic forms. In 
practice, equations may often contain fractions and it will be well 
to study the method of handling such equations. 

In the treatment of fractions. Part II, it w’as shown that a group 
of fractions could be added or subtracted only by reducing them all 
to a common denominator. This same process may be applied to 
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an equation containing fractions. For example, let us take the equa- 
tion 


4x + 7 
7 



By inspection the L. C. D. is seen to be 42. Reducing each term of 
the equation to the least common denominator, we have 


or 


Combining 


(GX4.r) 4- (0X7) (7X.r) ^ 42x13 

0X7 7X0 42 

24.r+42 7.r 540 
42 ”^42 42 

(24a-+42+7ic) 540 
42 42 


It has just been learned in article 70 that each member of an 
equation may be multiplied by the same quantity without destroy¬ 
ing the equality. Multiplying the above equation by 42, we have 

0 (24x+42+7x)_//x546 

W W~ 

Cancelling like terms in numerator and dc'nominator of each fraction, 
we have 

24j’+42+7x = 540 
310'= 504 
.t=1G.2+ 

An inspection of the last fractional equation shows that mul¬ 
tiplying by 42 was unnecessary as the same result would have been 
obtained by simply dropping the common denominator from each 
term. This leads to the following rules: 

Rules, (a) To solve an equation containing fractions^ reduce all 
terms of the equation to a common denominator m the usual manner 
and then drop the denominators (This process is termed “clearing of 
fractions’'.) The resulting equation is then solved for the unknown 
quantity by the usual process, 

(b) If fractions occur in the numerator or denominator of any 
term, this term must be reduced to a simple fraction before finding the 

L. C. D. 
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Examples. 1. Solve the equation --—(7+x)=~ 

o u 


n 1 • . j .. IHx 24 (7+x) 

Reducing to L. ( . D. —-—- 

24 24 


JO 

"24 


Dropping denominator 1—168 -- 24.r =16 

-6.r = 184 
0.r=-184 
a-=--30.6-f Ans 

o c 1 8.r+3 (2 —4a*) ^ 

2. Solve the equation --— =3 

lo 0 

(bearing of fractions <Sa*+3 —()+12.r = 4r) 

Comhining 2()a* = 4S 

a* = 2.4 Ans. 


PROBLEMS FOR PRACTICE 


Solve for .r in tin* folhming ecjuations: 


1 . 


.r 

20 


2 4 


4 o 


(V + :o , 1 ^ 
12 2 


.‘I. 


42 


(2.r+14) 

U) 


= 20 


Alls. lOj 
Ans. - S 2 . 104 - 


73. General Application of Equations to Problems. 

In the preceding ])rol)lems the relation of the quantities has bi'en 
expressed directly in equation form and solutions given for the value 
of the unknown quantity. However, tlie equation finds its greatest 
field of usefulness in problems in aj)plied science and engineering 
where no equation is given directly but must be formed from condi¬ 
tions stated in the problem itself. 

The solution of such a problem consists of two distinct parts: 
(1) The statement of the problem, and (2) the solution of the 
tH|uation. 

The statement of the problem is the process of expressing 
the conditions of the problem in the form of an equation. The 
statement of the problem is often more difficult to beginners 
than the solution of the equation. No rule can be given for the 
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statement of every particular problem. Much must depend on the 
skill of the student, and practice will give him readiness in this 
process. The following is the general plan of finding the equa¬ 
tion* 

(a) Study the 'prohlemy to ascertain what quantities in it are 
known and what are unknown, and to understand it ftdly, so as to be 
able to prove the correctness or incorrectness of any proposed answer. 

(b) Represent the unk7iown quantity by x, and express in equa'^ 
tion form the relations tvhich hold between the known and unknown 
quantifies; an equation will thus be obtained which can be solved by the 
methods already given, and from ivhich the value of the unkjiown quan"- 
tity may be found. 

The problems which follow the illustrative examples will test 
the ability of the student to state the problem in etpiatioii form, and 
solve for the unknown quantity. 

Examples. 1. A, R,aud C receive $1285 among them; A's 
share is $25 more than gths of B's, and C's is i^ths of B's. Find the 
share of each. 

In this problem we must first determine what unknown quan¬ 
tity is to equal .r. Since both A's and C's shares are compared with 
B’s, (or depend upon B's), we may let x represent B*s share. Now, 
A^s share is $25 more than Jths of B's, and as B*s share is x, A^s 

5 j* 

must be (q Xx) + 25, or-—+25. As C's share is /ijths of 7>\v,it will 

6 

4 r 

be or 

It) 

We now have a statement of all three shares, and since together 
the men have $1285, the sum of their shares must equal $1285. We, 
therefore, place the sum of the three shares as the first member of 
the equation, and the actual value of these three shares in dollars 
for the second member of the equation, as follows: 

Solution. Let x represent B's share 
then -7r-H-25 represents 4’s share 

D 

4 j* 

and jy rrprescntfi C's share 

it) 

Forming the equation, we have: 

x+(f+25)+||-1286 
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Clearing equation of fractions: 

30x+25x+750 +8x=38,550 

Transposing: 

30a;+25x+8a: -38,550-750 

Combining terms: 

63x-37,800 
a: = $600, B*s share 

Since we have B*8 share, to find the other two shares, we substitute $600 
^or X, as follows: 

il’sBhare =^+25 = —+25 = $525 
() 6 

4X600 „ 

C 8 share = 7 - = —~— = $160 
15 l.j 

fA's share $525 
Answers ^B*s share $600 
[c’s share $160 

2. Divide 19 into two parts such that 7 times the less shall 
exceed G times the greater by 3. 

Solution. Let X = the lesser part 

(19 ~ O') = the greater part 

then 7x — 7 times the lesser part and G (19 — a*) = G times the 
greater part, but 7 times the lesser part must exceed G times the 
greater by 3. 

Therefore, 7 j- — G (19—j-) = 3 

Expanding, 7 j*— 114+().r = 3 

Transposing, 13x= 114 + 3 

13a: = 117 

Dividing by 13, ^ 

Therefore, a: = 9, the lesser part; 19 — 9=10, the greater part. It 
can readily be seen that the conditions have been met, as 7 times 
the lesser, G3, exceeds G times the greater, GO, by 3. 

3. In an ingot of brass weighing 105 lb., if the copper used 
weighed 20 lb. less and the tin 20 lb. more, the weight of the copper 
would still be 5 lb. more than the \veight of the tin. What is the 
weight of each? 

Solution. Let x represent w’eight of copper and (105—a*) repre¬ 
sent weight of tin. 

??S 
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Then by the conditions of the problem, the weight of the copper 
reduced by 20 lb., that is (a*—20), is 5 lb. more than the weight of 
tin increased by 20 lb., that is, (105—j-) + 20. The equation is, 
therefore, 

(a—20) - 5 = (105-a-) + 20 
Transposing x + x = 105 + 20 + 20 + 5 
2x = 150 

X — 75 lb. w^eight of copper) . 

105 — 75 = 30 lb. weight of tin J 


PROBLEMS FOR PRACTICE 


1. A bar of solder weighs 51 lb. It is composed of tin and 
lead. There are 9 lb. more tin in the bar than lead. How much 
lead is there? JIow much tin? 

(Suggestion: Let x = the amount of lead, nien 51 — a* = the 
amount of tin.) 

Alls. 30 lb. tin. 21 lb. lead. 

2. Divide a freight train of 70 cars into two trains so that 
twice the longer train shall be less by 10 than 4 times the shorter 
train. 

(Suggestion: x = number of cars in longer train; 7() — x = 
number of cars in shorter train.) 


Ans. 48, 28. 

3. Two dynamos furnish 84 horsepower. One dynamo 
furnishes J as much p()\\er as the other. What does each furnish? 

. 3x 

(.Suggestion: x = horsepower of one machine, -—= horse- 

4 


power of other machine.) 

Ans. 48 h.p., 30 h.p. 

4. In a ton of prepared mortar, the sand weighs 200 pounds 
more than the gyiisum and the plaster of Paris one-fourth as much 
as the gypsum. What is the weight of each? 

5. A tank can be filled by two pipe:- A and 71, in 12 and 15 
minutes respectively. A service pipe C will empty the tank in 10 
minutes. How long wdll it take A and B to fill the tank w+en C is 
emptying it? 

Ans. 20 minutes. 
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APPENDIX 

MEASURES OF EXTENSION 

Linear Measure 


12 inches (in. or = 1 foot (ft. or ') 

II feet = 1 yard (yd.) 

yards or 16 J ft. = 1 rod (rd ), pole, or perch 
t320 rods or 5280 ft. = 1 mile (mi.) 


A knot, used in navigation, is equal to 1.15 miles. 
A fathom is equal to six feet. 


Square Measure 


144 square inches (sq. in.) 

9 square feet 
30J square yards 
160 square rods 
640 acres 


1 square foot (sq. ft.) 

1 square yard (sq. yd.) 
1 square rod (sq. rd.) 

1 acre (A.) 

1 square mile (sq.mi.) 


Cubic Measure 

1728 cubic inches (cu. in.) «= 1 cubic foot i^cu. ft.) 

27 cubic feet «» 1 cubic yard (cu. yd.i 

128 cubic h‘et 1 cord (cd.) 

8 cord feet *= 1 cord (cd.) 

A perch of stone or masonry is ICi feet (1 rod) long, 1 \ feet wide, 
and 1 foot high, or 24J cu. ft. capacity. The perch sometimes has 

other values, viz, 22 cu. ft. and IS cu. ft. The value first mentioned 

is used throughout this text. 

10 cu. ft. = 1 cord foot (cd. ft.). A pile of w’ood S feet long, 4 
feet wide, and 4 feet high contains a cord. The cord foot is 1 foot 
of the length of such a pile. 


Surveyors* Linear Measure 

7.92 inches (in.) — 1 link (1.) 

25 links — 1 rod (rd.) 

100 links ) 

4 rods / each — 1 chain (ch.) 

66 feet ) 

80 chains » 1 mile (mi.) 
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Surveyors* Square Measure 

16 square rods — 1 square chain 

10 square chains — 1 acre (A.) 

640 acres 1 square mile (sq. mi.) 

1 square mile -■ 1 section (sec.) 

36 sections — 1 township (Tp.) 

Surveyors' measure was obtained by calling one tenth of an 
acre a square chain, A tenth of an acre is equal to 16 square 
rods, and is equivalent to a square each side of which measures 4 
rods. Thus, since 16 square rods is equal to one square chain, a 
linear chain is 4 rods or 792 inches. The linear chain is divided 
into 100 equal parts called links. 

MEASURES OF CAPACITY 

Dry Measure 

2 pints (pts.) — 1 quart (qt.) 

8 quarts 1 peck (pk.) 

4 pecks ■» 1 bushel (bu.) 

The Winchester bmhel contains 2,150.4 cubic inches and is used 
in measuring shelled grains. The heaped bushel of 2747.7 cubic 
inches is used for measuring apples, potatoes, corn in the ear, eta 
The dry gallon, or half peck, contains 268.8 cubic inches. 

Liquid Measure 

4 gills (gi.) - 1 pint (pt.) 

2 pints - 1 quart (qt.) 

4 quarts — 1 gallon (gal.) 

31i gallons — 1 barrel (bbl.) 

2 barrels, or 63 gallons — 1 hogshead (hhd.) 

One U. S. standard gallon contains 231 cubic inches, and one 
gallon of water weighs approximately 8J pounds. 

One cubic foot of water contains approximately 7.5 U. S. standard 
gallons and weighs 62.3 pounds. 

Apothecaries* Fluid Measure 

60 minims ** 1 fluid drachm 

8 fluid drachms. - 1 fluid ounce 
16 fluid ounces — 1 pint 
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MEASURES OF WEIGHT 

Troy Welgfht 

24 grains (gr.) « 1 pennjrweight (dwt. or pwt.) 

20 pennyweights = I ounce (oz.) 

12 ounces » 1 pound (lb.) 

The standard Troy pound contains 5,760 grains and is identical 
with the Troy pound of Great Britain. Troy weight is used in 
weighing gold, silver, and jewels. 

The carat (car.), a weight of about 3.2 grains Troy, is used in 
weighing diamonds and other precious stones. The term carat is 
used also to express the fineness of gold, and means part. For 
example, gold is said to be 18 carats fine when it contains 18 parts 
of pure gold and 6 parts of alloy or baser metal. 

Avoirdupois Weight 

16 ounces (oz.) « 1 pound (lb.) 

100 pounds (lbs.) =* 1 hundredweight (cwt.) 

20 hundredweight, or 2,000 lbs. « 1 ton (t. or T.) 

The Avoirdupois pound contains 7,000 grains Troy. 

Tliere are 7.3 Apothecary drams in an Avoirdupois ounce. 

25 pounds are sometimes called a quarter. 

The ton of 2,000 pounds is sometimes called the short ton. 

Long Ton Weight 

16 ounces « 1 pound (lb.) 

112 pounds (lbs.) = 1 hundredweight (cwt.) 

20 cwt. or 2,240 lbs =» 1 ton (T. or t.) 

Note. The long ton table is not to be used unless specially designated. 

Apothecaries Weight 

20 grains = 1 scruple (sc.) 

3 scruples =» 1 dram (dr.) 

8 drams « 1 ounce (oz.) 

12 ounces =» 1 pound (lb.) 

The pound, ounce, and grain of this weight are identical with 
those of Troy weight. 

Drugs and medicines are bought and sold at wholesale by 
Avoirdupois weight 
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METRIC SYSTEM 

The fundamental unit of the metric system is the meter —the 
unit of length. From this the units of capacity— liter —and of weight 
— gram—were dcrivc^d. All other units arc the decimal sub-divisions 
or multiples of these. These three units are simply related; e. g., * 
for all practical purposes one cubic decimeter ecjuals one liter and one 
liter of water weighs one kilogram. The metric tables are formed 
by combining the words meter, gram, and liter with the six numerical 
prefixes, as in the follo\\ing tables: 


pRiFixm AIk\mno j ITMiti 


milh 

one thousandth 

10^0 0 

001 


centL- 

— one hundredth 

jlb 

01 

meter for length 

deev- 

= one tenth 

A 

1 


Unit 

— one 


1 

gram lor weight or 





moss 

deka- 

= ten 

V 

10 


hecto- 

=» one hundred 

IJO 

100 

liter fur capacity 

kdo- 

= one thousand 

♦ 000 

1000 



Units of Lens:th 


milli-mcter 

=- 


001 

meter 

centi-meter 



01 

meter 

deci-meter 



1 

meter 

METER 


1 


meter 

deka-meter 

- 

10 


meter 

beet o-ino ter 


100 


meter 

kilo-raeter 

- 

1,000 


meter 


Where viilcs arc used in England and the United States for 
measuring distances, the kilometer (1,0(K) meters) is used in metric 
countries. It is al)out 5 furlongs. There are about 1,()()0 meters in 
a statute mile, 20 meters in a chain, and 5 meters in a rod. 

The meter is used for dry goods, merchandise, engineering con¬ 
struction, building, and other purposes where the yard and foot are 
used. The meter is about a tenth longer than the yard. 

The centimeter and millimeter are used instead of the inch and its 
fractions in machine construction and similar work. The centimeter, 
as its name shows, is the hundredth of a meter. It is used in cabinet 

* The rrii “e g ” meann "for example ” 
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work, in expressing sizes of paper, books, and in many cases where 
the inch is used. The centimeter is about two-fifths of an inch and 
the millimeter about one twenty-fifth of an inch. The millimeter 
is divided for finer work into tenths, hundredths, and thousandths. 

If a number of distances in millimeters, meters, and kilometers 
are to be added, reduction is unnecessary. They arc added as dollars, 
dimes, and cents are now added. For example, “1,050.25 meters’’ 
is not read “1 kilometer, 5 dekameters, 2 decimeters, and 5 centi¬ 
meters,” but “one thousand fifty meters and twenty-five centimeters,” 
just as *‘$1,050.25” is read “one thousand fifty dollars and twenty- 
five cents.” 

Area 

The table of areas is formed by squaring the length measures, 
as in our common system. For land measure 10 meters square is 
called an are (meaning area). The side of one are is about 33 feet. 
The hectare is 100 meters square, and, as its name indicates, is 100 
ares, or about 2^ acres. An acre is about 0.4 hectare. A standard 
United States quarter section contains almost exactly 04 hectares. A 
square kilometer contains 100 hectares. 

For smaller measures of surface the square meter is used. The 
square meter is about 20 per cent larger than the square yard. For 
still smaller surfaces the square centimeter is used. A square inch 
contains about 6^ square centimeters. 

Volume 

The cubic measures are the cubes of the linear units. The 
cxihic meter (sometimes c.alled the stere, meaning solid) is the unit of 
volume. A cvjuic meter of water weighs a metric ton and is equal 
to 1 kUoliter. The cubic meter is used in place of the cubic yard and 
is about 30 per cent larger. This is used for “cuts and fills” in grading 
land, measuring timber, expressing contents of tanks and reservoirs, 
flow of rivers, dimensions of stone, tonnage of ships, and other places 
where the cubic yard and foot are used. The thousandth part of the 
cubic meter (1 cubic decimeter) is called the liter. (See table of 
capacity units.) 

For very small volumes the cttbic centimeter (c.c. or cm*.) is used. 
This volume of water weighs a gram, which is the unit of weight or 
mass. There are about 16 cubic centimeters in a cubic inch. The 
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cubic centimeter is the unit of volume used by chemists as well as 
in pharmacy, medicine, surgerj% and other technical work. One 
thousand cubic centimeters make 1 liter. 


Units of Capacity 

milli-liter « .001 liter 

centi-liter 


.01 

liter 

deci-liter 


1 

liter 

♦LITER 


1 

liter 

deka-lilor 


10 

liter 

hecto-litcr 

CSf 

100 

liter 

kilo-liter 


1,000 

liter 


The hectoliter (100 liters) serves the same purpose as tlie United 
States biLsItel (2,150.42 cubic inches), and is ecjual to about 3 bushels, 
oi a Karrel. A peck is about 0 liters. The lit(T is used fo” ineasiirt^- 
ments commonly given in the gallon, the liquid and dry quarts, a litei 
being 5 per cent larger than our liquid quart and lU per cent smaller 
than the dry quart. A liter of water weighs exactly a kilogram, i. e., 
1,000 grams. A thousand liters of water weigh 1 metric ton. 


Units of Weight (or Mass) 

milli-grarn 


0.001 

gram 

centi-gram 


.01 

gram 

deci-gram 

=• 

.1 

gram 

GRAM 

=» 

1 

gram 

deka-gram 


10 

gram 

hocto-gram 


100 

gram 

t kilo-gram 


1,000 

gram 


Measurements commonly expressed in gross tons or sfiort tons 
are stated in metric tons (1,000 kilograms). The metric ton comes 
between our long and short tons and serves the purpose of both. The 
kilogram and half kilo serve for everyday trade, the latter being 
10 per cent larger than the pound. The kilogram is approximately 
2.2 pounds. The gram and its multiples and divisions are used for 
the same purposes as ounces, pennyweights, drams, scruples, and 
grains. For foreign postage, 30 grams is the legal equivalent of the 
avoirdupois ounce. 

•One liter equals 1.05668 liquid quarts or 0,9081 dry quarts, 
tone kilogram equals 2.204622 avoirduxiois j)ouxid8. 
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MEASURES OF TIME 


60 seconds (sec.) 
60 minutes 
24 hours 
7 days 

365 days or 52 wks. 
12 months (mos.) 

366 days 

100 years (yrs.) 


« 1 minute (min.) 

= 1 hour (hr.) 

=* 1 day (d.) 

** 1 week (w. or wk.) 
= 1 year (yr.) 

= 1 year 
»= 1 leap year 
=» 1 century 


In most business transactions 30 days are considered a month 
and 300 days a year. 

The solar year is exactly 365 d. 5 hrs. 48 min. 40.7 sec. 

A common year consists of 305 days for three successive years. 
Every fourth year, except as noted below, one day is added for the 
excess of the solar year over 305 days, and we have 366 days, which 
make what is called a leap year. The extra day is added to the month 
of February, which then has 29 days. 

The following rule for leap year will make the calendar correct 
to within one day for a period of 4,000 years. 

Every year exactly divisible by ^ is a leap year, the centennial 
years excepted; the other years are common years. Every centennial 
year exactly divisible by 4 OO is a leap year; the other centennial years 
are common ijears. Thus lf)04 is a leap year^ but 1905 is a common 
year; also, the year 2000 is a leap year, but ISOO and 1900 are common 
years. 


MEASURES OF MONEY 


United States Money 


10 mills (mi.) 
10 cents 
10 dimes 
10 dollars 


1 cent (^) 

1 dime (d.) 
1 dollar (S) 
1 eagle 


These values, with the exception of the eagle, apply also to 
Canadinu money. 
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Eogllth Money 

4 farthings (far.) « 1 penny (d) 

12 pence 1 shilling (s) 

20 shillings 1 pound (£) or sovereign 

The unit of English money is the pound sterling, the value of 
which in United States money is $4.8665. 

French Money German Money 

1 franc = $0,193 100 pfennige 1 mark (Rm.) « $0,238 

MISCELLANEOUS MEASURES 

Measures of Angles and Arcs Stationers* Table 

60 second? ('*) = 1 minute (') 24 sheets =- I quire (qr.) 

60 minutes = 1 (logm^» (°) 20 quires -• 1 ream (rm.) 

90 degrees = 1 right angle or quadrant 2 reams I bundle (bdl.l 

360 degrees =» 1 circle 5 bu:ulh‘s 1 bale (hi.) 

Comparative table of ^letrie and English r-qnival(Mits.* 

Linear Measure SoliU Measure 


1 inch = 

2.5 cm. 

1 eu.inch 

= 

16.4 eu. em. 

1 foot = 

..'1 meter 

1 eu. em. 

s=r 

.()<) eu. in. 

1 met er = 

3t).37 inelies 

1 cu. foot 

= 

28.3 eu. dm. 

1 yard = 

.9 met(*r 

1 cu. <lm. 

= 

.035 eu. f«M‘l 

1 meter = 

1.1 yards 

1 cu. yard 

= 

.76 eu. m(‘tei 

1 roil = 

5. meters 

1 cu. meter 

= 

35.3 eu.feet 

I mile = 

1.6 kilometers 

1 cord 


3.0 stares 

) kilo = 

.62 mih's 




Square Measure 

Measure of Capacity 

1 sq.inch 

= 6.45 sq. cm. 

1 fl. ounce 

= 

.03 liter 

1 sq. cm. 

= .155 sq. in. 

1 Ikj. (jt. 

= 

.95 liter 

1 Mj. foc»t 

= .09 .s<[. meter 

1 litcT 

= 

1.05 lifj qt. 


1 sq. meter — 10.73 scj. feet 1 gallon =38 liters 

1 sq. yanl = .84 sq. meter 1 dry qt. = 1.1 liUTS 

1 sq. rod = 25.3 sq. meters 1 liter = .9 dry qts 

I acre = 40.5 are.s 1 l)U8hel = .35 hectoliter 

1 are = .024 acres 1 heetoliter = 2.84 busheb 

Measures of Weight 

1 grain Troy = .06 grain 1 ounce Avoir. =» 28.35 grams 

1 gram = 15.4 grains Troy 1 gram = .035 oz. Avoir 

1 ounce Troy = 31. grams I Ib. Avoir. = .45 kilogram 

1 lb. Troy = .37 kilogram 1 kilo = 2 2 lbs. Avoir 

1 kilo « 2.7 lbs. Troy 1 metric ton » 2200. lbs. Avoii 

* Values Riten in these tables are only approximate but are sufficiently accurate for all 
ordinary computations. The.se tables need not be memorized. 
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Practical Mathematics 

PART IV 

INTRODUCTION 

Mathematics has a lun^uape of its own and certain signs and 
symbols that belong to it. It is necessary for the student to know 
this language, and these signs and symbols and their uses, in order 
to understand his textbooks in mathematics. Failure to learn the 
exact meaning and use of the signs and symbols, and the definitions 
and terms used, keeps many students from iiiastering mathematical 
subjects. 

It is sufficient at this time to call your attei^tion briefly to those 
signs with which you are already familiar and besjK'ak a thorough 
mastery of the subject matter in this textbook. 

Review of Signs. The following signs indicate operations to 
be performed: 

Addition + 

Sul)traction — 

Multiplication X 
Division 

The signs denoting operations are used thus: 4+2 = 0 ; 0—2=4; 
4X2 = S; 8 - 7-2 = 4. Tlu*y are not used when the numbers are written 
one below the other, arranged for addition, subtraction, or multiplica¬ 
tion, or when the dividend is written with the divisor at the left, with 
a curved line between, arranged for division. 

It will be remembered also that a c(K‘fficient (Part I, page 15) 
indicates multiplication, and that the line of a fraction indicates 
division. Thus, 7a means 7 times a, and means ^ times li 

times +; - 3 ^ means 11 divided by 3. 

The equality sign = is used to show that two quantities or 
expressions are equal. It is never used except when the quantities 
so joined are equal. 

The parentheses () and the vinculum are used to show 

that the quantities so tied together are to be treated as one. 
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Order of Signs. In a series of operations denoted by the signs 
of addition, subtraction, multiplication, and division, the multiplica¬ 
tions must be performed first, the divisions next, and lastly the addi¬ 
tions and subtractions. 

If several additions or several multiplications occur together, 
they may be performed in any order. 

If several subtractions or several divisions occur together, they 
must be performed in the order in which they come from left to right. 

The wx)rk of solving problems may often be simplified by using 
cancellation. (See Part I, page 26.) It must be remembered that 
this method cannot be used when there are additions or subtractions 
indicated in the problem, because it is only commonthat are 
(*ancelled. When you cancel a factor, you have divided by that 
factor. 


but 

and 


4x9^>fX9_ 

2 ^ ^ 

4+9 

or (,‘ 


12-a 9 

-— or 3 


The radical sign is used to indicate that a root is to be ex¬ 
tracted. (See Part III, i)agc 76.) The index shows what root is to 
be taken. V indicates the cube root. V indicates the square 
root. When no index ap])ears the square root is understood. 

A small number written at the right and slightly above a num¬ 
ber indicates that a ])ower of that number is to be found. (See Part 
III, j)age 7 4.) Thus 12-* means that 12 is to be used twice as a fac¬ 
tor, or that the second power is to be found. 12“ = 12X12 = 144. 
The number indicating the power to be found is called the exponent. 


MENSURATION 

Mensuration is the process of computing the length of lines, the 
area of surfaces, and the volume of solids. 

Lines are measured in linear units. Areas are measured in square 
units. \ olume is measured in cubic units. 
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A line has length only. 

A surface has length and breadth (or wddth). 

A solid has length, breadth, and thickness (or heignt). 

These facts may be expressed in another way: 

A line extends in one direction only. 

A surface extends in two directions. 

A solid extends in three directions. 

These directions of extension are spoken of as dimensions. 

We think of a point as something that has position only, with¬ 
out length, breadth, or thickness. Thus, the end of a line is a point. 
The intersection of two lines is a point. 

LINES 

74. A straight line is one that has the same direction through¬ 
out its length. It is the shortest distance between two points. 

A curml line is one that is continually changing its direction. 
It is sometimes called a curve, 

A broken line is one made up of several straight lines. 

A plane surface (or simply a plane) is a surface such that \vhen a 
straight edge is applied to it, the straight edge will in every j^art 
touch the surface. 

If two straight lines in the same plane are extended, they will 
meet or they will not meet. If they meet they form angles. If they 
do not meet they arc jairallel. 

rarallel lines are lines that lie in the flame plane and are equally 
distant from each other at all points. 

Lines are lettered to distinguish them; thus, if one end is marked 
A and the other B, it is called “the line ^1 or “the line B A.” 



Straight Lme Curved Line Broken Line Parallel Linen 


ANGLES 

75. An angle is the measure of the difference in direction of two 
straight lines that meet. The lines are called sideSy and the point 
of meeting, the vertex. 
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If one straight line meets another so that the angles formed are 
equal, the lines are said to be perperdimlar to each other and the 
angles are right angles, Fig. 9. 

An aetite angle is less than a right angle, Fig. 10. 

An obtuse angle is greater than a right angle and less than two 
right angles, Fig. 11. 

Angles are distinguished by placing letters at the ends of the 
lines forming the sides and at the vertex. For example, in Fig. 10 
the angle would be read as ‘'the angle A B C” or “the angle C B A.'* 
In writing, the sign A is often used in place of the word “angle.” 



As two right angles are formed when one line meets another 
perpendicularly, Fig. 9, it follows that: 

(a) The sum of all the angles about a 'point on one side of a 
straight line is equal to two right angles. 

(b) The sum of all the angles about any point is equal to four right 
angles. 

When two lines intersect they form four angles, Fig. 12. The 
angles A 0 C and A 0 I) are called adjacent angles because they have 
the same vertex 0 and the line A 0 is common to both as it forms a 
side of each angle. It has been proved that AA 0 C+ AA 0 D = two 


A O 



Fik 12. IntersectitiK Lines. 


right angles and it may also be proved that the angles A 0 C and 
DOB, called opposite angles, are equal to each other. Therefore, 
when im straight lines intersect, the opposite angles formed are equal 
to each other. 
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Take two narrow strips of cardboard or stiff paper and lay them 
on the table crossing each other. Fasten at the point of crossing with 
a pin, so that the upper strip will turn freely. Set it first perpendicu¬ 
larly. You will see that you have made four right angles. Turn it 
in either direction. You will see that, no matter at what angle the 
one strip crosses the other, the sum of the angles formed will equal 
four right angles. 

76. Measurement of Angles. It has been shown in Fig. 12 
that the sura of the angles about the point of intersection of two lines 
is always four right angles. Evidently, other lines might be drawn 
through the same intersection, making the angles smaller and more 
in number, without changing the value of their sum. In measuring 
angles, therefore, it has been agreed to divide these four right angles 
about a point into 360 equal parts called degrees, indicated by the 
sign, In this case each of the four right angles would contain 


00 ^ 





90° while one-half, two-thirds, and one-third of a right angle would 
represent angles of respectively 40°, 60°, and 30°, as shown in Fig. 13. 
In drawing work, it will be found that the 45° triangle and the 30° 
—60° triangle, Fig. 13a, are useful articles of equipment, but when 
it comes to accurate values of angles, some device like a protractor, 
Fig. 14, showing degrees and fractions of degrees, is necessary. Each 
degree is divided into 60 equal parts called minutes ('), and 
each minute into GO equal parts called seconds ("). Thus to rep¬ 
resent an angle of 23 degrees, 47 minutes, and 9 seconds, write 
23° 47' 9". 
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The relations of these units may be summarized as follows: 

60 seconds = 1 minute (')• 

60 minutes =1 degree (®). 

360 degrees = 1 circle, or circumference. 

90 degrees = 1 right angle. 

180 degrees =2 right angles. 

360 degrees =4 right angles, or 1 circumference. 


Fig 14 Protractor. 

Two angles are complementary when their sum is equal to one 
right angle or 90®; they are supplementary when their sum is equal 
to two right angles or 180®. Thus, an angle of 33® is the complement 
of one of 57® because 33+57 = 90. Angles of 148® and 32® are sup¬ 
plementary because 148+32 = 180. 

PROBLEMS FOR PRACTICE 

1. How many seconds in 180 degrees? Ans. 648,000 

2. How many right angles in 202® 30'? Ans. 2 J 

3. What is the complement of 37®? 

4. What is the complement of 11® 47' 3"? Ans. 78® 12' 57*" 

5. What is the supplement of 131® 4' 27"? Ans. 48® 55' 33" 

6. Does an acute angle contain more or less than 90®? an ob¬ 
tuse angle? 

7. In Fig. 12, the angle AO C is, say, 52®; find the value of the 
three other angles about the point 0. 

8. How many seconds in 30'? 

PLANE FIGURES 

A plane figure is a plane surface bounded by lines, either straight 
or curved. 

The distance around a plane figure is called its perimeter. 
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The area of a plane figure is the number of square units it con* 
tains. 


POLYGONS 


77. A polygon is a. plane figure bounded by straight lines. 
The boundary lines are called the sides and the sum of the sides is 
called the perimeter. 



Polygons are classified according to the number of sides. 

A triangle is a polygon of three sides. 

A quadrilateral is a polygon of four sides. 

A perdagon is a polygon of five sides, h'ig. 15. 

A hexagon is a polygon of six sides, Fig. 10. 

An octagon is a polygon of eight sides, Fig. 17. 

An equilateral polygon is one all of whose sides are equal. 

An equiangular polygon is one all of whose angles are equal. 

A regular polygon is one all of whose angles and all of whose 
sides are equal. 

TRIANGLES 

78. A triangle is a polygon enclosed by three straight lines called 
sides. The angles of a triangle are the angles formed by the sides. 


A A 





Fig. 20. Obtuse-Angled 
Triangle 


A righUangled triangle, often called a right triangle, Fig. 18, 
is one that has a right angle. The longest side (the one opp>osite tb# 
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right angle) is called the hypotenuse and the other sides are some¬ 
times called legs. 

An acute-angled triangle, Fig. 19, is one that has all of its angles 
acute. 

An ohtuse-angled triangle, Fig. 20, is one that has an obtuse angle. 

An equilateral triangle. Fig. 21, is one having all of its sides equal. 

An equiangular triangle is one having all of its angles equal. 

An isosceles triangle, Fig. 22, is one two of w^hose sides are equal. 

A scalene triangle. Fig. 23, is one no two of whose sides are equal. 

(a) The base of a triangle is the lowest side; it is the side upon 
which the triangle is supposed to stand. Any side may, however, 
be taken as the base. In an isosceles triangle, the side which is not 
one of the equal sides is usually considered as the base. 


>4 



Fig. 21. 

TCquilateral Triangle. 



(b) The aliitude of a triangle is the perpendicular drawn from 
the vertex to the base A 1), Fig. 24. In some triangles, P^ig. 25, it 




is necessary to produce the base so that the altitude may meet it. 
In a right triangle one leg may be considered as the base and the 
other as the altitude, P^ig. 20. 

Rule: The sum of the angles of any triangle is equal to two right 

angles. 
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Cut a triangle from a piece of paper or cardboard. Number 
the angles 1,2, and 3. Cut off two points of the triangle. Fit the 
three angles together and you will see that they make the equivalent 
of two right angles, or 180°, 

Keep this rule in mind, for you will find it useful. 

Since you know that the sum of all the angles of a triangle is 
two right angles, or 180°, when you know two of the angles of a 
triangle you can readily compute the third angle. 

Example. Given a right triangle with one of its angles 38° 40', 
to find the third angle. 

Sohitim, You know that one angle is 90°, since this is a right 
triangle, hence the sum of the other two angles must be 90°. 

90°-3S° 40'= 31° 20' 

90° = 89° 60' 

38° 40' 


51° 20' 


PROBLEMS FOR PRACTICE 

The following numbers in each case represent two angles of a 
triangle. Find the size of the third angle. 


1. 

9()® and 45° 

Ans. 4.5° 

2. 

90° and 00° 

Ans. .30° 

3. 

120° and 40° 

Ans. 20° 

4. 

100° 30' and 30° 

Ans. 49° 30' 

5. 

60° and 60° 

Ans. 60° 


How would you describe the triangle of Problem 5? 

Ans. I^quiangular and equilateral 
(c) Law of the right triangle. If in the right triangle A B C, 
Fig. 27, the side A B is made 3 inches long, and the side .1 C is 
made 4 inches long, then the side B C, called the hy'poteniLse^ is found 
to be 5 inches long. 

The proof of this may be found by considering the accompanying 
figure. The square ABED constructed on the side A B contains 
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9 squares; the square LC AM constructed on the side A C cont&ins 
16 squares, and the square C F G B constructed on the hypotenuse 
B C contains 25 squares. Now, 

9 + 16 =25 

4*=5* 

'aI? +Tc* =Yc‘ 

Rule: The square of the hypotenuse is equal to the sum of the 
squares of the other two sides. By means of this relation it is possible 



to find the length of one side of a right triangle if the other two are 
known. 

Examples. 1 . A right triangle has sides G inches and 10 inches 
long respectively; what is the length of the hypotenuse? 

Solutio?}. Let j* represent the hypotenuse. 

j.2= 62+i()2 

= :iG +1(X)=136 
X =\/ 13G = 11.66+inches. Ans. 

2. The hypotenuse of a right triangle is 24 feet long and one 
of the short sides is 9 feet. How long is the other side? 

Solution. Let x represent the other side. 

242= 9 ^+ x ^ 

0-2 = 242-92 
= 576-81=495 
X =\/495 * 22.248+feet. Ans. 
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3. A ladder 40 feet long when placed on the ground 24 feet 
from the bottom of a wall reaches to the top. Determine the 
height of the wall. 

Solviion. As the ladder is 40 feet long and the base is 24 feet 
from the wall, there is a right-angled triangle whose hypotenuse is 
40 feet, one short side 24 feet, and the other short side to be deter¬ 
mined. As in the previous example make use of the law of the right 
triangle and this will give 40^—24^ = 1024. Taking the square root 
of 1024 will give 32 feet as the height of the wall. 

If H = the hypotenuse and a and h the other sides, we have the 
formula 

//2 = a 2+62 

Note. The square is found by multiplying a number by itself. Hence a 
square is the product of two equal factors, 5X5 = 26; S‘ — 25. Oue of the two 
equal fact^ of a number is called its square nmt. The square root of 26 is 6, 
written \/25 =6. 

You already know the squares of numbers up to 12 The following squares 
will be useful for reference and will soon be learned by using them: 


13* = 169 
14*=196 
15*=225 
16*=256 
17*=289 
18*=324 
19*=361 


20*=400 
21*=441 
22*=484 
23*=529 
24*=576 
25*=625 


PROBLEMS FOR PRACTICE 

Draw figures and find the unknown side in each of the four 
problems following: 



Base 

Perpendicular 

Hypotenuse 

1. 

12 ft. 

Oft. 

? 

2. 

? 

18 ft. 

30 ft. 

3. 

5 ft. 

12 ft. 

? 

4. 

3 yd. 

? 

5 yd. 


5. A park is 40 rods long and 30 rods wide. What is the 
length of a walk running through it from opposite corners in a 
straight line? Ans. 50 rods 
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6. The base and the altitude of a right triangle are equal, and 
the hypotenuse is 10 feet. Find the other two sides. 

Ans. Each is 7.07+ft. 

7. The foot of a ladder is 15 feet from the base of a building, 

and the top reaches a window 36 feet above the base. What is the 
length of the ladder? Ans. 39 ft. 

8. If the gable end of a house 24 feet wide is 10 feet high, 

what is the length of the rafters? Ans. 15.02+ft. 

9. A ladder 35 feet long touches a point in a wall 28 feet from 

the ground. How far from the base of the wall is the foot of the 
ladder? Ans. 21 ft. 

79. Areas of Triangles. A triangle is a surface and as such has 
two dimensions, base and altitude. Under denominate numbers the 
fact was brought out that surfaces or areas were measured by square 
measure, and that the area of the surface was proportional to the 
product of its two dimensions. If the surface is a triangle it has been 
found thiit: the area is equal to one-half of the product of the base by 
the altitude. For example, in Fig. 24 and Fig. 25, the area of each 

triangle is ~ {B(^XAI)). Other methods might be given but, by 

the above method, most cases which are met may be easily 
solved. 

Examples. 1. Find the area of the triangle A B C shown in 
Fig. 2() if the base B (' is U) inches and the altitude A B is 10 inches. 

Solution, Area = ~ 1 BxB C)=^ (lOX 10) = 50 square inches. 

2. Find the area of a right triangle whose base is 50 feet and 
the hypotenuse 200 feet. 

Solutioji. To obtain the altitude, make use of the law of the 
right triangle, that is, take the square root of the difference in the 
squares of the hypotenuse and base of the triangle. 

^-50 ” = 40000 - 2500 = 37500 

V^3751X) = 193.(j4+ft. altitude of the triangle. 

Area of the triangle = ~ (50X193.64) =4841 sq. ft. 
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Since -4= area, 5 = base, and a=altitude, we have the formula 



Knowing the rule for finding the area of a triai. le it is easy to 
find one dimension when the area and one dimension u e given. 


Since 

. bXa 
A =- 

Hence 

2 

2A=hXa 

2A 

— =flf 

h 

or 

1 

1 

II 


a 


Writing this out in full, you know that the area is one-half the 
product of the base and the altitude; therefore, baseXaltitude 
= 2Xarea; from this you easily deduce that 2Xarea, divided by 
either dimension will give the other dimension, because the product 
divided by either factor will give the other factor. 

Examples. 1. The area of a triangle is 12 square feet; its alti¬ 
tude is 4 feet. Find its base. 

^ (hXa) 

A= - 

2 

2 

2Xl2=i»X4 

— = 6, or 6 = G 
4 

Hence the base is G feet. 

Prove this by using the formula for area, and the values for base 
and altitude. 

Area = - (6X4) = 12 sq. ft. 

2 
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2. The area of a triangle is 56 square feet; its base is 14 feet. 
Find its altitude. 

1 ' 

56=-(14Xa) 

2 

112 = 14Xa 


Hence the altitude is 8 feet. 

Proof: 

i(8Xl4)=56 

A 

In finding the area of a right triangle, remember that the two 
short sides are perpendicular to each other and that, therefore, the 
area is equal to one-half the product of the two short sides. 

PROBLEMS FOR PRACTICE 

1. A piece of sheet metal in the form of a triangle weighs 18 

pounds. If the height of the triangle is 8 feet and the base 3 feet, 
what is the weight of the metal per square foot? Ans. lb. 

2. In surveying a triangular piece of land it was found tliat 

two of the angles measured 44® 56' 4" and 31® 11'8". Compute the 
value of the third angle. Ans. 103° 52' 48" 

3. An iron brace used in supporting a shelf is fastened to the 

wall 18 inches below the shelf and to the shelf 12 inches from the wall. 
Find the length of the brace. Ans. 21.03+in. 

4. The area of a triangle is 24 square inches. If the altitude 

is 6 inches, find the length of the base. Ans. 8 in. 

5. An iron chimney is supported by a guy wire which makes 

an angle of 63® 24' with the ground. Determine the angle between 
the chimney and guy wire. Ans. 26® 36' 

6. Find the altitude of a triangle whose area is 48 acres and 

whose base is 48 rods. Ans. 1 mi. 

7. If one end of a ladder 50 feet long rests on the ground 10 

feet from the base of a wall, how far from the ground does the top 
of the ladder touch the w^aJl? Ans. 49—ft. 
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8. Find the area of the right triangle of Problem 7. 

9. Find the area of a triangle whose base is 9 inches and altitude 

6 inches. Ans. 27 sq. in. 

QUADRILATERALS 


80. A qttadrilaieral is a polygon bounded by four straight lines, 
as Fig. 28. 



Fig. 28. Quadrilateral. Fig. 20. Trapezoid. Fig. 30. Parallelogram. 

A trapezoid is a quadrilateral having two sides parallel, Fig. 29. 
The parallel sides are called the hoses and the perpendicular distance 
between the bases is called the altitude. 


A parallelogram is a quadrilateral whose opposite sides are 
parallel, Fig. 30. 



Fig 31. Rectangle. Fig 32 Square Fig. 33. Rhombuz. 


The three important kinds of parallelograms are as follows* 

The rectanglef Fig. 31, whose angles are right angles. 

The square, Fig. 32, all of whose sides are equal and whose angles 
are right angles. 

The rhombus, Fig. 33, whose sides are equal but whose angles 
are not right angles. 

81. Areas of Quadrilaterals. Considering first the trapezoid, 
it will be seen that in Fig. 29 the dotted line A C (called a diagonal) 
divides the figure into two triangles, ABC and A C D, whose 
altitudes are the same, namely, the altitude of the trapezoid. By a 
previous rule the areas of these triangles will be respectively 

— (altitude XB C) and ~ (altitude XA D) 

2 2 
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Therefore Area of trapezoid=altitude X 


BC+A D 
2 


Rule: (a) The area of a trapezoid is eqtial to the product of the 
altitude by one-half the sum of the bases. 

The area of a quadrilateral like that shown in Fig. 28 may be 
obtained by drawing a line, B E, parallel to the base A D. The 
figure will then be divided into a trapezoid and an extra triangle 
whose areas are measurable by the methods given. 

The parallelogram y Fig. 30, may also be divided by means of a 

.11 . y A Dx altitude 

diagonal into two triangles whose areas are respectively- 


and 


B Cx altitwle 
2 


But A D and B C are equal and, consequently, 


the sum of these areas = 


2(A BXaltitude) 




DXaltihide. 


Example. Find the area of a trapezoid whose parallel sides are 
(iO rods and 80 rods, and whose altitude is 30 rods. 


Solution. Represent the two bases by b and b\ 
may then be written 


b+b' 

2 


Xa 


The formula 


Substituting the values given for this problem 


Since 


, ()0+80 

Area=- 

2 


X30 


Area = 70 X 30 = 2100 
160 sq. rd. = l Acre 
2100 sq. rd. = 13 A. 20 sq. rd. 


Rule: (b) The area of a parallelogram is equal to the product of 
the base and the altitude. This will be true of any parallelogram and 
henc*e true of the rectangle, Fig. 31, the square. Fig. 32, and the 
rhombus, Fig. 33. In the case of the first two, the fact that the 
angles are all right angles makes the length of the vertical side 
become the altitude. 

A=hXa 
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Find the area in acres of a parallelogram whose base is 80 nxis 
and altitude 60 rods. 

A—hXa 

J =80 X60 = 4800 
4800 sq. rd. =30 acres 


The complete solution may be written 


S0X60 

160 


= 30 


Rule: (c) The area of a reciangle is equal to the 'product of two 
adjacent sides. This has already been learned in denominate num¬ 
bers. The fact that all land measurements are made in the rectan¬ 
gular system makes the rectangle an extremely important figure. 



Areas of Other Polygons. In finding the areas of polygons, other 
than the triangle and quadrilateral, the system of dividing the figure 
into triangles is used. For example, the regular hexagoj}. Fig. 34, 
consists of six equal equilateral triangles, and consequently the area 

of the hexagon will be ~^(jp ExO L). 

Rule: (d) The area of a regular hexagon is equal to three times the 
product of one side (which is the same as \ the perimeter) by the per^ 
pendicular distance from the side to the center of the hexagon. 

The perpendicular distance from the center to one side of a 
regular polygon is called the apothem. 

Example. The perimeter of a hexagon is 36 feet. Find the 
perpendicular distance and the area of the hexagon. 
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Solvtnm. It the perimeter of the hexagon is given as 36 feet, 
one side (as A B) is i of 36, or 6 feet 

Since the triangles are equilateral, the distance from any point 
(A, B, C, D, E, F) to the center is equal to the length of one side, 
or 6 feet. 

To find the perpendicular distance from the center to one side, 
consider one of the triangles, as F 0 E. 

Note how the altitude, 0 L, divides the triangle into two equal 
right-angled triangles, and the base, F E, into two equal parts. 

Find 0 L by the law of the right triangle, page 115. (See 
Example 2, page llfi.) 



62 -32=3.2 

36-9 

a*2 = 27_ 

a* =V27 = 5.196+ 


The perpendi<*ular distance is 5.190+ feet. 

The area of the hexagon is 3X6X5.196, or 93.528 sq. ft. 

Answers: 5.196 ft.; 93.528 sq. ft. 

PROBLEMS FOR PRACTICE 

1. What is the area of the end of a regular hexagonal drain 
tile whose sides are 2 inches in length and whose perpendicular 
distance from the center to a side is 1,7 inches? Ans. 10.2 sq. in. 

2. How much would it cost to lay a concrete sidewalk 8 feet 

wide and 525 feet long at 20 cents per square foot? Ans. $840 

3. How many square yards of plastering are needed for walls 
and ceiling of a room 10X12 feet and 9 feet high; the room contains 
a door 3f X 7 feet and two windows 3§ X 6 feet? Ans. 50~sq. yd. 

4. An irregular-shaped room has two parallel sides, one 14 

ft. 8 in. long, the other 20 ft. 3 in. long. One end of the room is 
perpendicular to the two sides and is 12 ft. 5 in. long. What will 
it cost to paint the floor at 25 cents per square yard? Ans. $6.02+ 

5. A trough 2 feet deep with equally sloping sides is con¬ 
structed. One end is 5 feet across the top and 4 feet across the bottom. 
How many square feet of tin w ill be required for the end? Ans. 9 sq. ft. 
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CIRCLES 

82* A circle is a plane figure bounded by a curved line called 
the drcumferencey every point of which is equalH' distant from a point 
within called the center^ Fig. 35. 

A diameter of a circle is a straight line drawn through the center, 
terminating at both ends in the circumference. 



Fig. 35. Circle. 


A radiiLS of a circle is a straight line joining the center and the 
circumference. All radii of the same circle are equal and their length 
is always one-half that of the diameter. 

An arc is any part of the circumference of a circle. 

An arc equal to one-half the circumference is called a semi¬ 
circumference. 

A chord is a straight line joining the extremities of an arc, Fig. 
36. When a number of chords form the sides of a polygon, the 
polygon is said to be inscribed in the circle. , 

A segment of a circle, Fig. 37, is the area included between an 
arc and a chord. 

A sector is the area included between an arc and two radii drawn 
to the extremities of the arc, Fig. 37. 



Fig. 36. Chord and Tangent. Fig. 37. Segment and Sector. Fig. 38. Concentric Circles. 


A tangent is a straight line of unlimited length which touches 
tba circumference at only one point, called the point of tangency or 
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point of contact, Fig. 36. It may be proved that a tangent is perpen¬ 
dicular to a radius drawn to the point of tangency. 

Concentric circles are circles having the same center, Fig. 38. 
Relation of the circumference to the diameter. If the lengths of 
the circumference and the diameter of a circle are carefully measured, 
f*i m im f 

the ratio,-:--, will be found to have a fixed value, whatever 

diameter 

circle may be selected. This constant ratio has been given the name 

22 

TT (Greek letter jri) and has a value of 3.1416 (approximately —). 

Therefore, the circnwference of anxf circle is equal to tt times the 
diameter. 

The formula may then be written 
C^TXd 

When the circumference is given, the diameter may be found 
by dividing by tt. 



22 1 

The value or 3—, may be used for rough calculations, but 
7 7 

3.1416 is more nearly correct, and should be used when greater 
accuracy is desired. Sometimes the value 3.14159 is given and used. 

22 

In many cases the value — may be used with safety as the error 
7 

is only about .04%. Then, to find the circumference when the 

22 

diameter is known, multiply the diameter by ~. Gonversely, to find 

7 

the diameter when the circumference is known, divide the circvm- 
22 

fvrence by —. 

7 

83. Areas of Circles. The circle may be divided into a number 
of equal sectors, Fig. 39, that are essentially triangles. The radius 
of the circle represents the altitude of these triangles, and the arc 
represents the base. Hence the area of all the sectors. Fig. 40 (which 
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is the area of the circle), is one-half the radius multiplied by the sum 
of all the arcs, which is the circumference. From this explanation 
the rule is obtained. 








1 40 . 


Rule: The area of a eirele /.v rtjual to the cirnnnferencr fiiultiplied 
hij oue-half the radi}i,s\ 

Arf'a= ^ i('Xr), or ('X 

*> •) 


Rut you have already liad the rule (' = TrXd. Substituting this 
for in tlie formula for area 

Area = 7rX^/X"^ 

Since diameter —2r 

Area = 7rXl-VX--- 
2 

or Area = tt X r X r 

This in turn gives the formula 
A = Trr^ 

This is the most commonly used formula and for many the most 
easily remembered. 
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In terms of the diameter the formula becomes 

Area-.X^xi 

4 

d r d 

because r=—, — = — 

2 2 4 

From this formula the rule is obtained that the area equals 
.7854 times the diameter squart^d, because 

7rXdX“- = “(7rXdXd) 

4 4 

— of 3.1410 = .7854 and dXd = d^ 

4 

It is well to remember this rule also. The formula is 

A=—Trd'^ 

4 

From the formula A =7rr^ the radius equals the square root of 
the quotient when the area is divided by tt. Or, in formula 

r=V^J -r-TT 


Likewise from the formula A =— nd- the value of the diameter 

4 


may be found. 


f=^\A tt^a/J -^.7854 
^ 4 


Examples. 1. Find the radius of a circle whose area is 302.70 
square rods. Ans. 11.18 rd. 

r=V:«»2.7^:i.l4U) 

=V']25 = 11.18+ 

2. Find the diameter of a circle whose area is 78.54 square 
inches. 


d = V -1 —TT =\/78.54 ^ .7854 = Vl 00 = 10 
^ 4 


Ans. 10 in. 
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It has been shown that a line has but one dimension, and a 
surface or area, two. If this be true, then an expression representing 
a length contains one dimension and an expression representing area 
contains two dimensions. The circumference of a circle is Trd, in 
which the diameter is the dimension and tt is a ratio, or pure number. 
Again, the area of a circle is TrrS in which rXr gives the two dimen¬ 


sions; similarly the formula for area of a triangle is—(6Xa), in 

2 


which h and a are the dimensions. 


EXERCISES 

Find the circumference if the diameter is: 

1. 10 in. 3. 5 ft. 

2. 12ft. 4. 2ft. bin. 


Find the diameter when the circumference is: 

1. 126.7112 ft. 

2. 94.248 in. 

3. 87.0648 yd. 

4. 39.27 ft. 


Ans. 40 ft. 4 in. 
Ans. 30 in. 

Ans. 28 yd. 

Ans. 12 ft. 6 in. 


When the circumference equals 125.664 feet, what is the radius? 

Ans. 20 ft. 

Circumference = C; diameter=d; radius = r; area = A 


Find the area if 

1. d=10rd. 

2. r = 10rd. 

3. d=18ft. 

4. r = 60ft. 


5. (7=3.1416 ft. 

6. d=25yd. 

7. C=94.248 m. 

8. r = 20yd. 


The student is recommended to use the value for tt, 3.1416. 
When TT is written together with a figure or a letter, the multiplica^ 
tion sign is understood between them. Thus, 27r means 2X3.1416, 
and Trr^ means 3.1416 times the square of the radius. 


PROBLEMS FOR PRACTICE 

1. Wlien the diameter of a circle is 7f inches, what is the 

radius? Ans. 3| in. 

2. What is the circumference of a 4-foot wheel? Ans. 12.5664 ft. 


261 



130 


PRACTICAL MATHEMATICS 


3. How far will a 6-foot wheel go in making 110 revolutions? 

Ans. 2073.456 ft. 

4. How many revolutions will the same wheel make in going 

1 mile? Ans. 2cS0.112+ 

5. The diameter of a pulley is 18 inches. What is the circum¬ 
ference? Ans. 56.5488 in. 

6. The bottom of a tank is circular and is 3 feet in diameter. 

What is the area of the bottom? Ans. 7.0686 sq. ft. 

7. What is the area of one side of a flat circular ring whose out¬ 
side diameter is 8 inches and inside diameter 4 inches? Ans. 38- sq. in. 

8. A carriage wheel 4 feet in diameter makes how many revo¬ 
lutions in traveling 1,()(K) feet? Ans. 79.57+rev. 

9. The circumference of a circular chimney is 47.12 feet. What 

is its diameter? Ans. 14.99+ ft. 

10. What will it cost to build a walk 5 feet wide around a cir¬ 
cular flower bed 24 feet in diameter, at 35 cents per square yard? 

Ans. $17.71 


SOLIDS 


84. A has three dimensions—length, breadth, and thick¬ 
ness. The most common forms of solids are prism ft, cylinders, 
pyramids, cones, and spheres. 


PRISMS 

85. A jmsm is a solid having two opposite faces, called bases, 
which arc equal and parallel, and other faces, called lateral faces, 
which are parallelograms. The altitude of a prism is the perpendicu¬ 
lar distance between the bases. 

Prisms are called triangular, rectangular, hexagonal, etc., accord¬ 
ing to the shape of the bases. Further classifications are as follows: 


< 


>1 

yr yi 


1 
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- 1 - 

i 

1 
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Fig. 41. Right Frism. Fig. 42. Parallelepiped. Fig 43. Rectangular 

Parallelepiped. 
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A right prism is one whose lateral faces are perpendicular to 
the bases, Fig. 41. 

A regulm prism is a right prism having regular polygons for 
bases. 

A parallelepiped is a prism whose bases are parallelograms, 
Fig. 42. If all the edges are perpendicular to the bases, it is called 
a right parallelepiped, 

A rectangular parallelepiped is a right parallelepiped whose bases 
and lateral faces are rectangles. Fig. 43. When these faces are all 
squares the prism is called a cube, 

86. Areas of Prisms. The area of the bases of any given prism 
is to be found by the method alread\ given for that j)articular shape 
of base. The lateral area, as each face is a parallelogram, will be the 
sum of the products of each base line by the altitude. This is equiva¬ 
lent to the product of the perimeter of the base by the altitude. The 
total area will evidently be the sum of the areas A the two bas(*s and 
the lateral faces. 

Example. Find the total area of a box 3 feet long, 2 feet wide, 
and G feet deep. 

Solution. The area of one base is 2X3 or G sq. ft., and of two, 
12 s(i. ft. 

The perimeter of the base = 2+2+3+3= 10 ft.; the altitude = 

() ft. 

The lateral area = 10 X G = GO sq. ft. 

The total area =G0+12 = 72 sq. ft. Ans. 

The total area of a cube is the sum of the six square surfaces 
that bound it. The line where any two of the surfaces meet is called 
the edge of the cube. 

87. Volumes of Prisms. It has already been made clear in the 
discussion of Cubic Measure in denominate numbers that the meas¬ 
urement of volume involves the product of the three dimensions of 
the figure and is determined by the number of times the unit of cubic 
measure, such as the cubic inch, cubic centimeter, or cubic foot, is 
contained in the volume under consideration. If A, Fig. 44, rep¬ 
resents a cubic foot, it will be noticed that A is contained four times 
in the bottom layer of B. As there are three layers, A is contained 
a total of twelve times in B, that is, the volume of B is 12 cubic feet. 
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But the area of the base of R is 4 sq. ft. and the altitude is 3 ft. The 
product of these two gives 12 cu. ft., the same as obtained by the use 



Fig. 44. 



Volume of a Rectangular Solid. 


of the unit A. Rule: The volume of any prism is equal to the product 
of the area of the base by the altitude. 

If V represents volume; /, length; u\ width; and h, height, we 
have the formula 

r = /XM’X// 


PROBLEMS FOR PRACTICE 

1. What is the weight of a east-iron block 6 inches long, 5 inches 

wide, and 3 inches high? The block is a rectangular parallelepiped 
and weighs .26 pounds per cubic inch. Ans. 23.4 lb. 

2. How many square feet of sheet copper will be required to 

make an open rectangular tank 7 feet long, 3 feet wide, and 11 feet 
deep, allowing 10% extra for waste? Ans. 56.1 sq. ft. 

3. How many cubic feet of concrete will be required to construct 
a column 15 feet high having a hexagonal cross section. The cross 
section is 1J feet long on each side of the hexagon and the perpen¬ 
dicular distance from center to each side is 1.3 feet. Ans. 87.75 cu. ft. 

4. What will it cost to paint the above column, exclusive of the 

base and top, at 35 cents per square yard? Ans. $5.25 

5. Find the volume of a triangular prism whose altitude is 20 

feet and each side of the base 4 feet. Ans. 138.4 cu. ft. 

6. Find the total area of the prism given in Problem 5. 

Ans. 253.84 sq. ft. 
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CYLINDERS 

88. A cylinder is a solid having as bas.'s two equal parallel 
plane surfaces and as its lateral face the continuous surface generated 
by a straight line connecting the bases and moving along their cir¬ 



cumferences. The bases are usually circles and such a cylinder is 
called a circular cylinder. 

A right cylinder, Fig. 45, is one whose side* is peri)endicular to 
the bases. 

89. You may make a figure in the form of a c\ Under by rolling 
a sheet of paper or a card until its opposite sides meet. Thus you 
see that the length of the card or paper is the altitude of the cylinder, 
and the width is the distance around, or tlie perimeter, of the cylinder. 
You can now see that the lateral area of the (*ylinder is equal to the 
product of the circumference of the base by tlu' altitude. 

Lateral area = rx«, or Ca 


The total area is evidently equal to the sum of the areas of the 
bases and the lateral area. 

Example. How much tin will be required to make a cylindrical 
can, 3 inches in diameter and 4 inches high, allowing nothing for 
seams and waste? 

Solution. The can is a right cylinder the circumference of whose 


, . 22 , (if) ^ , 

base IS — X3 = — = 9.43 inclies, nearly. 
7 7 


Now, the radius of the base 


is 3*^2 = lJ inches, and the area of the base “X(l^)^ = 7.07 sq. in., 


The lateral area is 9.43X4 = 37.72 sq. in. 
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The total area equals 37.72+(2X7.07) =37.72+14.14 =51.86 
square inches. 

90. Volumes of Cylinders. The volume of a cylinder is equal to 
the product of the area of one base by the altitude, 

V = aXTrr^ 

Examples. 1. Find the volume of a cylinder the diameter of 
whose base is 20 inches, and whose altitude is 30 inches. 

Solution. You have given the diameter of the base, 20 inches, 
and tlie altitude of the cylinder, 30 inches. First find the area of 
the base. 

Area = Trr- 

When diameter = 20 inches, r=10 

7rr2 = 3.1410 X 100 = 314.16 
V = :U4Ai)X 30 = 9424.8 cu. in. 

9424.8-^1728=^).45+cu. ft., or 5 cu. ft. 784.8 cu. in. 

2. A piece of iron weighing 30 pounds has 4 holes () inches deep 
and 1 incli in diameter bored into it. What is the weight of the piece 
after the l)oring has been completed, iron weighing .20 pounds per 
cubic inch? 

Solution. Each hole has a radius of — inch and its volume is 

2 

22 

then " X( 2 )"X() = 4.7 cu. in. 

There are 4 holes making 4X4.7 = 18.8 cu. in. 

The weight of the material cut out is 18.8X.20 = 4.9 lb. 

Then the final weight is 30—4.9 lb. = 25J lb. 

PROBLEMS FOR PRACTICE 

1. What is the capacity of a cylindrical tank 9 feet long and 
5 feet in diameter, inside measurements? 

2. If a gallon contains 231 cubic inches, what must be the 

diameter of a cylindrical tank 10 feet high which will hold 1,000 
gallons? Ans. 4.1+ft. 

3. Find the number of square feet of material necessary for 
a straight piece of copper pipe 10 feet long and 12 inches in diameter. 
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PYRAMIDS 

91. A 'pyramid ib a solid whose base is a polygon and whose 
sides are triangles. 

The vertices of the triangles meet to form the vertex of the 
pjTamid. 

The altitude of the pyramid is the perpendicular distance from 
the vertex to the base. 

Pyramids are named according to the kind of polygon forming 
the base, namel\, triangular, quadrangular, Fig. h>; i)entagonal, 
Fig. 47; hexagonal, Fig. 4S. 



IiK 4(j Pvriimd 1 iK 17 litKulir J* itinml 'I ij: 4S 11( \aKonal ISrarnid 

A rigular pyramid is one whose base is a regular polygon and 
whose \erte\ lies in a perpendicular erected at the center of the 
base, Fig. 47, Fig. 4S, Fig. 4!). 

The ,dant height of a regular pyramid is a line drawn from the 
vertex perpendicular to a side of the base. (See the line 0 F, Fig. 



D 

Fig 40 Pyramid Showing Vltitudi and Slant Height. 

49.) In other words, it is the altitude of one of the triangles w'hich 
form the sides. 

The lateral edges of a pyramid are the intersections of the 
triangular sides, called the faces. 
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92. Areas of Pyramids, (a) The lateral area is the combined 
area of all the triangles forming the sides. 

The area of each triangle is equal to the product of the base 
by one-half the altitude. Therefore the lateral area of a pyramid 
is found by adding the products of each side of the base by one- 
half the same altitude; that is, it is equal to the perimeter of the 
base multiplied by one-half the slant height. If the slant height 
is not given it can usually be found by means of the law of the 
right triangle. 

(b) The total area of a pyramid is equal to the sum of the lateral 
area and the area of the base. 

Example. Find the lateral area and total area of the pyramid 
shown in h'ig. 49, if it has an altitude 0 E of 12 feet and each side 
of the square base is 8 feet. 

Solution, E F — A feet. Since the angle 0 E F is a right angle 

W=Off+El'^ 

= 144+1(1 
= 1G()_ 

0/'’=\/l()()= 12.().') (nearly) 

12.(15 x:« 

1 he lateral area =- - - 

2 

= 202.4 square feet. Ans. 

The area of the base is <SX8 = G4 sq. ft., making the total area 
(>4+202.4 = 200.4 sq. ft. Ans. 

93. Volumes of Pyramids. It may be shown that any trian¬ 
gular prism may be divided into three equivalent triangular p,>Tamids, 
having bases and altitudes equal to those of the prism; and therefore 
the volume of each pyramid must be one-third of the volume of the 
prism. But the volume of a prism is equal to the product of the 
area of the base by the altitude; therefore, the volume of a pyramid 
w equal to the product of the area of the base by one-third of the altitude. 

r = Area of BaseX— Altitude 
3 

Bxh 

or I =- 

3 

Here = Area of base and // = height or altitude of the pyramid. 


26S 



PRACTICAL MATHEMATICS 


137 


Example* What is the volume of a triangular pyramid whose 
base is 3 feet on a side, and whose altitude is 9 feet? 

Solution. The base is an equilateral triangle. Find the altitude. 
9 27 


3=-/'AY.0-1. 


^2 




4 4 

f =2.598+ 


Area of base - 


2 

2.598 


= 3.897+ 


9 

Volume = 3.897X— = l 1.691+CU. ft. An.s. 
3 


PROBLEMS FOR PRACTICE 

1. A triangular pyramid is 9 inches in height and each side of 
the base is 4 inches long. Find the volume. Ans. 20.76 cu. in. 

2. What is the volume of a square pyramid one side of whose 

base is 4 inches and whose height is 4 inches? Ans. 21 1 cu. in. 

3. Find the total area of a square pyramid whose slant height 
is 28 inches Jind one side of whose base is 8 inches. Ans. 512 sq. in. 

4. A regular hexagonal pyramid has an altitude of 18 inches, 
and each side of the liexagon is 6 inches long. Find total area and 
volume of pjTamid. Answers: 43().84+sq. in.; 561.16+cu. in. 

CONES 

94. A cone is a solid bounded by a conical surface and a plane 
which cuts the conical surface. It may be considered as a pyramid 
with an infinite number of sides. 

The conical surface is called the lateral area, and the plane is 
called the base. The conical surface tapers to a point called the vertex. 

The altitude of a cone is the perpendicular distance from the 
vertex to the base. 

An element of the cone is any straight line from the vertex to the 
perimeter of the base. Such a line is the slant height of the cone. 

A circular cone is a cone whose base is a circle, Fig. 50. 
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A right circular cone, or cone of revolution, Fig. 51, is a cone whose 
axis is perpendicular to the base. It may be generated by the revolu¬ 
tion of a right triangle about one of the sides as an axis. 



Fig. oO. Circular Cone. 



Fig. 51. Cone of Revolution. 


(\it a right triangle of cardboard. Stand it upright on its base, 
and turn it once around, keeping the altitude in the same position. 
You will make a circle whose radius is the base of the right triangle. 

The circle is the ha^e of a cone of revolution, the hypotenuse 
of the triangle is the slant height of the cone, and the altitude of the 
triangle is the altitude of the cone. See Fig. 51. 

95. Areas of Cones* The lateral area of a cone is found in the 
same way as in the case of a pyramid. Multiply the perimeter of the 
base by one-half the slant height. 

Example. The base of a cone is 12 inches in diameter and the 
slant height is lb inches. What is the total area? 

22 

So/ ution . Perimeter of base = 12 X— 

7 

= 37.71 inches 
Lateral area = 37.71 

= 3()1.GS square inches 

To find the total area, add to this the area of the base. In the 
above example, the area of the base is 

^X36 = 113.14 sq. in. 

7 

Total area= 113.14+301.68 = 414.82 square inches. 
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96. Volumes of Cones. As a cone may be considered a pyr¬ 
amid with an infinite number of sides, it follows from Section 93 that 
the volume of a cone is equal to the product of trie area of the base by 
one-third the altitude. 

Example. The altitude of a cone is 18 inches and the radius of 
the base is 2 inches. What is the vulume? 

22 

Area of base = --X4 = 12.57 
7 

Volume= 12.57 X() = 75.42 cubic inches 

In case the altitude is not knoAAn, it may be found the slant 
height and the radius of the base arc known. 

PROBLEMS FOR PRACTICE 

1. Find the volume of a cone A\hose altitude is 12 inches and 

the diameter of whose })ase is (> inches. Ans. 113f cu. in. 

2. Find the total area of a cone having an altitude of 21 feet 

and a base whose diameter is 15 feet. Ans. 702.4 sq. ft. 

3. Find the lateral area of a cone whose diameter is 17 feet 6 

inches, and the slant height .‘>0 feet. Ans. 824.07 sq. ft. 

4. Find the solid contents of a cone whose altitude is 24 feet, 
and the diameter of whose base is 30 inches. Ans. 39.28+cu. ft. 

SPHERES 

97. A sphere is a solid bounded by a curved surface, every point 
of which is equally distant from a point within called the center. 

The diameter is a straight line drawm through the center and 
having its extremities in the curs ed surface. The radius is the straight 
line from the center to a point on the surface; it is equal to one-half 
the diameter. 

A plane is tangent to a sphere w hen it touches the sphere in only 
one point. A plane perpendicular to a radius at its outer extremity 
is tangent to the sphere. 

98. Areas of Spheres. To find the area of the surface of a 

22 

sphere, multiply the square of the diameter by —. 
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Example. Find the area of the surface of a sphere which is 9 
inches in diameter. 

22 

92 = 81. 81X—=254.6 square inches 

To find the diartiefer when the surface is given, dimde the surfcu^e 
22 

by — and extract the square root of the quotient. 

Example. What is the diameter of a sphere whose area is 113.14 
square feet? 

22 /— 

113.14 H— = 30 nearl\\ V 36 = 6 feet 
7 

99. Volumes of Spheres. To find the volume of a sphere, 

• TT 11 

multiply the cube of the diameter by — ^equal to " nearly). 

Examples. 1. A sphere is 10 inches in diameter; what is the 
volume? 

]()■’ = 1(M)(). 1(MK)X—= 52 : 5.8 cubic inches 

21 

2. Find the volume of a sphere having a diameter of 7 feet. 

7^ = 343; 343X—=179| cubic feet 
21 " 


PROBLEMS FOR PRACTICE 

1. The surface of a sphere contains 314.16 square inches. 

What is the diameter? Ans. 10 in. 

2. What will be the volume of an aluminum sphere which has 

a diameter of 15 inches? Ans. 1.02 cu. ft. 

3. IIow much will a sphere of cast iron weigh if it is 3 feet in 
diameter and iron weighs 450 pounds per cubic foot? Ans. 6364f lb. 

4. How much will it cost to paint the sphere in Problem 3 

at 25 cents per square yard? Ans. 7HH- 

5. IIow much less surface has a sphere which is 12 inches in 
diameter than a cube with an edge of 2 feet? Ans. 20.85+sq. ft. 

6. A spherical balloon, when inflated, has a diameter of 50 feet, 

lind the surface and the number of cubic feet of gas contained in 
the bag. Answers: 78571 sq. ft.; 65,476A cu. ft. 
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GRAPHS 

The method of presenting tlie results of research, as well as the 
compiling of statistics and various tables of information, by pictorial 
means is familiar to all readers of newspapers and magazines. Some 
of the most common means of such presentation are the line, or bar, 
the sector, and the curve. 

The following graph, Fig. 52, represents the yield of corn in 
several states: Kansas, 174,225,000; Nebraska, 182,616,000; 
Indiana, 174,600,000; Iowa, 4:12,021,000; Illinois, 426,:i20,000. 



Each bpack REmnsESTfi m/uton ur’^HRLs 
Fig 52 Graph Showing Yield of Corn in Fi\e States. 



Fig. 53. Graph Showing Distribution of Srhool Funds. 


The graph represented in Fig. 53 shows the distribution of 
$13,649,000 spent for school purposes in a western state. 


?73 



142 


PRACTICAL MATHEMATICS 


By means of squared paper the results of experiments and 
observations of various kinds can be represented by lines and curves. 



A curve showing the temperature for six hours, from noon to 
6 P. M., is shown. Fig. 54. Notice tliat the hours are shown on a 
horizontal line, or axis, and the temi>erature on a vertical line, 
or axis. 


274 

















PRACTICAL MATHEMATICS 


143 


Time 

12:00 noon 
1:00 
2:00 
2:30 
3:00 
4:00 
4:30 
5:00 
5:30 
6:00 


Temperature 

35° 

36° 

40° 

40° 

38° 

26° 

24° 

20 ° 

15 ° 

10 ° 


Curves can be drawn showing the cost of doing contract work or 
of operating a certain machine; the variation in temperature of a 
fever patient in a hospital; the fluctuations in the price of wheat; or 
the cost of living. The range of application is unlimited. The 
student can readily see that curves are valuable records for commer¬ 
cial and professional men, as w^ell as for trained engineers, skilled 
machinists, and statisticians. 

ILLUSTRATIVE CURVES 

Curves for Squares and Square Roots. In Fig. 55 is shown 
a curve expressing the relation of numbers and the squares of those 
numbers. Curves of this kind are very practical, and, as can be 
readily seen, may be used to save time in all kinds of mathematical 
work. Compare, for example, the time required to find the sqxmre 
of 9.8 mathematically and the time to take the result directly from 
the above curve. To understand thoroughly the method of using 
such a curve, the following explanation will be helpful. Five divi¬ 
sions on the horizontal axis equal one unit and, therefore, each 
division equals i, or A, or .2. On the vertical axis there are five 
divisions to ten numbers and, therefore, each division equals z of 10, 
or 2. First find on the horizontal axis the point whose value is 9.8. 
It will be between 9 and 10, just one line short of division 10. Follow 
this line upward until it meets the curve and from this point go 
horizontally to the left until the vertical axis is reached. On this 
line read the value. It is between 90 and 100, three divisions above 


275 



144 


PRACTICAL MATHEMATICS 


90. Each division represents 2, therefore three divisions equal ft. 
This must be added to 90, giving as a final result 96 approximately. 

To find the square root of a number the above method would be 
reversed, using the same curve. Find the number on the vertical 



Fir >0 Cur\e of i^quarts and Square Roots 

axis whose root is to be extracted, then follow horizontally across the 
sheet to the point of intersection with the curve and then downward 
to the horizontal axis. The value found there will be the square 
root; for instance, the square root of 96 = 9.8 approximately. 
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CURVE PROBLEMS FOR PRACTICE 

1 . Plot the curve from the following data for the cost of high¬ 
speed compound engines, using thousands of dollars for vertical 
values and horsepower for horizontal values. What will be the 
cost of a 750-horsepower engine of this type? 


Dollars 

Horsepower 

0400 

400 

9G00 

GOO 

12800 

soo 

16000 

1000 

24(K)0 

1500 

32000 

2000 

400(K) 

2500 

48(K)0 

:jooo 

2. Plot the curve from the folloAving daLi for th(‘ increase of 
Chicago’s population, using population in thousands as vertical 

values and years for horizontal values. 

Assuming the same increase 

in the next decade as in the last, find the population of (’hicago in 

1920. 


Population 

Yfars 

109,206 

1860 

178,492 

1865 

306,605 

1870 

4(K),.500 

1875 

503,185 

1880 

665,(X)0 

1885 

1,099,850 

1890 

1,366,813 

1895 

1,698,575 

1900 

1,949,116 

1905 

2,195,551 

1910 

3. Plot the curve from the following data for the areas and 
diameters of circles, using areas for vertical values and diameters 


for horizontal values. What is the diameter of a circle having an 
area of 40 square inches? 
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Area Diameter 

Square Inches Inches 

.7854 1 

3.1416 2 

7.0686 3 

12.566 4 

19.635 5 

28.274 6 

38.485 7 

50.265 8 

63.617 9 

78.540 10 

95.033 11 

113.097 12 

4. The average monthly rainfall in inches at a certain station 
in Nebraska for 35 years ending 1909 was as follows: 

Jan. .42 May 2.86 Sept. 1.47 

Feb. .49 June 3.41 Oct. 1.10 

Mar. .81 July 2.90 Nov. .46 

April 2.04 Aug. 2.37 Dec. .49 


Represent by means of squared paper. 

EXERCISES 

Look at these expressions and see how many of them you can 
define accuratelyy in mathematical language: diameter, acute, equa¬ 
tion, ratio, obtuse, arc, radius, sector, altitude, circumference, cube 
root, hypotenuse, perimeter, slant height,, right angle, plane, solid, 
dimension, area, volume, trapezoid, lateral area, prism, pyramid, 
cylinder, cone, sphere. 

Write the formulas for the following areas: triangle, square, 
trapezoid, circle, hexagon, right triangle, parallelogram, lateral area 
of a cone. 

Write the formulas for the following volumes: cube, rectangular 
prism, cylinder, pyramid, cone. 

Write these exercises and then check your own answers by 
referring to the book. 
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GENERAL SUGGESTIONS FOR THE SOLUTION 
OF PROBLEMS 

In considering a problem there are several points that are 
especially important: 

1 . Read the problem carefully, several times, to make sure 
that you understand the exact meaning of it. 

2. Analyze the problem, separating the information given 
from the result that is required, and determining how the result is 
to be obtained from the conditions given in the problem. 

It is not always necessary to set down a complete analysis, 
but enough should be shown to indicate that the student l.as mentally 
gone through all the steps necessary for the solution. A complete 
statement should be set down. The equation method is recom¬ 
mended. Do not write out an analysis in words. 

3. The solution should involve no unnecessary work. Cancel¬ 
lation and other short methods should be used if possible. 

4. All arithmetical work should be carefully checked. The 
student must realize that accuracy is of the highest importance, and 
that to insure accuracy his work must always be checked. Arith¬ 
metical work that has an error in it is of no practical value. The check 
also gives the student a means of know^ing for himself w^hether his 
work is right or not. In the real business of life he is not furnished 
with answers to his problems. 

Another way to check on your work is to examine your result 
from the standpoint of reasonableness. By this is meant to read 
the problem carefully and then think whether your result seems 
to you a reasonable result for the conditions given in the problem. 
Often an error is detected at once by applying this test. It may 
be a mistake in calculation, or in the placing of a decimal point. 
Such mistakes are found by checking, and by applying the rule for 
placing the decimal point. If your result still seems wrong, go over 
your methods and see if you have used the right one in each step 
of the work. Verify each rule you have used. 

5 . It is often a good plan to state a problem in one step so as 
to shorten the work by cancelling. 

Examples. 1 . A canning factory can put up 300 cans of peas 
per hour. If an acre produces 640 cans of peas, how long will it 
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take the factory to put up the product of 75 acres, if the men work 
8 hours a day, 6 days in the week? Give the answer in weeks. 


10 

20 

im 

70X040 10 , 

300X0X0 
4 3 


Ans. 31 wk. 


2 . What is the expense of covering a floor with plain matting 
1 yard wide, the room being 21 by 23^ feet, the mattmg worth 40 
cents a yard, allowing 0 inches extra on each strip? 

?Li4x-i'» = .>.40 

0 ■" 

3 


or 7X8X.40 = 22.40 

A room 21 feet wide requires exactly 7 strips of matting. 

23^ ft.-ffl in. =24 ft., or 8 ;vd. 

I lence 7 X 8 X .40 = cost of the matting. 

The two steps of reasoning may be taken mentally and not set 
down. 

In working with problems involving decimals, carry to as many 
places as the given quantities or the formulas show. For example, 
any problem in which you use tt should be accurate to at least four 
decimal places. 

‘'Accurate to two decimal places” refers to the final result, and 
not to the intermediate steps of a problem. 

Note: For ready reference, common tables used in solving problems 
will be found on page 152 preceding the examination. 
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MISCELLANEOUS PROBLEMS 

Note: These problems are not to be sent to the School. They are given 
so that the student may test his knowledge and progress. 

]. Simplify: 

(a) + 

{Vi +.) — 

(b) (.20 X X .02) ^ (.5 X .01X1.04) 

(c) (2A+lt)-(8-r)|) Answers: (a) 5^; (b) .3; (c) IJ 

2 . If evaporation from a tank is estimated at 0 \% in a week, 
how many pillons will be lost from a tank that has a capacity of 
()400 gallons but which is only 7o[c full at the beginning? 

Ans. 300 gal. 

3. Find the number of hours it will take a l(H*om(>tive running 
at the rate of 3(‘) miles per hour to make the distance passed ov er by 
another loeomoti\e running 9 hours at the rate of 48 miles per hour. 

Ans. 12 hr. 

4. A steel rail 30 feet long ^^eighs 720 pounds. What is its 
eight i)er yard of kuigth? 

5. AVhat is the area of a scpuire one side of which is Oj feet? 

Ans. 90j sq. ft. 

0 . What is the side of a s(|uar<' whose ar(*a is (U square inches? 

7. How many square feet of floor area in a freight car whose 
inside dimensions are 33 feet 0 inches by 8 feet 3 inches? 

Ans. 27()f sq. ft. 

8 . How many square feet of glass in a window containing 

4 i)anes, each IS inches by 30 inches? Ans. 18 sq. ft. 

9. How many square feet in the walls of a room 30 feet long, 

IS feet wide and 10 feet high? Ans. 1530 sq. ft. 

10 . What is the area of the ceiling of the same room? 

Ans. 510 wsq. ft. 

11 . Which is larger, a triangle having a base of 0^ inches and an 
altitude of 3i~ inches, or a parallelogram whose base is 4J iru'hes and 
whose altitude is 2| inches? How much? 

Ans. The triangle. sq. in. 

12 . Find the area of a trapezoid whose altitude is 8 inches and 
whose parallel sides are respectively 18 inches and 24 inches. 

Ans. 108 sq. in. 
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13. Find the area of a triangle whose base is 26 inches and whose 

altitude is 15 inches. Ans. 195 sq. in. 

14. Find the base of a triangle whose altitude is 18 inches and 

whose area is 90 square inches. Ans. 10 in. 

15. If the area of an obtuse triangle is 34 square inches and the 

altitude is 4i inches, what is its base? Ans. 16 in. 

16. Find the area of a right triangle whose two legs are 5 inches 
and 12 inches and whose hypotenuse is 13 inches. 

In finding the area of this triangle, which of the dimensions is 
unnecessary? Why? 

17. How many pieces of zinc 4 inches X6 inches can be cut from 

a sheet of zinc 3 feet X 6 inches? Ans. 9 pieces 

(The sign X used as above means ''by.’O 

18. If a sheet of copper 30 inches X 60 inches weighs 25 pounds, 

what is the weight per square foot? Ans. 2 lb. 

19. What is the area of a parallelogram whose base is 14 feet 

and whose altitude is 8 feet? Ans. 112 sq. ft. 

20. What is the altitude of a parallelogram whose base is 

16 feet and whose area is 80 square feet? Ans. 5 ft. 

21. Find the cost at 65 cents per square yard of a concrete 
platform rectangular in shape, 100 feet long and 25 feet wide. 

Ans. SlSOf 

22. The sides of a right triangle are 16 and 30 inches, respec¬ 
tively. What is the hypotenuse? Ans. 34 in. 

23. A guy wire is fastened to the top of a wireless tower 454 feet 

high and is anchored to the ground 724 feet from the foot of the 
tower. Find the length of the wire. Ans. 854.57+ft. 

24. One side of a right triangle is 9 feet, and the hypotenuse is 

41 feet. Find the length of the other side. Ans. 40 ft. 

25. A tree was broken off 10 feet from the ground and the top 

struck the ground 40 feet from the foot of the tree. What was the 
height of the tree? Ans. 51.23+ft. 

26. If the circumference is 3 t times the diameter, and the drive 

wheel of a locomotive is 6 feet in diameter, how many revolutions will 
it make in going 140 miles? Ans. 39,200 rev. 

27. Soldiers marching quickstep take 120 steps per minute, 

averaging 2^ feet each step. At this rate, how far will a company of 
soldiers march in an hour? Ans. 3^ mL 
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28. The diameters of two concentric circles are 20 feet and 30 

feet. Find the area of the ring. Ans. 392.7 sq. ft. 

29. Find the circumference and the area of the largest circle that 
can be drawn in an 8-foot square. 

Answers: 25.133— ft.; 50.266— sq. ft. 

30. The diagonal of a square field is 40 rods. How many acres 

are In the field? Ans, 5 A. 

31. Find the cost, at 25 cents a rod, of building a fence around 

a 10-acre square field. Ans. $40 

32. How many cubic feet in a Portland cement pillar in the form 

of a right cylinder whose diameter is 12 inches and who‘^e height is 
15 feet? Ans. 1 ^ .781 cu. ft. 

33. If Portland cement weighs 10 pounds per cubic foot, what 

is the weight of the pillar? Ans. 117.81 lb. 

34. A cylindrical water tank 24 feet high has a capacity of 

32,000 cubic feet. What is the diameter? Ans. 41.2 ft. 

35. How many cubic yards must be removed in digging a tunnel 
468 feet long, 21 feet wide, and 18 feet 6 inches deep? 

Ans. 6734 cu. yd. 

36. The volume of a rectangular parallelepiped is 100 cubic 
inches. The area of one end is 20 square inches. Find the length. 

Ans. 5 in. 

37. How many cubic feet of air are in a room 12 feet 6 inches 

long, 10 feet 8 inches wide, and 9 feet high? Ans. 1200 cu. ft. 

38. Find the weight of a rectangular block of stone at 135 pounds 
per cubic foot, if the length is 10 feet and the other two dimensions 
are 2 feet and 5 feet. 

39. How many tons of coal will a bin 10 feet by 6^- feet by 71 
feet hold, if one ton occupied 36 cubic feet? 

Ans. 13 T. 16cwt. 

If the student can solve these problems with ease, he is ready 
to write the examination. On the other hand, if the problems give 
him serious trouble, a careful review of the textbook is needed. 
With due care in the preparation of the work given for practice, 
every student will be able to do excellent work in his examination 
paner. 
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LINEAR MEASURE 

12 inches (in. or ") = 1 foot (ft. or ') 

3 feet = 1 yard (yd.) 

5 ^- yards or 10 ^ ft. = 1 rod (rd.), pole, or perch 
320 rods or 52S() ft. = 1 mile (mi.) 

A Icnof, used in navigation, is equal to 1.15 miles. 

A fathom is equal to six feet. 


SQUARE MEASURE 

144 square inches (sq. in.) = 1 square foot (sq. ft.) 

9 square feet =1 square yard (sq. yd.) 

3 O 4 square yards =1 square rod (sq. rd.) 

HiO squar(‘ rods =1 acre (A.) 

()40 acres =1 square mile (sq. mi.) 


CUBIC MEASURE 


172(S cubic inches (cu. in.) = l cubic foot (cu. ft.) 
27 cubic feet =1 cubic yard (cu. yd.) 

128 cubic feet =1 cord (cd.) 

8 cord feet =1 cord (cd.) 


LIQUID MEASURE 

4 gills (gi.) =1 pint (pt.) 

2 pints =1 quart (qt.) 

4 quarts = 1 gallon (gal.) 

31 2 gallons =1 barrel (bbl.) 

2 barrels, or 63 gallons =1 hogshead (hhd.) 


One U. S. standard gallon contains 231 cubic inches, and one 
gallon of water weighs approximately pounds. 

One cubic foot of water contains approximately 7.5 U. S. 
standard gallons and weighs 62.3 pounds. 
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SQUARES AND SQUARE ROOTS OF NUMBERS 


Number 

1 Square 

Square Root 

1 Number 

Square 

j Square Root 

I 

1 

1 1 

l| 51 

2601 

1 7.141 

2 

4 

1.414 

I 52 

2704 

7.211 

3 

9 

1.732 

' 53 

2809 

7.280 

4 

16 

2 

54 

2916 

7.348 

5 

25 

2.236 

55 

3025 

7.416 

6 

36 

2.449 

56 

3136 

7.483 

7 

49 

2.646 

57 

3249 

7.550 

8 

64 

2.828 

58 

3364 

7.610 

9 

81 

3 

59 

3481 

7.681 

10 

100 

3.162 

60 

3600 

j 7.746 

11 

121 

3.317 

61 

3721 

7.810 

12 

144 

3.464 

62 

3844 

7.874 

13 

169 

3.606 

63 

3969 

7.937 

14 

196 

3.742 

64 

409t) 

' 8 

15 

225 

3.873 

65 

4225 

1 8.062 

16 

256 

4 

66 

4356 

8.124 

17 

289 

4.123 

67 

4489 

1 8.185 

18 

324 

4.243 1 

68 

4624 

, 8.246 

19 

361 

4.359 1 

69 

4761 

1 8.307 

20 

400 

4 472 1 

70 

4900 

1 8.3()7 

21 

441 

4..5k;i 

71 

5041 

8.426 

22 

484 

4.690 

1 72 

5184 ! 

1 8.485 

23 

529 

4.7{Ki 

73 

5329 

1 8.544 

24 

576 

4.899 

74 

5476 

1 8.602 

25 

625 

5 

75 

5625 

I 8.660 

26 

676 

5.099 

76 

577() 

1 8.718 

27 

729 

5.196 ' 

1 77 

5929 

1 8.775 

28 

784 

5 291 

78 

(M)84 

[ 8.832 

29 

841 

5.385 

79 

6241 

8.888 

30 

900 

5.477 

80 

6400 ' 

8 944 

31 

961 

5 5()8 

81 

6561 

9 

32 

1024 

5.657 1 

82 

(>724 

9.055 

33 

1089 

5.745 1 

83 

6889 

9.110 

34 

1156 

5.831 

84 

705(> 

9.165 

35 

1225 

5.916 

85 

7225 ' 

9.220 

36 

1296 

6 

86 

7396 

9.274 

37 

1369 

6.083 

87 

75()9 

9.327 

38 

1444 

6.164 

88 

7741 

9.381 

39 

1521 

6.245 

89 

7921 

9.434 

40 

1600 

6.325 

90 

8100 

9.487 

41 

1681 

6.403 

91 

8281 

9.539 

42 

1764 

6.481 

92 

8464 

9.592 

43 

1849 

6.557 

93 

8649 

9.644 

44 

1936 

6.633 

94 

8836 

9.695 

45 

2025 

6.708 

95 

9025 

9.747 

46 

2116 

6.782 

96 

9216 

9.798 

47 

2209 

6.856 

97 

9409 

9.849 

48 

2304 

6.928 

98 

9604 

9 899 

49 

2401 

7 1 

99 

9801 

9.950 

50 

2500 

7.071 1 

1 100 

10000 

10 
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LOGARITHMS 


This is a day of efficiency and time-saving devices. Anyone 
who can devise some means for saving time on a job is well paid 
for his services. Competition is so great in business that time¬ 
saving devices are looked for continually. And as it is in business 
so it is in our study. We need every help we can get which will 
make our time count to the greatest advantage. 

A shortcut method, called logarithms (pronounced log'a-rfthms), 
has been devised which will not only save time in multiplying large 
munbers together, but it can also be used to divide, to extract 
the square root, the cube root, or any other root; to square a number, 
cube it, or figure out the exact amount for any other power of the 
given number; or it can be used for any combination of these opera¬ 
tions. Take, for example, the following problem. 


Find the value of 


4 


3678^ X.082572 

1679’*X 1.345" 


The symbol in front of the problem is called the square root 
or radical sign. It means that the square root of the combined 
operations under the s>Tnbol is to be extracted. To find the square 
root of a given number means to find a number which when multi¬ 
plied by itself will equal the given number. For instance, the square 
root of 9 is 3, for 3 times 3 equals 9. 

The first number in the niunerator is 3678. It has a small figure 
above it. This figure is called an exponent and means that the 
number is taken as many times as the exponent indicates. Each 
number in this problem has an exponent, and therefore each number 
is taken as a factor as many times as its exponent indicates. 

To solve this problem we would have to multiply the first 
number in the numerator (3678) four times (that is, 3678X3678X 
3678X3678); then we would have to multiply the second number 
(.03257) two times (that is, .03257 X .03257); and then we would have 
to multiply the results of these two operations together, which 
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would give us the combined numerator. Similarly, for the denomina¬ 
tor we would have to multiply the first number in the denominator 
(1679) three times (that is, 1679X1679X1679); we would have 
to multiply the second number in the denominator (1.345) five 
times; and then we would have to multiply these two results together 
to get the combined denominator. After we have done this, we 
would have to divide the combined numerator by the combined 
denominator. We w’ould now have one number, which is the com¬ 
bination of all the terms under the square root sign. The final 
operation would be to extract the square root of this number. 

You, no doubt, already appreciate how long a problem this 
would be to work out by arithmetic. When you have learned how 
to use the logarithmic tables, we will show you in detail just how 
to work a similar problem by logarithms and you will see how short 
it is. This short method also takes away the chance of many errors 
which are constantly being made in the operations of multiplying 
and dividing, therefore we feel sure that you will want to learn this 
method right away. 

The invention of logarithms has been accorded to John Napier, 
who W’^as a baron of Scotland. The tables, however, which we arc 
using at the present time are called the Briggs Tables. Henry 
Briggs was a professor of geometry in London, England. He often 
visited Mr. Napier in order to get his ideas on this subject of logar¬ 
ithms. Then Briggs spent a large part of his time from 1615 to 1628 
in compiling his tables. 

The fact that it took one man a great many years to calculate 
and produce these tables is sufficient proof that it was a real job, 
and because a man was willing to spend years to produce a tool 
with which to make your work in Mathematics easier and shorter, 
you should be glad to use it. The important thing at this time, 
however, is for you to learn how to use this tool. 

Read the following table carefully and note the exponents: 

10 ^ = 10 and the logarithm of 10 is 1 
10 ®= 100 and the logarithm of 100 is 2 
10*= 1000 and the logarithm of 1000 is 3 
10*=1000000 and the logarithm of 1000000 is 6 
10 *=N and the logarithm of N is x 
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In the last line x is the index of the power to which 10 must be 
raised in order to equal N, or x is the logarithm of N to the base 10. 

Therefore, the common logarithm of a number is the exponent 
to which 10 mmt be raised to give the number. 

The Logarithmic Tables give a systematic list of exponents of 
10 with their corresponding numbers. 

If a decimal exponent is used, then the logarithm has a decimal 
part, which is written in decnmal form. 

Thus 10^^ = 39.81+ and the logarithm is 1.6. 

Thus, it is seen that when the number is an exact power of 10, 
the logarithm has no decimal ])art; and wlien the number is not an 
exact ])ower of 10, the logarithm lias a decimal i)art. Tlu e decimal 
parts are the parts which required such a long time for IVIr. Briggs 
to calculate. You can multiply a number two or three times quite 
easily, but you cannot multiply it 2^ or 2^ times. 

There are two parts to every logarithm, 'i'he first part, which 
is to the left of the decimal point, as figure 2 in 2.342S17, is called 
the characteristic. The se(‘ond part, whi(‘h is to the right of the 
decimal point, as figures .312817, is called the mantissa. These 
are large words but you will soon learn to handle them easily. 
^Characteristic is i)ronounced char'ac-ter'is-tic. Mantissa is pro¬ 
nounced inan-tis'sa. 


CHARACTERISTIC OF A LOGARITHM 

A characteristic may be citluT j)ositive or negative. Its value 
depends entirely on the location of the de(*imal i)oint in the original 
number. To get the characteristic for numbers which have figures 
to the left of the decimal point the following rule will apply: 

Count the number of figures to the left of the decimal point and sub¬ 
tract 1 from this total and you have the characteristic of the number. 

Some numbers are given in tabulated form in Table I to show 
N'ou how this rule operates. 

In the same way as shown in Table I, there can be any number 
of figures to the left of the decimal point and by subtracting one 
from the number of figures, you get the characteristic. These 
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TABLE f 


Figures 

to left of Positive 


Number 

Decimal 

Point 

Minus 

1 

Equals 

Character¬ 

istic 

2.34567 

1 

— 

1 

= 

0 

23.4567 

2 

— 

1 


1 

234.567 

3 

— 

1 


2 

2345.67 

4 

— 

1 


3 

23456.7 

5 


1 


4 


characteristics are all positive. Cover answers with a sheet of 
paper, then pick out the characteristics for the following numbers: 


Number 

Answer 

Number 

Answer 

1.23456 

0 

34,567,890. 

7 

654,321.0 

5 

230,000. 00 

5 

897,654 

2 

8,760,007. 2 

6 

37.09843 

1 

92,007,000. 

7 

2768.91 

3 

1.0007239 

0 

7.0 

0 

900. 

2 

100. 

2 

100,000,000. 

8 


When the figures are all to the right of the decimal point, the 
characteristic is negative. When the first figure to the right of the 
decimal point is not a cipher, the characteristic is a minus one 


TABLE II 


Number 

Ciphers 
to right 
of 

Decimal 

Point 

Plus 

1 

Equals 

Negative 

Characteristic 

.234567 

0 

+ 

1 


— 1 or 1 

.023456 

1 

H- 

1 


-2 or 2 

.002345 

2 

+ 

1 

= 

-3 or 3 

.0000234 

4 

+ 

1 

= 

—5 or 5 

.0000023 

5 


1 


—6 or 6 


(—1), regardless of the number of other figures to the right. When 
only the first figure to the right of the decimal point is a cipher, the 
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characteristic is a minus 2 (—2), and for each additional cipher 
to the right of the decimal point add one tc the next preceding 
characteristic and place a minus sign in front or above the result. 
This is illustrated in Table II. 

In the same way as shown in Table II, there can be any number 
of ciphers to the right of the decimal point, and by adding one to the 
number of ciphers and placing a — sign in front or above this sum, 
you get the characteristic. These characteristics are all negative. 
Cover answers \\ith a sheet of paper, tlien pick out the characteris¬ 
tics for the following numbers: 


Number 

An.'iu er 

' Number 

1 . 

Answer 

0.3 

T 

I 0.010203 

2 

. 0005 

4 

.001(KV2 

3 

00.G7S0 

1 

. 0000(K)9 

7 

. ooso:5 


(M). 0002(H)3 

4 

.00001 

5 

0(M).000(NM 

5 


The complete rule for obtaining either a positive or a negative 
characteristic may be stated as follows: 

When the mnnher 'is one or greater than one (1), the charaeterwtic 
is positire and is one less than the nvmher of figures to the left of the 
decimal yoint. When the number is less than one, the characterisHc 
is negative and is one more than the number of ciphers between the 
decimal point and the first significant figure. 

The characteristic of a number cannot be given in the tables 
because it depends entirely on the location of the decimal point. 

MANTISSA OF A LOGARITHM 

The mantissa is entirely independent of the decimal point. 
This is just the opposite of the characteristic. The mantissa is 
always positive and is always a decimal number. In other words 
it is the decimal part of a logarithm. 

If you have two or more quantities composed of the same sig¬ 
nificant figures in the same order, it does not make any difference 
with the mantissa how many ciphers are to the right or to the left 
of the significant figures. The mantissa is the same in every case. 
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Let us study the Logarithmic Tables and find out just what 
is meant by the above statement. The following illustration is 
the first horizontal line on page 2 of the Logarithmic Tables. 


LOGARITHMIC TABLES 


N 

i 

0 

] 2 3 

1 4 1 5 

1 I 

1 _ 

6 

7 

8 

9 

D 

100 

000000 

1 

000434,00086S 001301 

1 1 

j001734|0021G6'002r)2« 

j003029 

0034G1 

003891 

432 


The first vertical column in the Logarithmic Tables is headed 
by the letter N, which stands for the word number. This column 
contains the numbers whose mantissae are given in the horizontal 
lines corresponding with the numbers. Thus in the above illus¬ 
tration 100 is shown under N and the various mantissae for 100 
with the following additional tenths (0, 1, 2, 3, 4, 5, 6, 7, 8, and 9) 
are shown in the horizontal line with 100 and in the vertical columns 
to correspond to the tenths given. To explain further, the man¬ 
tissa for 100.0 is .000000 and the characteristic is 2, as shown on 
page 2 of the text. The mantissa for 100.1 is .000434, as found in 
the column headed by I, The mantissa for 100.2 is .000868, as 
found in the column headed by 2. Thus as the tenths are added 
to 100, the mantissa increases until under the column headed by 
9, the mantissa for 100.9 is given as .003891. 

The equally spaced steps, one tenth apart, are for aiding the 
reader to obtain accurate results quickly. In the Logarithmic Tables 
the second number in column N is 101. If the intervening 10 steps 
between 100 and 101 were not given, it would take considerable 
time to calculate them. 

As the numbers in column N progress to the bottom of the page, 
one unit is added as each line is passed. Thus from the first mantissa 
in column 0 to the last mantissa of column 9, a complete set of 
mantissae are given for each 1/10 interval for the numbers given in 
column N. 

The Logarithmic Tables do not show any decimal points. 
As the mantissae are entirely decimal, the decimal point will be 
at the left of each left-hand figure. 

In column N the decimal point can be placed at any place to suit 
the user. For instance, the first number may be 0.10, 1.00, 10.0, 
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100, 1000, 10000, or any other multiple of ten. The mantissa is 
the same in any case as the only significant figure is 1. The only 
difference is in the characteristic, as previously shown. 

In the last column to the right in the Logarithmic Tables, headed 
D, the differences between any two adjoining mantissae in each 
horizontal line are given. Since there are ten mantissae in each 
line, the differences are not always the same; therefore, column D 
gives the average difference for each lin#\ This variation does not 
make much difference ordinarily. This column is given to save you 
the labor of subtracting and also insures accurate work. The use 
for these differences as given in column D will be explained later. 


HOW TO FIND THE LOGARITHM OF A NUMBER 

From the accompanying illustration, copied from page 4 of 
the Logarithmic Tables, we will show you how to find the mantissa 
for any given number. Take number 220 in column N. Let us 
follow this line right across lu^rizontally and see what the different 
mantissae are for 220, for 220.1, for 220.2, for 220.9, for 221, etc. 
See Table III. 


LOGARITHMIC TABLES 


N 

0 

1 

2 

9 

D 

220 

.342423 

,342620 

.342817 

.344196 

197 

221 

.344392 

.344589 

.344785 

.346157 

196 

222 

.346353 

.346549 

.346744 

.348110 

195 


TABLE III 


Number 

Mantissa 

('olurnn found in 

Characteristic 

220.0 

.342423 

0 

2 

220.1 

.342620 

1 

2 

220.2 

.342817 

2 

2 

220.9 

.344196 

9 

2 

221.0 

.344392 

0 

2 

222.2 

.346744 

2 

2 


In the vertical column under 0, first line, we find the mantissa 
.342423. This is in line with number 220 in column N and as there 
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are no tenths added iii the 0 column, this is the proper mantissa for 
number 220.0. Tliere are three figures to the left of the decimal 
point; by subtracting 1, according to Table I, we get the charac¬ 
teristic 2. Ther(*fore, the comjdete logarithm for 220.0 is 2.342423. 

In the next verti(*al column under 1 , first line, we find the 
mantissa .342()2(). This mantissa is larger than the one in column 0 
in the same line because we have added one-tenth (0.1) to our 
number 220.0, making it 220.1. The cliaracteristic has not changed, 
so our coin])let(* logarithm for 220.1 is 2.342020. 

In the next vertical column under 2, first line, we find the man¬ 
tissa .312817. Tliis has increased over the pr(*ceding mantissa 
because we have added one-tenth to our number 220.1, making it 
220.2. The characteristic, however, remains 2 for we still have 
the same number of integers to the left of the decimal i)oint in tlie 
number, so tlu' logarithm for 220.2 is 2.312817. 

As we ])rogress to the right across the table we add 0.1 to the 
number shown in tli(‘ next preceding column, and when we reach 
the column under 9, the number becomes 220.0 and the mantissa 
givtui is .OllHKi. 

If we add 0.1 to this num!)er 220.0, we have' 221.0, which is 
the numb(‘r given in tin* second line under N, and tlu* mantissa is 
the second in tiu* column under 0. 

Thus \ou see the table ])rogr(‘sses in 0.1 steps from tla* number 
220 until the bottom of the page is nviched in the column under 9. 
On this ])ag(‘ 4 of the Logarithmic Tables, the last number under 
N is 27)0, so the mantissa for 27)0.0 is the last one in tlie column 
under 9. Thus the comj)lete logarithm for 27)0.0 is 2.!)007)Ol. There¬ 
fore, to find the mantissa for any number from 200 to 230.0 you 
would use page 4 of the Logarithmic Tables. 

Tliese same numbers (220, 220.0, 221, etc.) may have the 
decimal point changed either to the right or to the left without 
changing the mantissae at all, but the characteristics will be changed. 
This is illustrated in Table IV. 

In Table IV we have used the numbers as given in Table III, 
but have changed the decimal points in order to show you how 
the characteristics change but the mantissae are the same and do 
not change. Apply the rule which we gave you concerning the 
characteristic and refer to Tables I and II, and you will understand 
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TABLE IV 


N umber 

liOp:iirilhm 

' 




2 200 

0 

;M212.’» 

1 

_ 

1 


0 

22 01 

1 

a42r>2o 

2 

— 

1 

= 

1 

220. 2 

2 

:U2S17 

.a 

- 

1 


2 

2209 

a 

auiot) 

•1 

— 

1 


a 

0 221 

T 

ana92 

0 

+ 

(-1) 

= — 

1 or 1 

0 0221 

2 

a4ia92 

-1 

f- 

(-1) 

=- - 

2 or 2 

.00221 

a 

a44a92 

— 2 

-f 

(-n 

- 

or a 


Tahic IV. To illustrate, note that the last three nuini)ers in Table 
n’ have the same consei'utive fij^iires (221), but the (hennal j)oint 
lias been moved one fi^^ure more to the left in each ease. Therefore, 
^^]lile thes(‘ numbers liav(‘ the same mantissa the eharacteristie lias 
}>eeome ne^niti\'(‘ and ehan^ed aeeordin^ to tin' num})cr of '‘ipliers 
to tlie ri^ht of the decimal ]K)int. 

FINDING NUMBER THAT CORRESPONDS 
TO A LOGARITHM 

Ill using the Logarithmic Tabl(‘S it is also n(*(‘essary to know how 
to find the nunilier wli<*n th(‘ logarithm is giviai. Take, for (‘xainple, 
logarithm )).2()2)S hS. To find the number whi(‘h corresjionds to this 
logarithm, we just reverse the jiroeess for finding the logarithm for 
the number. 

Take the first three figures of the mantissa, which are 201], and 
turn to the Logarithmic Tables. Follow down the first vertical 
column 0 until we find nearly the same mantissa as the logarithm 
contains. Then follow across the horizontal line when necessary to 
get the same, or nearest to but less, mantissa than the one in the 
problem. ^Ye will find this mantissa in the tenth line of column 9, 
page d. In this jiarticular case, we find the exact mantissa which we 
have in our logarithm (Step 1). 

The number which corresponds to this mantissa is given in the 
same line by the three figures in column N, which are 159, aiul we 
add on to the right end figure 9 from the column under 9. This 
gives the number 1399, 

It is better to use a smaller mantissa than a larger one. This 
is shown later. 
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Step 1 LOGARnilMIC TABLES 


I’aKf 

1 

Jjino 

N 

9 

D 

3 

"1 ent fi 

i.y) 

2(WS48 

272 


Annex, or place, after lof) the figure 0 which makes the number 
loflO. so point ofT four figures to left of the decimal 

point. 

To find where to point off the figures for the decimal point, we 
reverse th(‘ ()pcrations used in finding the characteristic. In our 
problem we have a characteristic of to which we add 1, which 
makes 1. Ifegin at the left and count off four figures and place the 
decimal point. 

Having a j)ositi\e characteristic, the rule is: Add one to the given 
cliaracterisflr to find the nmnher (f figures to the left of the decimal point. 

Having a neg.iti\(‘ characteristi<‘, th(‘ rule is: Subtract one from 
the lugatiie characteristic to find the number (f cipJurs to the right of 
the decimal point. 

To illustrate these rules a number of logarithms and the way 
the corresponding numbers art* {)ointed off for both the positive and 
the negati\c characteristic are gixen in Table V. 


lABLL \ l.ocating the Decimal Point 


Logs. 

Ti 

:» (’hattK leiistK 

I iguies to 


/hiu.u l< listK 


add oiu* 


Ktt ot ])oint 

N limber 

0 y)i().j() 

0 

+ 1 = 

1 

< )iie 

2 00 

1 201120 I 

1 

+ 1 - 

> 

(> 

10 (M) 

2 lOLK.S 

•> 

4 1 = 

t> 

Thit'o 

115 (K) 

20.iSls 

‘A 

d 1 - 

1 

Four 

1500 00 

T) (»S70l i 

fi 

1 

f 1 - 

0 

{si\ 

4S(.121 4 (IVot) Ii 

Logs. 

1 loiii (li ii.i( toristK 1 

Ciphers to 


'hjiiai ti'iisiK 


hiibtr.ut one 

1 

1 

iiglit ol point 

.... 1 

Number 

1 r)ls")ll 1 

1 

_ 1 = 

0 

1 

None 

' . ddO 

2:)2ll.s 

2 

_ 1 

1 

1 One 

I .Od 12 


. 

- 1 - 

2 

d u o 

.001505 

4 ()()()StM 

1 

- 1 „ 

> 

d'liree 

()()()45S 

4 .UU)00 

1 

- 1 - 

> 

Three 

00021402-i- 
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Ijet us now take a logarithm with a minus characteristic and 
follow it through in the same way as we did the logarithm with the 
positive characteristic. For example: We will take the last one 
ill Table V. Tlic logarithm has a minus 1 characteristic, and the 
mantissa is oidOlK). Tlie minus sign is ])laced above the (‘liarac- 
tciistic so that it will not be interpreted as a minus logarithm, for 
a minus sign in front of a number refers to all of the ligures in the 
number following it. Take the first three figures of tin' mantissa, 
which are T>1. Follow down through the column 0 on Page 4 of 
the Logarithmic* Tables until we find the mantissa which contains 
the figures ls>(), which are the nearest to IVM in this ceJumn. In 
line IT), corresponding to number 214 in (*olumn N, we find these 
figure's and In following this line over to \erti(‘al column 6, we 
find the nearest mantissa to the one \vv have* and a little less. You 
will note b.y looking under column 7 at the nc'xt mantissa iliat it 
is quite a little bit over (Stej) 2.) 


Step 2 

LO(.\IUTHMU. T\BLKS 


— _ — 


- _ _ 

— 

- 


Line 1 

N 

i ‘ 

7 

4 

IT) 1 

21 t 

1 j 

1 _ 1 

.;siN;i2 


As before, we have three figures, 211, under tin* vertical eoluinn 
N, and to the right of that we annex figure (i from column 0, and 
that gi\(*s the four significant figures 21 l(i. To this \\r must annex 
the difi'erence of the mantissa in the table and (nir logarithm for 
the mantissa is a little less than the mantissa in the jH'oblem. 

Step 3 4 :)4H)90 our logarithm 

our logarithm in tin* table 

Difference = (if) 

In Stej) 3 we subtract the mantissa in eoluinn 6 from our 
logarithm. It gives us a diffen'iicc* of bO. We now have the question 
of how" much to annex to the number 21 Ki for this difference of (iO in 
the niantissae. You w ill note the diflVrenee betw’eeri the mantissae 
in columns 6 and 7 (Step 2) is the value given in column D, or 202. 
In other words, if we would use column 7 instead of column 6, 
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the mantissa would have to be 202 more. As we have only 60 more 
than in column 6, we divide GO by 202, which equals 29+, or the 
fractional part which we annex to our number. This is shown in 
Step 4. 

Step 4 ()() 

202 ^ 

Anm*xiiij^ 20-|- to 214() wc get 214()204- 
4—1=0 (Table V). JMaeing ^ ciphers to right of deeiiiial point 
= .0()()2M6204- Answer 


MULTIPLICATION 

In order to inultij)Iy two miTn!)ers by the use of logarithms, we 
find the logarithms of the two numbers and then add tliese two 
logarithms togetlier. This sum is the logarithm of th(‘ product of 
the two numbers. Then we turn to the Logarithmic Tables and 
find the nuinlx'r which corn^sponds to this logarithm. We will 
take two of the numbers and their logarithms from Table III to 
illustrate*. 

Notk: In j)r(>hl(‘nis iis(‘ :ibl)r(‘viation for lo‘^arilIiin, juid inant., abbre¬ 
viation for nianfi.ssa. 

Problem 1. I\Iultii)ly 220.2 by 2200 

1 uMniriion Opcrailon 

Step I Step I 

Find log of the first number in Find log of 220. 2 
problem. Mantissa of 220. 2 

Do this by finding tlic mantissa of Characteristic of 220. 2 
the number. Log of 220. 2 

Nt‘.\t find the eharaeterislic of the 
number. 

Combine and you have tlie l(jg of 
th(‘ number. 

Step 2 

Find log of the second number in 
problem. 

Do this by finding the mantissa of 
the number. 

Next find the characteristic of the 
number. 

Combine and you have the log of 
the number. 


Step 2 

P'ind log of 2200 

Mantissa of 2200 = .041196 

Charaeteristie of 2200 =0. 

Log of 2209 =3.3441% 


= .312S17 

r- 

=2r3risr7 
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Step 3 

To multipl> numbers, add the 
logs of those numbers together. 


Step 3 

Vdd log of 220 2 ind log of 2209 

togt thi I 

Iromsttp l,logof22() 2 = 2 U2S17 
1 lorn St( |> 2 log of 2209 = ^ MllOb 
logot piodiut =5 ()b701d 


Step 4 


Step 4 


Find number that corresponds 
to this logarithm 

Do tins 1)N tinding tin nmnlx i ii 
J ogintlirnir 1 d)l( stint li is i inin 
tissi tin s unc Is till luuitissi in 

^ou^ i)iobl( ni or slightK I 1 ss, 
Siibtiift thin inuitissi from tlu 
gi\( n Ill intiss I 


1 in 1 niiinbii tint (oiicsponds to 
gi\« n in intiss i 

lioiiiM(p3 iniiitis I — t)S7013 

Mirtissi of ls»>l t)St)994 

Diibriiui 9 

ist> fioin Loluinu N 
4 ft( in I olinnn 4 

lM)l It I nil tif^iiKs of number 


I (K.ARllHMK lABllS 


r iM 1 

I im 

N 

1 

5 

I) 

9 I 

■)7 1 

1S(> 

tiSt>99l 

(>s70s » 

S9 


Step 5 

Find difference bct>\cen man- 
tissa in adjacent eoUinins on 
same hon/ontal line in the log 
tables or use eoliimn I) 

Step 6 

Di\ide difference in Step 4 b> 
difference in Step 5 


Step 7 

Place the quotient of Step 6 at 
the right-hand end of the num¬ 
ber found from the table, Step 4. 


Step 5 

M intiss i of ISh") 

M lilt IS', I of tst)l 
1 )lfn 11 MU 
( ohimn [) 

Step 0 

Di\ 1 li 19 bv S9 

JfiJ 1<)0 Jll 
17 ^ 

1 21) 
h9 
10 

Step 7 

Number in Stop 4 =1S()4 

Quot cut in Step b = 2H- 

Result =4864214“ 


t)S7()S) 

t>St)991 

SO 

S9 
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Step 8 

Locate decimal point. 

Xuinbcr of figures to left of deeinuil 
point is eli.'irarteristi( +1. 
l^egin at left of result in Stej) 7 and 
eount six figures and place ]>oint. 


Step 8 

Characteristic of log is 5 + 1-ti 
(Table V) 

Decimal point is between figure 1 

and figure 4 

Thus4cS6421.4 

Therefore 220.2 multiplied by 2200 
is 4S()421. 4 


The problem will now be ^iveii in (‘ondensed form to sliow tlie 
act mil work. 

Multiply 220.2 by 2209. 

Step I Log of 220.2 - 2.242817 

Step 2 Log of 2209 = 2. 244196 

Step 3 Log of product = 2 (‘)S7012 

Step 4 Mant. of 1S()4 = . ( iS()994 

1 )ifferene(‘ = 19 

Step 5 l)ifl‘ereiiet‘ = 89 

Step 6 19-^89 - .214 

Step 7 21 1 aim(*x(‘d to (*»1 = 4S()421 I 

Step 8 l.S(il21 . 1 Answer 

In order that you may und<‘rstand all tlie details, we will 
describe this first jiroblem cand’ully. 

We have t;tk('n the two logs from Table 11, set tbein down 
under each other, and iidded them and thus obtained the logarithm 
of a product. Now to find the number which corresponds to this 
logarithm of the product, we reverse the proei^ss for finding tlie 
logarithm. We turn to our Logarithmic Tables, and look for the 
mantissa vshieh eorresponds to tlie mantissa of the product. 

To do this, take the first three figures of the mantissa of the 
produet (in this ease (>S7), and look for the same figures in a column 
in the Logarithinie Tables. You will find these figures on ])age 9 
in the horizontal line where eolumn N equals 4S(). By following 
across horizontally until you get to the vertical eolumn 4, you will 
find the same mantissa which we have shown you in the solution, 
Stef) 4. 

The figures ISfi in column N are the first three figures of your 
new number, and the figure 4, at the head of column 4, is the fourth 
figure of your number. 
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These four figures we liave placed in Step 4, in front of the 
mantissa which wc have just found. Tliis is tlie nearest lower 
mantissa to the one which we have in our looaiithm for the ])roduct 
of the two numbers. We now subtract this mantissa from the 
one above it, as sliown in Step 4. The diiferen(‘e is L). Tliis 
means that our number is a little larger than this mantissa, so now 
we must do what we call interpolate (])ronounc‘ed in-tflr'j)o-late). 
If you look in column D, Step 4 of our }>r()l)lem, you will find there 
is a difiVrence betw('en the mantissa in (‘olumn 4 and the one in 
column 5 of 89. So we must divide the dillerence of the mantissae 
(19) by the difTerence (89) found in column D, to get the amount 
that we are to annex to the number 4S04. This gives us the figures 
214 to be annexed to our number, as sho\Mi in Step 7. We annex 
these three figures to the other four and ^^e liow have seven figures 
for our number. 

To point off this number properly, we ih<‘ the rule regarding 
the finding of the decimal point when given a positive <*haraeteristie. 
We have the characteristic of 5 in tin* logarithm of the product of 
the numbers sliowm in Step ll. To locate the dt^cimal point, we 
begin at the left-hand figure and count off 5+1 figures, then place 
the decimal }K)int as show n in Step 8. (See Table V.) 

If you wish to check this jiroblem to see w hether it is right or 
not, you can multiply 2()()() by 200, which are the round figures in¬ 
volved, and you wull find tluTe are six figures to the left of the decimal 
point. This jiroves that the problem is solved i>rop(‘rIy. 

Now if you arc to multiply the two numbers out in longhand 
to see w+ether it is correct or not, ;sou will find that tluTe is a slight 
difference in the decimal figures oni^. In otIuT words your exact 
number would end in .8 instead of .4. You see your result is almost 
exactly w4iat we obtained by the use of logs. Also you will notice 
that you have done very little actual figuring to get this product 
by logs. 

In order to multiply li, 4, 5, or fi numbers together, all that is 
necessary is to add the logarithms of those numbers together, and 
finish the problem in the same way as Problem 1. Thus you see 
you can multiply 5 or 0 numbers togetluT by the use of logarithms 
almost as easily as you can two. You would, of course, have the 
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extra logarithms to look up, otherwise the problem would be just 
the same as one operation for multiplication. 

To show how easy it is to multiply several numbers together 
by logs, we will work out tv^o problems in detail. 


Problem 2. ]\lultipl^: ‘.ITX 4()X .()'').3X7.0X940. 


LOC.ARITHMIC TABLES 


rage 

N 

0 

C 

haractenstic 

1 THl)le 

1 ■ 

7 

370 

r)()S202 

2 

— 

1 = 

1 

! I 

9 

400 

(>()27r)S 

0 

+ 

1 = 

1 

II 

10 

r)30 

721270 

1 

+ 

1 = 

2 

11 

IT) 

700 

S07027 

1 

- 

1 = 

0 

I 

IS 

010 

<>7312S 

3 

__ 

1 = 

2 

I 


Log of o7. = l,r)()S2()2^ 

Log of . U) =1 (>()27r)S 
Log of .05:^ = if 72427() 
Log of 7.0 = 0 S07(127 

Log of 940. = 2 97i)12s 


Log of product = 3.S23991 


V(l(l the niantissue eoliimn 1)\ eoliiniii and 
hold the iiuinher to be earned over from the 
last column. 


From the sum of the ])os]t]ve (*haraeteristics, 
jiliis what IS earned over fiom adding the 
^mantissae, siibtra(*t the sum of the minus 
charaeteiisties which = 3 = -hU ehar- 


aeteristic. 


Mailt, of 6098 = S2r)9b’)JMantissa for first 4 figures of answer. 

Difference of 

mantissae = 49 


LOGARITHMIC TABLES 


Page 

N 

8 

D 

13 

GbO 

.825945 

65 


302 





LOGARITHMS 


40 -i-05 == 71 — (71 —) annexed to GGOS = GG9871 — Cliaracter¬ 

istic 3+1=4 Point off four figures, starting at the left, and it 
gives GG98.71 Answer 


Problem 3. IMultiply 250 0X36 72X 0875X.04756 


LOGARITHMIC TABLFS 


Page 

N 

0 

2 

5 

6 

9 

1 ^ 

4 

2r)() 





.;io<)5()i 


i 

3(i7 


o04<H)3 





10 

9S7 



0045.37 




<) 

475 




(•>77242 



S 

422 




(> (()0S7 


1 100 


Log of 250 0 
Log of 36 72 
Log of . 0875 

I/Og of .01756 

Log of product 
of 432G 
Difference 


2 30050n 
1 561003> 
T 001537 
J 677212 


l }i.,ra( 1< i istic 

Add logs-— 

for S - 1 = ‘2 

l)roduc*t 2 — 1 = 1 

0 + 1-1 

1 + 1 =- 2 


Tcihlo 

1 

I 

II 
11 


2 63()1S3 +2+3 —3-2 characteristic (like 
Problem 2). 

6.‘)60S7 =AIantissa for first 1 figures of 
ans^^cr. 


06 


0()+100 = 06 06 annexed to 1326 = 432606 Characteristic 2 + 1 =3 

I^jint off three figures, startuig at the left, and it gives 432 606 
Answ er. 

These problems illustrate the small amount of figuring required 
to solve them by logs when compared to arithmetic. 

In our previous problems in multiplication we had only four 
figures in each number. Now we will illustrate a problem in which 
there are six figures in each number. This problem will be worked 
out in detail in order that you may be able to follow it all the way 
through. 
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Problem 4, Multiply 369.875 by 4863.45 


Instruction 

Step I 


Operatim 

Step I 


Find log of first number in prob¬ 
lem. 

Do this by finding mantissa of first 
four figures of number; then find 
amount to be added for the other 
two figures. Next find tlie eharaeter- 
istic. Combine to get log of number. 


Find log of 369 875 
Mantissa of 3698 
Part added for 75 
Characteristic 
Log of 369.875 


== .567967 
= 885 

= 2 

= 2 5ti80555 


75X118 = 88 5 = ad(Vd part 
3— 1=2 characteristic (Table 1) 


LOGARITHMIC TABLES 


Page 

N 

8 

9 ! 

D 

7 

3U<J 

567967 

568084 

118 


Step 2 


Step 2 


Find log of second number in 
problem. 

Do this by finding mantissa of first 
four figures of number; then find 
amount to be added for the other 
two figures. Next find the character¬ 
istic. 

Combine to get log of number. 


Find log of 4863 45 
Mantissa of 4863 
Part added for 45 
Characteristic 
Log of 4863 45 


= 686904 
= 40 


= 3 

= 3 686‘)44 


45X89= to. + = added part 
4— 1=3 Characteristic (Table 1) 


LOGARITHMIC TABLES 


Pagt' 

N 

1 

1 

3 

4 

D 

9 

486 

! 

.686904 

.686994 

89 


Step 3 


Step 3 


T6 niultipl> numbers, add the 
logs of those numbers together. 


Add logs of 369.875 and 4863. 45 
Step 1 gives log 2.5680555 

Step 2 gives log 3 686944 

Log of product =6. 2549995 
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Step 4 

Find number that corresponds 
to this logarithm. 

Do this by finding the number in the 
Logarithmic Tables that has a man¬ 
tissa the same as the mantissa of the 
product or slightly less. 

Subtract the mantissac. 


Step 4 

I'ind the number that corresponds to 
mantissa of product 

Stop 3 mantissa 
Mantissa for 1798 
DilTerence 


.2519995 
^ 51 ^)^ 
” '2095 


From column N —179 

From column 8 = S 

First four figures =1798 


LOGARITHMIC TABLES 


Pago 

N 

8 

9 

1) 

3 

179 

.254700 

2.'').»031 

242 


Step 5 Step 5 

Find difference between mantis- Mantissa of 1799 
sa in same horizontal line in the Mantissa ol j798 
Logarithmic Tables, or use 
column D C'olumn D 


= .255031 
= .254790 
211 " 
= 242 


Step 6 

Find part to annex 
Divide difference in Step 4 by dif¬ 
ference in Step 5. 


Step 7 

Place the quotient at right-hand 
end of the number found from 
the Logarithmic Tables in Step 4. 

Step 8 

Locate decimal point. 

Number of figures to left of decimal 
equals characteristic plus one. 

Begin at left and count seven figures, 
then place point 


Step 6 

Divide 2095 by 242 

__242 ( 2095 ) 805 -f 

1590 

M5‘.^ 

1380 

irliL 

1*70 

Step 7 

Numb(‘r m St(*p 4 = 1798 

Quotient 111 S((*f) 0 = 805 

i7988<)5-f- 

Step 8 

Characteristic of log of product = =0 

6+1=7 (Table V) 

Place deeiinal point at right end of 
the number 1798805. + 

The product of 369.875X4863. 45 = 
1798865. + Answer 
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Below is shown the solution without explanation. 


step 1 

IVTant. of 3098 

= .567967 


Mant. of 75 

= 8S5 


Log of 309.875 

= 2.5680555 

Step 2 

Mant. of 4803 

= (>86904 


Mant. of 45 

= 40 


Log of 4803.45 

= 3.6S6944 

Step 3 

Log of 309.875 

= 2.5680555 


Log of product 

= 6.2549095 

Step 4 

Mant. of 179S 

= .254790 


Difference 

2095 

Step 5 

Column D 

_ 242 

Step 6 

2095-^242-805+ 


Step 7 

805 annexed to 17' 

98 = 1798805+ 


179(SS()5. + Answer 


Description of Solution. We first find the logarithms of the 
nuinhers. W(' find the mantissa of the first four figures of the first 
number by turning to page 7, as illustrated in Step 1. Under column 
8 we finrl tlie mantissa. We have now tlie two figures 7 and o 
to ac(‘ount for. The 77) is 75/100 of 1 unit in the column for figure 
S, tlie fourtli figure of our number 509S. In other words, if we 
would add 25 to 75 we would have 100 or 1 to add to S. Thus, to 
get the amount which we are to add to this mantissa we have 75/100 
of the difference between the mautissa(‘ in columns 8 and Q. Uolumn 
D gives th(* difference IIS, so wc multiply 1 IS by .75, and point off 
accordingly, which gives SS.5 This is added to our mantissa, which 
gives the total mantissa for the whole number 5G9.875. We find 
the characteristic as shown in Table 1. 

AVe will now find the mantissa for the first four figures of the 
next number on page 9 of the Logarithmic Tables, as illustrated 
in Step 2. Under column 3 we find the proper mantissa. As in the 
first case, we have two figures left to find the amount we are to 
add on. This is found in the same way as before. This is added on 
in the same way and we find the characteristic in the same way 
as in Step 1. 


306 



LOGARITHMS 


21 


Having our logarithms of the two numbers, we add them together 
in Step 3 for the log of the product, as we did in Problem 1. We 
liave to find out what the corresponding niimoer is for this loga¬ 
rithm as before. We will find the first four figures on page 3 of 
Logarithmic Tables as illustrated in Step 4. In column 8 we find 
tlie next less mantissa for the first four figures. This mantissa we 
subtract from the logarithm of the product and have a difference 
of 2095. This difference divided by the value in column D in Step 4 
gives the value 805 (Step 0), which is the amount we annex to the 
four figures previously found (Step 7). 

Next we place the decimal j)oint in the right place by Table V. 
To the characteristic of 0 we add 1, which makes seven figures to 
the left of the decimal ])oint. (Step 8.) This is the answer for 
the product of our two numbers. 

While we liave gone into quite a bit of detail to describe the 
opcTation to you, tluTc is little actual figuring. ^Vluui you comiiare 
this with the amount of time that would b(^ n'ljuired to multiply 
this out in the ordinary way, you A\ill agree with us that logs can 
save you a lot of time besides eliminating the* chan(‘es of errors. 

Six-place tables arc only accurate to sixth figure of answer. 


Practice Problems 

In order to give you practice in using the Logarithmic Tables, 
several ])ractice problems in multiplication are given for you to 
solve by means of logarithms. 

Follow the methods illustrated in the four problems already 
worked out. It is not necessary to send in the solutions of these 
j)ractice problems unless \ou fail to g(4 the answers given here. 
If you send them in, show all your work. 


1. Multiply 820X40X293 

2. Multiply 423.1X12.34X65 

3. Multiply 9.99X.777X67.8 

4. Multiply 68.52X.0019X371.8 

5. Multiply 254.76X4.3219 

6. Multiply .007342X.09837 

7. Multiply 2700000X39000000X980000 

8. IMultiply 8100.07X3002.58 


9610422. Answer 
339367.9 Answer 
526.278 Ans\ver 
48.4039 Ans\ver 
1101.05 Answ^er 
.000722233 Answ^er 
103,194,000,000,000,- 
()00,00() Answer 
24,321,112+ Answer 
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DIVISION 

In order to divide two numbers by the use of logarithms, we 
find the logarithms of the two numbers and then subtract these two 
logarithms instead of adding them as we did in multiplication. 
To illustrate this, we will use the same two numbers we did in 
Problem 1 and divide them. 


Problem 5. Divide 220.2 b:y 
Infiiructiun 

Step 1 

Find log of the first number in 
problem. 

Do this by finding the mantissa of 
the number. Next find the charac¬ 
teristic. 

Combine tlio two and you have the 
log of the numb(*r. 

Step 2 

Find log of the second number. 

Do tliis by finding the mantissa of 
the number. Next find the charac¬ 
teristic. 

Combine Oie two and you have the 
log of tiie number. 

Step 3 

To divide one number by another 
subtract the logs of the numbers. 

After 1 is borrowed from 2 to make 
13 in the top line, inst(*ad of changing 
the 2 to 1, add 1 to the 3 in the bot¬ 
tom line, subtract the smaller num¬ 
ber from th(‘ larger, and jilaco n —sign 
in front of the dilTerencc; 

-f2-(3-l-l)=-2 or 2 

Finding the Number that 

Step 4 

Find the first four figures of the 
number that corresponds to this 
logarithm. 

Do this by finding the number in 
Logarithmic Tables that has a man¬ 
tissa the same ay the mantissa in your 
problem, or slightly less. 

Subtract the mantissae. 


2209 

Operation 

Step 1 

Find log of 220. 2 

Mantissa of 220. 2 = . 342817 

Characteristic of 220.2 = 2. 

Log of 220. 2 =2~3~42817 

(Sec Table I) 


Step 2 

Find log of 2209 

Mantissa of 2209 = . 344196 

Characterist ic of 2209 = 3. 

Log of 2209 = 3.344196 


Step 3 

Subtract log of 2209 from log of 

220. 2 

From Step 1 log of 220.2 = 2.342817 
From Step 2 log of 2209 =3.344196 
Log of quotient =2.998621 


Corresponds to the Logarithm 
Step 4 

Find number that corresponds to 
mantissa. 

From Step 3 log =2. 998621 

Mantissa of 9968 = . 998608 

Difference = 13 
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Page ! 

N 

8 

9 

D 

10 

996 

998608 

99S652 

44 


Figure 8 from Column 8 annexed to f»9G = 9968. 


Step 5 

Find difference between man¬ 
tissa in adjacent columns on 
same horizontal line in the 
Logarithmic Tables or use Col¬ 
umn D. 


Step 5 

Mantissa of 9969 
Mantissa of 9968 
Difference 
Column D 


Step 6 

Divide difference in Step 4 by 
difference in Step 5. 


Step 6 

Divide 13 by 44 


44 ( 13.0 ) .29-f 
_HS_ 

4 20 
3 96 


Step 7 

Place the quotient at the right- 
hand end of the number found 
from the Table, Step 4. 


Step 7 

Number in Step 4 
Quotient in Step 6 


= .998652 
* .998608 
= 44 

= 44 


=9968 
== 29 

996829 


Step 8 

Locate decimal point. 

Number of ci])hers to right of deci¬ 
mal point is negative cliaructeristic 
minus one, or —2 less 1 = — 1 


Step 8 

Cljaracteristic of log is —2 less 1 
= -l 

Decimal point is to left of one 
cipher = .0996829 

Thus 220. 2-^2209 =.0996829 Ans. 


Below we show liow simple the problem is when the explanation 


is omitted. 

Step 1 

Log of 220.2 = 2.342817 

Step 2 

Log of 2209 = 3.344196 

Step 3 

Log of quotient = 2.99.S621 

Step 4 

Mant. of9968 = .998608 

Step 5 

Difference = 13 

Difference = 44 

Step 6 

13-^44 = 29+ 

Step 7 

29 annexed to 9908 = 990829 

Step 8 

.0996829 Answer 
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Since we are dividing one number by a larger one our result, 
of course, will be a decimal number. In that case, we will have a 
negative characteristic as described in Table II. 

You notice that the larger characteristic is subtracted from 
the smaller one. In order to do this we need to add two to the 
smaller characteristic. Tlius, we w^ill have as a result a minus 2 
as a characteristic for the diflerence. 

We now procet‘d the same as we did with tlie problem in mul¬ 
tiplication to find the corresponding number. We find the next 
mantissa nearest to the one of the quotient as shown in Step 4. 
Subtract these two mantissae and you have a difference of KJ. 
Now turn over to column D wljcre we find the difference 44, Step 5. 
We divide by 4t as we did in our multiplication problem and 
we have the nvsult 20. Tliis is amu'xed to your number as indicated 
by the lo(‘ation of your mantissa in your table and \\e liave tlie 
result in Step 7. 

In ord(‘r to ])oint this off })roperly, ri‘fer to Table V. Here we 
have a negative charact(‘ri^tic of 2, and we subtract 1, wliicli is just 
the re\'(Tse of finding the characteristic. Tliat gives us one cipher 
to the right of the decimal, so j)oint it off as in Step <S. 

If you want to check this result, you can divide by the ordinary 
way and see how near our log method is correct. In a(*tual figures, 
h()wev(T, we liave done very little mathematical work. It takes 
quite a little time to describe this log method to you, but after you 
learn it once, you will find it conies easy. 


Practice Problems 


Solve the following problems by logarithms. Do not send in 
the solutions unless you fail to get the answiTs given. If you send 
them in, show all your work. 


1 . Divide S47.0 by 24.90 

2. Divide 72r)().2 by S79.20 
Ik Divide 27().:)4:^ by 912.:]4 

4. Divide ().978:n)y .1234 

5. Divide .(X)879 by .0092 

6. Divide 8321000 i)y 2135000 

7. Divide 850.00 by 50.082 

8. Divide .mm by .(K)23 


33.9170 Answer 
8.252() Answer 
.303113 Answer 
7.92787 Answer 
.955435 Answer 
3.89743 Answer 
10.9733 Answer 
.421739 Answer 
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You will find that the knowledge of logarithms will come in 
very handy when you take up your advanced studies. In these texts 
there are a number of problems in which four, five, or six numbers 
are multiplied together and sometimes one or two divided. Both 
of these operations can be done at the same time by logarithms. 
In other words, you can multiply and divide at the same time. 
We will illustrate by a problem. Let us use three of the numbers, 
of ^^hich we already have the logarithms in our first table. 


MULTIPLICATION AND DIMSION 


>‘)0 01 

Problem 6. Find the result —“- - 


Step 1 

Log of 220 2 
Log of 22 01 
Log of product 
Log of 2201) 

Log of quotient 
^lant. of 2101, 
Step 2 
] >i here nee 


= 2.312817 
= 1 312(>20 


Add logs for ])roduct of nui iber 


= 3 (>85 i37|Subtract logs for quotient of 
= 3 314 HK); numbers 
= 0 341211 


14123 ) 


1 


Step 2 

1 0<, \RI IIIMIC TABIXS 


I’ago 

N 

1 

1 < 

1 

^ 1 

I) 

4 1 

219 

1 ollJJT 


1 

19S 


Step 3 

4-108 = 02 

Annexing 02 to 2194 = 210402 

Step 4 

Characteristic 0+1 = 1 Point off one figure to left of decimal 
(Table V) 2.19402 Ans^^er 

In this problem, add the first two logarithms. This gives the 
logarithm of the product. Subtract the logarithm of the third num- 
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her from the logarithm of the product. This gives the quotient. 
Now all we have to do is to find the corresponding number for this 
logarithm. In the Logarithmic Tables, as shown in Step 2, you 
will find the next mantissa nearest to the one we have for the quo¬ 
tient. The difference is 4. We divide the difference by the differ¬ 
ence in column D, Step 2, which is 198. The result is 02. We annex 
02 to the right-hand end of our number 2194 and we get 219402, 
which is the whole number we are looking for. To find where to 
put the decimal point, we refer to Table V. Having a zero char¬ 
acteristic, we add one and this gives us one figure to the left of the 
decimal. 

Thus you see we finished these two operations almost as quickly 
as we did the one before. The only difference is the extra step of 
subtracting one of the logaritlims from the smn of tlie other two. 
Thus you see the use of logarithms will save you quite a bit of 
time from what is necessary to work this kind of a problem by 
arithmetic. 

Practice Problems 

Solve the following problems by logarithms. Do not send 
in the solutions unless you fail to get the answers given. If you 
send them in, show all your work. 

1 ()74.‘12X .0208r) 1 .9()0()9 Answer 

700.09 ' 

2 25.720X1 0027) .722947 Answer 

il5.()78 

3 29000X0700 00 X5:100 1,280,770,000 Answer 

80029 

ROOTS AND POWERS 

In the introductory discussion and in the lesson on Powers and 
Roots we explained the ordinary use of the square root or radical 
sign and exponents. This same sign is often used for other roots 
beside the square root. For instance,*^ 72:15 means that the cube root 
of the number under the radical sign is to be obtained. We may 
also use any other figure in place of the 3 to indicate any root of 
the nun\ber under the radical sign. -v^oO indicates that the fourth 
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root of 2 56 is to be obtained. The result equals 4, tor4X4X4X4—256. 
Also, -^243 indicates the fifth root of 243, which equals 3. Or 
^^^04 indicates the sixth root of 64, which equals 2. 

Ordinarily, there is a single figure used as an exponent for a 
number. The exponent indicates the power to which the number 
is to be increased. These exponents can be either fractional or 
decimal. 853^''^ is an illustration of a fractional exponent. It is 
read 853 to the 2/3rds power. This indicates that we are to raise 
853 to the second power and extract the cube root. Thus, the 
numerator of the exponent indicates the power and the denominator 
indicates the root. 275^'^^ is read 275 to the 7/5ths power. In 
this exponent tlie numerator is larger than the denominator. Thus 
it is seen that any kind of a fraction may be used as an exponent. 

724^® is an illustration of a decimal exponent. It is read 
724 to the one and six-tenths power. This type of exponent may 
be either part or wholly decimal. 

We have a great variety of exj)onents, but we can solve all 
problems containing these indicated o[)crations by logarithms. 
Some of these operations are impossible by arithmetic. Therefore, 
you see how valuable logarithms are in this particular tvork. 

In order to solve a problem in which we want to find the root, 
we find the logarithm of the number and then divide the logarithm 
by the exponent of the root of the number. For instance, if we 
want the square root of 75, we find the logarithm of 75 and divide 
the log by 2, which gives us the logarithm of the square root of the 
number. To find the cube root, we dividt* by 3; to find the fourth 
root, we divide by 4, etc*. 

To find the power of a number, we find the logarithm of the 
number and multiply it by the exponent of the power to which 
we want to raise the*, number. Tliis gives the log of the power. 
You will note that this is just the revcTse of finding the root. 

For instance, if we want to find the square of 229, we find the 
logarithm of 229, and then multii>Iy it by 2. That gives us the 
logarithm of the square of the munber. If we multiply the logaritlim 
of any given number by any indicated power, we obtain the logarithm 
of that power for that number. Fractional or decimal exponents 
are handled in a similar manner. We will work out two problems 
to illustrate how this work is done. 
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Problem 7. Solve 99^/^ 


Step I 

Log of 99 


Log of 99^ ^ 
Mant. of .'5079 
I )ifferencc 


= 1.99.30.3.5 —Logarithmic Tables, page 19 

9 Multiply by 9 to obtain the 
log of 9th power of number 
7)17.90071.5 Divide by 7 to obtain the log 
of tlie 7th root 

- 2..50.58104+ 

= .5r).57.50 

= 804 


Step 2 

LOGARITHMIC TABU S 




N 


9 



I .’)h.)7.}() 


D 

ns 


Step 3 

801-^118-73 

73 annexed to 3079 = .307973 


Step 4 

Charaeteristie 2 + 1=3 

Point off three figures to the left of tlie decimal point. 

.307.973 Answer 

First, find the mantissa for 99. This is easily located on Page 
19 of Logarithmic Tables. The characteristic is located by Table I. 

To get the ninth power of this logarithm, you multiply it by 
9; and to get the seventh root of that, you divide it by 7. That 
gives \ou the logarithm of the two operations. We next find the 
corresponding number to this log as we have done in the other 
problems. 

In this problem you will see you have saved yourself a lot of 
time in working it out with logs. You can find the ninth power by 
arithmetic, but you could not find the seventh root that way. 
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Problem 8. 
Step 1 

Log of 741.4 

Multiply 1. G 


Log of i)()\vcr 
Mant. of o900 
Difference 


Solve 741.4^ ® 

= 2.S7005‘> Log Table, Page 14. Character¬ 
istic, Table I. 

=_ 1 .G Multiply by exponent to get the 

log of the power. 

17220318 
2S70053 
= ‘1.5920848 
= 5920( )G See Step 2 

= 


step 2 I.OG\RITHMIC TABLES 


Viv^v I 

N 1 

_ __1 

9 

D 

• ! 

;jiK) 1 


111 


Step 3 

iss-^in =17- 

17 — annexed to 3909 = 390917 -- 

Step 4 

Characteristic 4-[-] =5 

Point off five figures to left of decimal point, Table V. 

39091.7 Answer 

We find the logarithm of 711 .4 in tlie same way as we did in the 
other problems, then multiply by 1 .G. That gives us tlie logarithm 
of the 741.4 to the 1 .G power. We find the ii(*arest less mantissa 
in the Logarithmic Tables and subtra(*t it as shown. Steps 3 and 
4 are the same as in the other jiroblems. This problem cannot be 
solved by arithmetic. 

Practice Problems 

Work out the following problems by logarithms. Do not 
send in the solutions unless you fail to get the given answers. If 
you send them in, show all of your work. 

1. Find the value of47G.92 3.43312 Answer 

2, Find the value of 12345.®''^ 1,881,305,200,000+ Answer 

8. Find the value of 9.645’^'^ 278G. 48 Answer 


315 



30 


LOGAKITHMS 


DECIMAL NUMBERS WITH EXPONENTS 

Decimal numbers have negative characteristics, as we have 
shown in previous discussions. When we find it necessary to solve 
problems having decimal numbers with powers or roots, it will be 
necessary to change the negative characteristic to a positive char¬ 
acteristic. 

As an example let us find the log of .07854^ 

Step 1 

Log of .07854^ =¥.895091X3 Table II 

In order to avoid negative characteristics, we can make them 
positive by adding 10 to the characteristics and subtracting 10 
at the end of the logarithms. This is illustrated in Step 2. 

Step 2 2.895091X3 

+ 10 -10 
(8.895091-10) X 3 

Multiplying as indicated, gives us Step 3. We can simplify, by 
subtracting 20 from each part of the characteristic as shown. 

Step 3 20.085273-30 20-30=1 

20 _ 

0.085273-10 +0-10 = 4 

Now we can go back to the negative form by subtracting the 
10 from the 0, which gives us a minus 4 characteristic with the 
manti.ssa shown in Step 4. 

Step 4 4.085273 Answer 

This is the correct result, which cannot be obtained by multiply¬ 
ing directly the negative charaeteristics shown in Step 1. 

Still another complication arises when you have the root in¬ 
stead of the power of a decimal number. 

As an example let us find the log of '^.07854 
This is the same number as used in the above problem, so 
we have the same logaritlim and the negative characteristic. Steps 
1 to 4. 
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Step 5 (2.895091^4) 

In this case we have to divide by 4 in order to get the log of 
the root. Change the negative to the positive characteristic and 
we have Step 6. 

Step 6 (8.895091-10)-^-4 

In dividing such a logarithm we must have a —10 at the end 
after the division. Therefore, we must add to both parts of the char¬ 
acteristic to allow for this condition. In this case we add 30 as 
shown in Step 7. Dividing as indicated we get Step 8. 

Step 7 (8.895091-10)-^4 

30 -30 

4)38.895091-40 
Step 8 9.72377275-10 

Now we can put this back in a negative forn. a.s before, and 9—10 
gives us —1 for a characteristic, as shown in Step 9. This is the 
correct logarithm for our problem. 

Step 9 1.72377275 Answer 

This is the only method by which problems of this kind can be 
solved. We will solve a problem of this type to show you how it is 
done. 

D o c 1 C07:M5)'» 

Problem 9. Solve: 

Log of .07345 = 2.805992 Logarithmic Tables, Page 14. Char¬ 
acteristic, Table II. 

Change to positive cliaracteristic = 8.805992 — 10 (8 —10 = — 2) 

Multiply by 3 for log of power =_ 

This gives log of numerator =^20.597970 — 30 

Mant. of 0254 = .790158 Logarithmic Table.s, Page 12 

Add for fifth figure 7 =_ 48.3 (7 X 09 = 48.3) 

Log of . 02547 =I. 790200.3 Characteristic, Table II 

Change to + characteristic = 9.7902003 — 10 (9 —10=—1) 

Add 10 to both parts = ^JO_ —10 

Divide by 2 for root = 2)19.7902003 — 20 

This gives log of denominator = 9.89810315 —10 
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Subtract log of denominator from log of numerator in order to divide 
the numbers. 

Log of numerator = 26.597976 ~ 30 

Log of denominator = 9.89810315 — 10 
Log of quotient =16.09987285 ~ 20 

Change to negative characteristic =4.69987285— (+16--20= —4) 
Mant. of 5010 = .099838 

Difference = 3485 


LOGARITHMIC TABLES 


rap:(‘ 

N 

0 

1 ^ 

10 

.501 

OOOSliS 

' S7 


Divide problem differenc-e by eolumii D value. 31^ 85-f-S7 = 
4+ 

Annex to other figures at rightdiaud end. Annexing 1 to 
5010 = 50104 

Table V, 4-1 = 3 

There will be three ciphers to right of (hx'iinal i>oint. 

.00050104 Answer 

COMBINATION OF OPERATIONS 

We are going to work out in detail a problem, which will illus¬ 
trate four or five of the different operations at once. It is only a 
little different from the first problem illustrated, but is more eom- 
plieated. The two numbers in the numerator both have simple 
exponents, while one number in the denominator has a fractional 
exi)onent and the other has a decimal exponent. And the radical 
is for the cube root of the total result of the other operations. 

We have worked out this problem, giving the details of each 
operation so that you can follow it all the way through. Study 
this very carefully as it illustrates many of the different operations 
at once. It also shows you how much time and labor can be saved 
by using logarithms and how the chance for many mistakes is 
eliminated. Some of these operations cannot be solved by arith¬ 
metic. 

After you have studied this problem through thoroughly so 
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that you understand it, you should be able to handle any kind of a 
problem which involves lo^jarithms. 

You must remember that you cannot add or subtract numbers 
after you get the logaritlims of them. You must add or subtract 
by the ordinary metliods before you get the logs. AVhen you add 
the logarithms, you multiply tlie numbers; and when you subtract 
the logarithms, you divide the numbers. 


Problem 10. Find value of: ^ 

<1 :U)7s-‘x:>.2ri7- 


Step 1 

Step 1 


Find log of first number of 

Find log of lfi79*/® 


denominator. 

Mantissa of 1679 

= .225051 

Do this by fiiuhiig inantissji of 

Dharactcr’stic, 'TabU* 


iiiinil:)er in Logaritliinic Tablo^^ ]»ago 

1 

3 

3. 

Log of 1679 

- ;} 225051 

Next find charactmstic of loinibcr 

Multi])ly b; )>o\vcr 

2 

and combine. 

Divide by ’oot 

3'() 450102 

Next find log for jiowtT of mimbor. 
Next find log for root of number 

Log of 1679“ ^ 

= 2 1500:54 

Step 2 

Step 2 


Find log of second number of 

I Hid log of 1.345^-^ 


denominator. 

Mantissa of 1.345 

= .128722 

Do thib bv finding mantissa of mini- 

( diaracteristic, Table 


her in Logarithmic Tables, jiagc 2. 

1 

= 0 

Next find characteristic of number 

Log of 1 345 

- 0 12S722 

and com tune. 

Multi])b by ])o\M‘r 

1 5 

Next find log lor power oi number. 


6i:i6io 

12S722 


l>og of 1.3 

= 0 193083' 

Step 3 

Step 3 


Find log ot denominator. 

Atltl logs of 1679“ ^ and 1.345* 

Do this by adding the two log.s of 

St(‘p 1 gives log 

2 ,160034 

the numbers for log of product of 

Step 2 gives log 

0 193083 

numbers. 

Log of denoiiiiimtor 

- 2 343117 

Step 4 

Step 4 


Find log of first number of 

Find log of 3678^ 


numerator. 

Mantissa of 3678 

= .565612 

Do this by finding mantissa of num¬ 

Characteristic, 


ber in Logarithmic Tables, jaige 7 

Table I 

- 3 

Next find characteristic of number 

Log of 3678 

= 3 565612 

and combine. 

Multiply by power 

4 

Next find log for power of number. 

Log of ^78^ 

= 14.262448 
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LOGARITHMS 


Step 5 

Find log of second number of 
numerator. 

Do this by finding mantissa of num¬ 
ber in Logarithmic Tables, page 6. 
Next find characteristic of number 
and combine. 

Next find log for power of number. 


Step 5 

Find logof325P 
Mantissa of 3257 
Characteristic, 
Table I 
Log of 3257 
Multiply by power 
Log of 32572 


= .512818 

= 0 . 

* 0.512818 

2 

= 1.025636 


Step 6 

Find log of numerator. 

Do this by adding the logs of the 
two numbers for log of product. 


Step 6 

Add logs of 3678^ and 3.257* 

Stop 4, log of 3678^ = 14.262448 
Stop 5, log of 3 2572 = 1.025636 

Log of numerator = 15.288084 


Step 7 

Find log of all numbers under 
the radical sign. 

Do this by subt racting log of denom¬ 
inator from log of numerator for 
quotient of numerator divided by 
denominator. 


Step 8 

Find root of combined results 
under radical sign. 

Do this by dividing log of quotient 
of combined numerator and denom¬ 
inator by indicated root of t he radi¬ 
cal sign. 

Step 9 

Find number that corresponds 
to log of Step 8. 

Do this by finding the number in 
Logarithmic Tables that has a man¬ 
tissa the same or a little less than 
mantissa of the log. 

Subtract mantissa. 


Step 7 

Subtract log of denominator from 
log of numerator 
Step 6, log of numera¬ 
tor = 15 288084 

Step 3, log of denom¬ 
inator — 2 343 117 

Log of quotient = 12 944967 

Step 8 

Find cube root of number whose log 
by Step 7 = 12.944967 

Divide by 3 3)12.944967 

Log of cube root — 4 314989 


Step 9 

Find number that corresponds to 
mantissa of Step 8 = . 314989 

Column N gives 206 
Column 5 gives 5 
2065 

Mantissa for 2065 = . 314920 

Difference 69 


LOGARITHMIC TABLES 


Pag<' 

N 

5 

D 

4 

206 

314920 

210 
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35 


Step 10 

Find amount to be annexed to 
the number from the difference 
of mantissa of Step 9. 

Do this by dividing this difference 
by the difference shown in column D. 


Step n 

Place quotient of Step 10 at 
right end of number found in 
Step 9 to get all figures of result¬ 
ing number. 

Step 12 

Locate decimal point. 

Number of figures to left of deci¬ 
mal point equals characteristic plus 
one. 


Step 10 

Divide 69 by 210 

210 ( 69 0 ) 328-1- 
63 0 
6 00 
4 20 
1 800 
1 680 

Step 11 

Number in Step 9 = 2065 

Quotient in Step 10 ~ 328 

2065328 


Step 12 

Step 8 Characteristic = 4 

Add one 1^ 

5 

Count five tigures from left end and 
place decimal point. 

20653.28 4nswei 
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LOGARITHMS OF NUMBLks 


N. 


100 00 oooopo 0434 

101 i 4321 4751, 

102 / 8600 9026 


103 

104 

105 

106 

107 

108 
109 

no 

111 

112 

113 

114 

115 

116 

117 

118 

119 

120 
121 
122 

123 

124 


|01 2837 

7033 

102 1180' 
r)30C) 
0384 
|03 3424 
74201 


01 3259 
7451 

02 1603 
5715 
0789 
i03 3826! 
782, 


04 1303104 1787 
53231 5714 


0218 
05 3078 
6005 

|06 0608 
44581 
8186 
107 1882 
5547 


9006 
|()5 3463 
7286 

l06 1075 
4832 
8557 j 
|()7 22501 
5012 


l00 08681 

5181, 

9451 


100 1301 
56091 


D. 


00 1734 00 2166 00 2598 00 3029 00 3461 00 3891 43 > 
6038 6466 68941 7321 j 7748 8174 42s 


|01 3080 
7868 

02 2010 
6125 
|03 01051 
4227; 
8223 

04 2182 
6105 
0003 
|05 3846 
7606 

106 1452 
5206 
8028 

107 2617 
6276 


07 0181 ()7 0543107 0004 
08 278'-) 08 3144 IO 8 3503 


63»)0 
00.15 
OO 3422 


125 00 OOlOi 

126 10 0171 

127 3S04 

128 7210; 

129 110501)1 


67161 7071 

00 0258100 0611 
3772| 4122 

loo 72’)7|00 7604 
*10 071 ) 10 1050 
4116 
7540 
11 0026 


130 

131 

132 

133 

134 

135 

136 

137 

138 

139 

140 

141 

142 

143 

144 

145 

146 

147 

148 

149 

150 

N. 


11 3043111 4277 


12 0574'12 0003 
3852I 4178 
7105 7420 


7271 


7603 


44.87 
7888 
11 12)i3 

11 4611 
7034 

12 1231 
4504 
77Xi 


987601 0300 01 0724 01 1147 01 1570 01 1993 01 2415, 


lOI 4100 45211 49401 5360 5779 

8284 8700| 9116, 9532 9947| 

02 2428 02 2841'02 3252102 3664 02 4075 
6533 6042, 7350, 7757 8164 

103 0600 03 1004'03 1408|03 1812 03 2216 
4628 5020' 5430! 5830 62301 

8620 

04 2576 
6405 
|05 0380 
4230 
8046) 

06 1820 
5580 
0208 

07 208507 3352; 3718 40851 4451 

6640' 7004 7368' 7731, 8004 

' 1 I 

08 0626» 08 008708 1347,08 1707 
4210 457(. 40341 5201 

7781, 8136 8401)' 8S45 

|00 1315'00 16,67100 2018i00 23704)0 2721100 30711 
4820, 5160 5518, 586(»' 62151 6562, 

'll 

00 8208 00 86,44 00 8000 00 0335 00 0681110 0026,1 
10 1403 10 1747,10 2001,10 2434 10 2777|lO 3110 3462, 

4828; 5160 55101 585ll OlOli 6531 687l! 

82271 856,5 8003| 0211' 0570! 0016,; 11 0253 


04 2060104 3362'04 3755 
6885' 7275, 7664 

i05 0766 05 1153j05 153Sj 
4613 40061 5378 

8426, 88051 0185 

I i 

06 2206,06 2582,06 20581 
5053 6326' 6600' 


04 4148 
8053 

105 1024 
5760 
9563 

106 3333 
7071 


6197 
02 0361 

02 44861 
8571 
|03 2619 
6629 
104 0602 

'o4 4540 
8442 
05 2300 
6142 
9942 

06 3700 
7443 


0668,07 0038 07 04()7]07 0776,07 1145 

•J'riw ylUlK 


OS 0266 
3861 
7426 
|()0 0063 
4471 

00 7051 


4816 

84. 


66161 
|02 0775 

02 4896 
8078 
03 3021 
7028| 
04 0998 

04 4932| 
8830 
|05 2694 
6524 
06 0320j 

06 4083' 
7815 ; 
!07 15141 
51821 
8810, 


08 2067;08 2426; 
5647, 6004 

0108! 0552j 


13 0334113 0655! 13 0077 

35301 3858 4177 

67211 7037 7354 

9870*14 010n4 0508 

14 3()15| 33271 3630 


14 6128114 6438 

0210 0527 

15 2288* 15 2504 

5336! 5640 

83621 86t,4 


14 6748 
08351 

15 2000| 
5043 
8065! 


16 1368 16 1667'16 1067 


4353 4650 

73171 7613 

17 0262117 0555 
3186 3478 

17 6001 17 6381 


4047 

7008' 


11 1500'11 1034 11 2270 11 2605 11 2040*11 32751 3600 

I > I I I I I 

11 4044'll 5278 11 5611 11 5043 11 6276 11 6608 11 604()| 

82651 8505 8026 02561 0586 0915 

12 1560il2 1888 12 2216 12 2544 12 2871*12 3108 

4830 51",6 5481^ 5801, 6131| 6456 

8076, 8300 8722; 00451 0368 0600 

I i 

13 1208'l3 1610 13 1030'l3 2260 13 2580*13 2900|13 3210 


12 0245' 
35251 
67811 

13 0012 


4406 

7671 


4814 

7087! 


5133 

8303' 


5451 

8618 


5760 

8034 


6081, 

9240 


6403 

0564' 


14 0822114 1136 14 1450 14 1763,14 2076,14 2380,14 2702 

3951* 4263 4574, 4885, 510(m 5507| 5818 

I ' I I 

14 7058'14 7367 14 7676 14 7085 14 8204'14 8603,14 8911' 

15 0142;i5 0440 15 0756 15 1063 15 1371)115 1676 15 1082| 


3205 

6246 

0266 


3510 3815| 4120 4424' 4728 50321 

6540 6852* 7154i 74.',7! 7750 8061, 

9567 9868 16 0168 16 0460'16 0760 16 101,8 


16 226616 2564 16 2863 16 3161 16 3460 16 3758,16 4055 

52441 5541 5838 6134, 6430| (,726, 70221 

8203' 8407 8702' 0086 93801 0674 0068 

17 0848;i7 1141,17 1434 17 1726 17 2010 17 2311*17 2603 17 2805| 

3760! 4060| 4351 4641 40321 5222| 5512 5802| 

17 6670 17 6059,17 7248 17 7536 17 7825 17 8113 17 840117 8689 


424 

420 

416 

412 

408 

404 

400 

397 

393 

390 

386 

383 

370 

376 

373 

370 

366 

3(>3 

360 

357 

355 

352 

340 

346 

343 

341 
338 
335 

333 

330 

328 

325 

323 

321 

318 

316 

314 

311 

300 
307 
305 
303 

301 

209 

207 

205 

203 

201 

289 
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logarithms of numbers Page 3 160 tO 200 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

150 

17 6091 

17 6381 

17 6670 

17 6959 

17 7248 

17 753f 

17 7825 

!i7sn3 

17 8401 

IT 8689 

289 

151 

8977 

9264 

9552 

9839 

18 0126 

18 0413 

118 0609118 OOS6II8 1272 

18 1558 

287 

152 

18 1844 

18 2129 

18 2415 

18 2700 

2985 

3270 

1 35551 3839 

4123 

4407 

285 

153 

4691 

4975 

5259 

5542 

5825 

61 OS 

6391 

0674 

6956 

7239 

283 

154 

7521 

7803 

8084 

8366 

8647 

8928 

' 9209 

9490 

9771 

19 0051 

281 

155 

19 0332 

19 0612 

19 0892 

19 1171 

19 1451 

19 1730'19 2010 19 2289 

19 2567 

19 2846 

279 

156 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

278 

157 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7S32 

8107 

8382 

276 

158 

8657 

8932 

9206 

9481 

9755 

20 0029 

20 0303 

20 0577 

20 0850 

20 1124 

274 

159 

20 1397 

20 1670 

20 1943 

20 2216 

20 2488 

2761 

3033 

3305 

3577 

3848 

272 

160 

20 4120 

20 4301 

20 4663 

20 4934 

20 5204 

20 5475 

'20 5716 

20 6016 

20 6286 

20 6556 

271 

161 

0820 

7000 

7365 

7631 

79(J4 

8173 

8411 

8710 

8979 

9247 

269 

162 

9515 

9783 

21 0051 

21 0319 

21 0586 

21 08)3,21 1121 

21 1388 

21 1651 

21 1921 

267 

163 

21 2188 

21 2451 

2720 

2986 

3252 

3518 

3783 

4049 

431 t 

4579 

266 

164 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6694 

6957 

/221 

2(>4 

165 

21 7481 

21 7747 

21 8010 

21 8273 

21 8536 

21 8798 

21 9060 

21 9323 

21 9585 

21 9846 

262 

166 

22 0108 

22 0370 

22 0631 

22 0892 

22 1153 

22 1414 

22 1()75 

22 193l‘ 

22 2196 

22 2456 

201 

167 

2716 

2976 

3236 

349(i 

3755 

4015 

4274 

4533 

4792 

5051 

259 

168 

5309 

5568 

5826 

G0S4 

6342 

6600 

0858 

Tiir, 

7372 

7630 

258 

169 

7887 

8144 

8400 

8657 

8913 

9170 

9426 

9682 

9938 

23 0193 

256 

170 

23 0449 

23 0701 

23 0960 

23 1215 

23 1470 

23 1724 

23 1979 

23. 2234 

23 218S 

23 2742 

255 

171 

2996 

3250 

3501 

3757 

4011 

42(14 

4517 

1770 

5023 

5276 

253 

172 

5528 

57SI 

6033 

6285 

6537 

67S9 

7041 

7292 

7544 

7795 

252 

173 

8046 

8297 

8548 

8799 

9049 

9299 

9550 

9800 

24 0050 

24 0300 

250 

174 

24 0549 

24 0799 

24 104S 

24 1297 

24 1546 

24 1795 

24 2044 

24 2293 

2541 

2790 

249 

J75 

24 3038 

24 3286 

24 3531 

24 3782 

24 4030 

24 4277 

24 4525 

24 4772 

24 5019 

24 5266 

248 

176 

5513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

216 

177 ! 

7973 

8219 

8464 

8709 

8954 

9198 

9443 

9687 

9932 

25 0176 

245 

178 

25 0420 

25 0664 

25 0908 

25 1151 

25 1395 

25 1638 

25 1881 

25 2125 

25 2368 

2610 

243 

179 

2853 

3096 

3338 

3580 

3822 

40()4 

4306 

4548 

4790 

5031 

242 

180 

25 5273 

25 5514 

25 5755 

25 5990 

25 6237 

25 6477 

25 0718 

25 6958 

25 7198 

25 7439 

241 

181 

7679 

7918 

8158 

8398 

8637 

8877 

9116 

9355 

9591 

9833 

239 

182 

26 0071 

26 0310 

26 0548 

26 0787 

I 26 1025 

26 1263 

26 1501 

26 1739 

26 1976 

26 2214 

238 

183 

2451 

2688 

2925 

3102 

3399 

3636 

3873 

4109 

4346 

4582 

237 

184 

4818 

5054 

5290 

5525 

5761 

5996 

6232 

64i;7 

6702 

6937 

235 

185 

26 7172 

26 7406 

26 7641 

26 7875 

26 8110 

26 8344 

26 8578 

26 8812 

26 9046 

26 9279 

234 

186 

9513 

9746 

9980 

27 0213 

27 0446 

27 0679 

27 0912 

27 1144 

27 1377 

27 1609 

233 

187 

27 1842 

27 2074 

27 2306 

2538 

2770 

3001 

3233 

3464 

3696 

3927 

232 

188 

4158 

4389 

4620 

4850 

5081 

5311 

5542 

5772 

6002 

6232 

230 

189 

6462 

6692 

6921 

7151 

7380 

7609 

7838 

8067 

8296 

8525 

229 

190 

27 8754 

27 8982 

27 9211 

27 9439 

27 9667 

27 9895 

28 0123 

28 0351 

28 0578 

28 0806 

228 

191 

28 1033 

28 1261 

28 1488 

28 1715 

28 1942 

28 2169 

2396 

2622 

2849 

3075 

227 

192 

3301 

3527 

3753 

3979 

4205 

4431 

4656 

4882 

5107 

5332 

226 

193 

5557 

5782 

0007 

0232 

6456 

0681 

6905 

7130 

7354 

7578 

225 

194 

7802 

8026 

8249 

8473 

8696 

8920 

9143 

9366 

958J 

9812 

223 

195 

29 0035 

29 0257 

29 0480 

29 0702 

29 0925 

29 1147 

29 1369 

29 1591 

29 1813 

29 2034 

222 

196 

2256, 

2478 

2699 

2920 

3141 

3363! 

3584 

3804 

4025 

4246 

221 

197 

44061 

4687 

4907 

5127 

5347 

5567! 

5787 

6007 

6226 

6446 

220 

198 

6665! 

6884 

7104 

7323 

7542 

7761 i 

7979 

8198 

8416 

8635 

219 

199 

88531 

9071 

9289 

9507 

9725 

9943’30 0161| 

30 0378 

30 0595 

30 0813 

218 

200 

30 1030130 1247 

30 1464 

30 1681 

30 1898 

30 2114 

30 2331 

30 2547 

30 2764 

30 2980 

217 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 


323 




200 to 260 Page 4 LOGARITHMS OF NUMBER 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

200 

30 1030 

30 1247 

30 1464 

30 1681 

30 1898 

30 2114 

30 2331 

30 2547 

30 2764 

30 2980 

217 

201 

3196 

3412 

3628 

3844 

4059 

4275 

4491 

4706 

4921 

5136 

216 

202 

5351 

5566 

5781 

5996 

6211 

6425 

6639 

6854 

70G8 

7282 

215 

203 

7496 

7710 

7924 

8137 

8351 

8 ."i(U 

8778 

8991 

9204 

9417 

213 

204 

9630 

9843 

31 0056 

31 0268 

31 0481 

31 0693 

31 0906 

31 1118 

31 1330 

31 1542 

212 

205 

31 1754 

31 1966 

31 2177 

31 2389 

31 2600 

31 2812 

31 3023 

31 3234 

31 3445 

31 3656 

211 

206 

3867 

4078 

4289 

4499 

4710 

4920 

5130 

5340 

5551 

5760 

210 

207 

5970 

618f) 

6390 

6599 

6809 

7018 

7227 

7436 

7646 

7854 

209 

208 

8063 

8272 

8481 

8689 

8898 

9106 

9314 

9522 

9730 

9938 

208 

209 

32 0146 

32 0354 

32 0562 

32 0769 

32 0977 

32 1184 

32 1391 

32 1598 

32 1805 

32 2012 

207 

210 

32 2219 

32 2426 

32 2633 

32 2K39 

32 3046 

32 3252 

32 3458 

32 3665 

32 3871 

32 4077 

206 

211 

4282 

4488 

4694 

4899 

5105 

5310 

.5516 

5721 

5926 

6131 

205 

212 

6336 

6541 

6745 

6950 

7155 

7359 

7563 

7767 

7972 

8176 

204 

213 

8380 

8583 

8787 

8991 

9194 

9398 

9601 

9805 

33 0008 

33 0211 

203 

214 

33 0414 

33 0617 

33 0819 

33 1022 

33 1225 

33 1427 

33 1630 

33 1832 

2034 

2236 

202 

215 

33 2438 

33 2640 

33 2842 

33 3044 

33 3246 

3447 

33 3649 

33 3850 

33 4051 

33 4253 

202 

216 

4454 

4655 

4856 

5057 

5257 

5458 

5658 

5859 

6059 

6260 

201 

217 

6460 

6660 

6860 

7060 

7260 

7459 

7659 

7858 

8058 

8257 

200 

218 

8450 

8656 

8855 

9054 

9253 

9451 

9650 

9849 

34 0047 

34 0246 

199 

219 

34 0444 

34 0642 

34 0841 

34 1039 

34 1237 

34 1435 

34 1632 

34 1830 

2028 

2225 

198 

220 

34 2423 

34 2620 

34 2817 

34 3014 

34 3212 

34 3409 

34 3606 

34 3802 

34 3999 

34 4196 

197 

221 

4392 

4589 

4785 

4981 

5178 

5374 

5570 

5766 

5962 

6157 

196 

222 

6353 

6549 

6744 

6939 

7135 

7330 

7525 

7720 

7915 

8110 

195 

223 

8305 

8500 

8694 

8889 

9083 

9278 

9472 

9666 

9860 

35 0054 

194 

224 

35 0248 

35 0442 

35 0636 

35 0829 

35 1023 

35 1216 

35 1410 

35 1603 

35 1796 

1989 

193 

225 

35 2183 

35 2375 

35 2568 

35 2761 

35 2954 

35 3147 

35 3339 

35 3532 

35 3724 

35 3916 

193 

226 

4108 

4301 

4493 

4685 

4876 

5068 

5260 

5452 

5f)43 

5834 

192 

227 

6026 

6217 

6408 

6599 

6790 

6981 

7172 

7363 

7554 

7744 

191 

228 

7935 

8125 

8316 

8506 

8696 

8886 

9076 

9266 

9456 

9646 

190 

229 

9835 

36 0025 

36 0215 

36 0404 

36 0593 

36 0783 

36 0972 

.36 1161 

36 1350 

36 1539 

189 

230 

36 1728 

36 1917 

36 2105 

36 2294 

36 2482 

36 2671 

36 2859 

36 3048 

36 3236 

36 3424 

188 

231 

3612 

3800 

3988 

4176 

4363 

4551 

4739 

492(. 

5113 

5301 

188 

232 

5488 

5675 

5862 

6049 

6236 

6423 

6610 

6796 

6983 

7169 

187 

233 

7356 

7542 

7729 

7915 

8101 

8287 

8473 

8659 

1 8845 

9030 

1 186 

234 

9216 

9401 

9587 

9772 

9958 

37 0143 

37 0328 

37 0513 

[37 0698 

37 0883 

185 

235 

37 1068 

37 1253 

37 1437 

37 1622 

37 1806 

37 1991 

37 2175 

37 2360 

37 2544 

37 2728 

184 

236 

2912 

309(j 

3280 

3464 

3647 

3831 

4015 

4198 

4382 

4565 

184 

237 

4748 

4932 

5115 

5298 

5181 

5664 

5846 

6029 

6212 

6394 

183 

238 

6577 

6759 

6942 

7124 

7306 

7488 

7670 

7852 

8034 

8216 

182 

239 

8398 

8580 

8761 

8943 

9124 

9306 

9487 

9668 

9849 

38 0030 

181 

240 

38 0211 

38 0392 

38 0573 

38 0754 

38 0934 

38 1115 

*38 1296 

38 1476 

38 1656 

38 1837 

181 

241 

2017 

2197 

2377 

2557 

2737 

2917 

1 3097 

3277 

3456 

3636 

180 

242 

3815 

3995 

4174 

4353 

4533 

4712 

4891 

5070 

5249 

5428 

179 

243 

5006 

5785 

59(,4 

6142 

6321 

6499 

6677 

6856 

7034 

7212 

178 

244 

7391) 

' 7568 

7746 

7924 

8101 

8279 

8456 

8634 

8811 

8989 

178 

245 

38 9166 

i 38 9343 

38 9520 

38 9698 

38 9875 

39 0051 

39 0228 

39 0405 

39 0582 

39 0759 

177 

246 

139 0935139 \\\l 

,39 128S'39 1464 

39 1641 

1817 

1 1993 

2169 

2345 

2.521 

176 

247 

26‘<7 

2873 

3048 

3224 

3400 

3575 

,3751 

3926 

4101 

4277 

176 

248 

4451 

4627 

4802 

4977 

5152 

5,126 

5501 

5676 

5850 

6025 

175 

249 

6199' 6374 

6548 

6722 

: 6896 

7071 

7245 

7419 

7592 

7766 

174 

250 

39 794( 

'39 8114'39 8287 

1 

39 8461 

39 8634 

39 8808 

39 8981 

39 9154 

39 9328 

39 9.501 

173 

N. 

0 

1 

2 

1 ^ 

4 

5 

6 

7 

8 
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LOGARITHMS OF NUMBERS 5 260 tO 300 


N. 

0 

1 

T. 

2 

3 

4 

5 

6 

7 

8 

9 

T - 

D. 

250 

39 7940 

39 8114 

39 8287 

39 8461 

39 8634 

39 8808 

39 8981 

39 9154 

39 9328 

39 9501 

173 

251 

9674 

9847 

40 0020 

40 0192 

1 40 0365 

40 0538 

40 0711 

40 0883 

40 1056 

40 1228 

173 

252 

40 1401 

40 1573 

1745 

1917 

2089 

2261 

2433 

2605 

2777 

2949 

172 

253 

3121 

3292 

3464 

3635 

3807 

,1978 

4149 

4320 

4492 

4663 

171 

254 

4834 

5005 

5176 

5346 

5517 

5688 

5858 

6029 

6199 

6370 

171 

255 

40 6540 

40 6710 

40 6881 

40 7051 

40 7221 

40 7391 

40 7561 

40 7731 

40 7901 

40 8070 

170 

256 

8240 

8410 

8579 

8749 

8918 

9087 

9257 

9426 

9595 

9764 

169 

257 

9933 

41 0102 

41 0271 

41 0440 

41 0609 

41 0777 

41 0946 

41 1114 

41 1283 

41 1451 

169 

258 

41 1620 

1788 

1956 

2124 

2293 

2461 

2629 

27!)fi 

2964 

3132 

168 

259 

3300 

3467 

3635 

3803 

3970 

4137 

4305 

4472 

4639 

4806 

167 

260 

41 4973 

41 5140 

41 5307 

41 5474 

41 5641 

41 5808 

41 5974 

41 6141 

41 6308 

41 6474 

167 

261 

6641 

6807 

6973 

7139 

7306 

7472 

7638 

7804 

7970 

8135 

166 

262 

8301 

8467 

8633 

8798 

8964 

9129 

9295 

9460 

9625 

9791 

165 

263 

9950 

42 0121 

42 0286 

42 0451 

42 0616 

42 0781 

42 0945 

42 1110 

42 1275 

!42 1439 

165 

264 

42 1604 

1768 

1933 

2097 

2261 

2426 

2590 

2754 

2918 

I 3082 

164 

265 

42 3246 

42 3410 

42 3574 

42 3737 

42 3901 

42 4065 

42 4228 

42 4392 

42 4555 

42 4718 

164 

266 

4882 

5045 

5208 

5371 

5534 

5697| 

536n 

6023 

6186 

6349 

163 

267 

6511 

6674 

6836 

6999 

7161 

7324 

7486 

7648 

7811 

7973 

162 

268 

8135 

8297 

8459 

8621 

8783 

8944 

9106 

9268 

9429 

9591 

162 

269 

9752 

9914 

43 0075 

43 0236 

43 0398 

43 0559 

43 0720 

43 0881 

43 1042 

43 1203 

161 

270 

43 1364 

43 1525 

43 1085 

43 1846 

43 2007 

43 2167 

43 2328 

43 2488 

43 2*;49 

43 2809 

161 

271 

2969 

3130 

3290 

3450 

3610 

3770 

3930 

4090 

4219 

4409 

160 

272 

4569 

4729 

4888 

5048 

5207 

5367 

5526 

5685 

5844 

6004 

159 

273 

6163 

6322 

6481 

6640 

6799 

6957 

7116 

7275 

7433 

7592 

159 

274 

7751 

7909 

8067 

8226 

8384 

8542 

8701 

8859 

9017 

9175 

158 

275 

43 9333 

43 9491 

143 9648 

43 9806 

43 9964 

44 0122 

44 0279 

44 0437 

44 0594 

44 0752 

158 

276 

44 0909 

44 1066 

44 1224 

44 1381 

44 1538 

1695 

1852 

2009 

2106 

2323 

157 

277 

2480 

2037 

2793 

2050 

3106 

3263 

3419 

3576 

3732 

3889 

157 

278 

4045 

4201 

4357 

1 4513 

4669 

4825 

4981 

5137 

5293 

5449 

156 

279 

5604 

5700 

5915 

6071 

6226 

6382 

6537 

6692 

6848 

7003 

155 

280 

44 7158 

44 7313 

44 7468 

44 7623 

44 7778 

44 7933 

44 8088 

41 8242 

44 8397 

44 8552 

155 

281 

8700 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

45 0095 

154 

282 

45 0249 

45 0403 

45 0557 

45 0711 

45 0865 

45 1018 

45 1172 

45 1326 

45 1479 

1(;33 

154 

283 

1786 

1940 

2093 

2247 

24(K) 

2553 

2706 

285’9 

3012 

3165 

153 

284 

3318 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

153 

285 

45 4845 

45 4997 

45 5150 

45 5302 

45 5454 

45 5606 

45 5758 

45 5910 

45 6062 

45 6214 

152 

286 

6366 

6518 

6670 

6821 

6973 

7125 

7276 

74281 

7579 

7731 

152 

287 

7882 

8033 

8184 

8336 

84S7 

8638 

8789 

8940 

9091 

9242 

15r 

288 

9392 

9543 

9694 

9845 

9995 

46 0146 

40 0296 

46 0447 

46 0597 

46 0748 

151 

289 

46 0898 

46 1048 

46 1198 

40 1348 

4b 1499 

1649 

1799 

1948 

2098 

2248 

150 

290 

46 2398 

46 2548 

46 2097 

46 2847 

46 2997 

46 3146 

46 3296 

46 3445 

46 3594 

46 3744 

150 

291 

3893 

4042 

4191 

4340 

4490, 

4r»39 

4788 

4936 

5085 

5234 

149 

292 

5383 

5532 

5680 

5829 

5977 

0126 

6274 

0423 

6571 

6719 

149 

293 

6868 

7016 

7104 

7312 

7460| 

7608' 

7756 

7904 

8052 

8200 

148 

294 

8347 

8495 

8643 

8790 

89381 

9085' 

9233 

9380 

9527 

9675 

148 

295 

46 9822 

46 9969 

47 0116 

47 0263 

47 0410 47 0557 47 0704,47 0851 

47 0998 

47 1145 

147 

296 

47 1292 

47 1438 

1585 

1732 

J878| 

2025, 

2171 

2318 

2464 

2610 

146 

297 

2756 

2903 

3049 

3195 

33411 

3487| 

3633 

3779 

3925 

4071 

146 

298 

4216 

4362 

4508 

4653 

47991 

4944! 

5090 

.5235 

5381 

5526 

146 

299 

5671 

5816 

5962 

6107 

6252 

63971 

6542 

6687 

6832 

6976 

145 

300 

47 7121 

47 7266 

47 7411 

47 7555 

47 771K>147 7844|47 7989j47 8133 

47 8278 

47 8422 

145 

N. 

0 

1 

2 

3 


5 1 

6 

7 

8 
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300 to 360 Page 6 LOGARITHMS OF NUMBERS 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 


300 

47 7121 

47 7260 

47 7411 

,'47 7555 

47 7700 

47 7844 

47 7989 

8133 

: 47 827i 

ii47 84221 145 

301 

8566 

8711 

8855 

1 8999 

9143) 

9287 

9431 

9575 

0719 

9863 

144 

302 1 

48 0007 

48 0151 

48 0294] 

148 0438 

48 (1582 

48 0725 

48 0869 

148 1012 

148 1156 

148 1299 

144 

303 

1443 

1586 

1729 

1872 

2016 

2159 

2302 

2445 

2588, 

' 2731 

143 

304 

2874 

3016 

3159 

3302 

3445 

3587 

3730 

3872 

4015 

4157 

143 

305 

i8 4300 ^ 

18 4442 ^ 

48 4585 • 

48 4727 - 

48 4809 - 

48 5011 - 

48 5153 

48 5295 ■ 

48 5437 

48 5579 

142 

306 

5721 

5863 

6005 

6147 

0289 

6430 

6572 

6714 

6855 

6997 

142 

307 

7138 

7280 

7421 

7563 

7704 

7845 

7986 

8127 

8269 

8410 

141 

308 

8551 

8692 

8833 

8974 

9114 

9255 

9396 

9537 

9677 

9818 

141 

309 

9958 

49 0099 

49 0239 

49 0380 

49 0520 

49 0661 

49 0801 

49 0941 

49 1081 

49 1222 

140 

310 

49 1362 

49 1502 

49 1042 

49 1782 

49 1922 

49 2062 

49 2201 

49 2341 

49 2481 

49 2621 

140 

311 

2760 

2900 

3040 

3179 

3319 

3458 

3597 

3737 

3876 

4015 

139 

312 

4155 

4294 

4433 

4.'i72 

4711 

4850 

4989 

5128 

5267 

5406 

139 

313 

5544 

5683 

5822 

5900 

6099 

0238 

6376 

6515 

6053 

6791 

139 

314 

6930 

7068 

7200 

7344 

7483 

7621 

7759 

7897 

8035 

8173 

138 

315 

49 8311 

49 8448 

49 858() 

49 8724 

49 8802 

49 8999 

49 9137 

49 9275 

49 9412 

49 9550 

138 

316 

9087 

9824 

9902 

50 0099 

50 0230 

50 0374 

50 0511 

50 0048 

50 0785 

50 0922 

137 

317 

50 10591 

50 1190 

50 1333 

1470 

1007 

1744 

1880 

2017 

2154 

2291 

137 

318 

2427 

2504 

2700 

2837 

2973 

3109 

3240 

3382 

3518 

3()55 

130 

319 

3791 

3927 

4003 

4199 

4335 

4471 

4007 

4743 

4878 

5014 

130 

320 

50 5150 

50 5286 

50 5421 

50 5557 1 

50 5093 

50 5828 

50 5904 

50 009‘) 

50 0231 

50 6370 

130 

321 

6505 

0040 

077t) 

09111 

7040 

7181 

7310 

7451 

7580 1 

7721 

135 

322 

7850 

7991 

8120 

8200 

8395 

8530 

8001 

8799 

8931 

9008 

135 

323 

9203 

9337 

9471 

9(i(U> 

9740 

9874 

51 0909 

51 0143 

51 0277 ' 

51 0111 

131 

324 1 

51 0545 

51 0079 

51 0813 

51 0947 

51 1081 

51 1215 

13491 

1 1482 

loioj 

175() 

134 

325 

51 1883 

51 2017 

51 2151 

51 2281 

:.l 2418 

51 2551 

51 2()S4' 

51 2818 

51 2951 

51 3084, 

133 

326 

3218 

3351 

3184 

3017 

;!7,)( 

3S83 

4010 

41491 

42S2, 

4415i 

133 

327 

4548 

4081 

4813 

494(» 

5079 

5211 

5344 

5470 : 

1 5000 

5741 1 

133 

328 

5874 

0000 

0139 

0271 

0103 

0535 

00()8 

0800 

0932 

1 7004 

132 

329 

7190 

7328 

7400 

7592 

7721 

1 

7855 

7987 

8119 

8251 

8382, 

132 

330 

51 8514 

51 804t. 

|51 8777 

51 8909 

51 9040 

51 9171 

51 9303 

151 9434 

51 050i) 

51 9097 

131 

331 

9828 

9959 

52 0090 

52 0221 

,52 0353 

52 04S4 

52 0015 

52 0745 

,52 087(. 

"2 1007 

131 

332 

52 1138 

52 1209 

1400 

1)30 

1001 

1792 

1922 

2053 

2183 

2314 

131 

333 

2444 

2575 

2705 

2835 

2900 

3090 

3220 

3350 

1 34S(, 

3()10 

‘ 130 

334 

3741) 

387(. 

4001) 

I 4130 

420() 

4390 

4520 

4050 

4785 

4915 

130 

335 

52 5045 

52 5174 

52 5304 

52 5434 

52 5503 

52 5093 

52 5822 

52 5951 

52 0081 

52 0210 

1 129 

336 

0339 

0409 

0598 

0727 

0850 

0985 

7114 

, 7213 

7372 

7501 

; 129 

337 

7030 

7759 

7888 

80l(. 

8145 

8274 

8402 

8531 

1 8000 

8788 

1 129 

338 

8917 

9015 

9174 

9302 

9430 

9559 

9087 

9815 

994 1 

,53 0072 

128 

339 

53 0200 

53 0328 

53 0450 

53 0584 

53 0712 

53 0840 

53 0908 

53 1091) 

'53 1223 

I 1351 

128 

340 

53 1479 

53 1007 

I 53 1734 

'53 1802 

53 1990 

53 2117 

53 2245 

53 2372 

53 2500 

'53 2027 

128 

341 

27541 2882 

3009 

3130 

3204 

3391 

3518 

3045 

' 3772 

' 3899 

127 

342 

4020 

4153 

4280 

4407 

4534 

4001 

4787 

4914 

1 5041 

5107 

127 

343 

5294 

5421 

5547 

5074 

5S(K) 

5927 

0053 

0180 

1 0300 

0432 

126 

344 

6558 

6085 

6811 

0937 

7003 

7189 

7315 

7441 

1 7507 

1 

7093 

126 

345 

53 7819 

53 7945 

53 8071 

i53 8197 

53 8322 

53 8448 

53 8574 

53 8099 

53 8825 

53 8951 

126 

346 

9070 

9202 

9327 

9452 

9578 

9703 

9829 

9954 

|54 0079 

,54 0204 

125 

347 

54 0329 

54 0455 

54 0580 

54 0705 

54 0830 

54 0955 

i54 1080154 1205 

1 1330 

1454 

125 

348 

1579 

1704 

1829 

1953 

2078 

2203 

2327 

' 2452 

1 2570 

, 2701 

125 

349 

2825 

2950 

1 3074 

3199 

1 3323 

3447 

3571 

1 

3820 

1 3944 

124 

350 

54 4068 

54 4192 

; 54 4316 

54 4440 

154 4564 

54 4688 

1 

'54 4812 

54 4930 

,54 5000 

54 5183 

1 124 

N. 

0 

1 

2 

i 3 

1 4 

5 

6 

7 

1 ^ 

! ® 

D. 



logarithms of numbers Page 7 360 tO 400 


N. 

0 

1 

2 

3 

4 

S 

6 

7 

8 

9 

D. 

350 

54 4068 

54 4192 

54 4316 

54 4440 

54 4564 

54 4683 

154 4812 

54 4936 

54 5060 

54 5183 

124 

351 

5307 

5431 

5555 

5678 

5802 

5925 

! 6049 

6172 

6296 

6419 

124 

352 

6543 

6666 

6789 

6913 

7036 

7159 

; 7282 

7405 

7529 

7652 

123 

353 

7775 

7898 

8021 

8144 

8267 

8389 

8512 


8758 

8881 

123 

354 

9003 

9126 

9249 

9371 

9494 

9616 

9739 

9861 

9984 

55 0106 

123 

355 

55 0228 

55 0351 

55 0473 

55 0595 

55 0717 

55 0840 

55 0962 

55 1084 

55 1206 

55 1328 

122 

356 

1450 

1572 

1694 

1816 

1938 

2060 

2181 

, 2303 

2425 

2547 

122 

357 

: 2668 

2790 

2911 

3033 

3155 

: 3276 

3398 

3519 

3640 

3762 

121 

358 

' 3883 

4004 

4126 

4247 

4368 

4489 

4610 

4731 

1 4852 

4973 

121 

359 

5094 

5215 

5336 

5457 

5578 

‘ 5699 

5820 

5940 

6061 

6182 

121 

360 

55 6303 

55 6423 

55 6544 

55 6664 

55 6785 

55 6905 

55 7026 

55 7146 

55 7207 

55 7387 

120 

361 

7507 

7627 

7748 

7868 

1 7988 

8108 

8228 

8349 

8 469 

i 8589 

120 

362 

8709 

8829 

8948 

9068 

9188 

9308 

9428 

9548 

9667 

1 9787 

120 

363 

9907 ’ 

56 0026 

56 0146 

56 0265 

56 0385 

56 0504 

56 0624 

56 0743 

56 osi; ‘ 

5() 09S2 

no 

364 

56 llUl! 

1221 

1340 

1459 

1 1578 

1698 

1 1817 

1936 

i 20551 

2174 

119 

365 

56 2203 

56 2412 

56 2531 

56 2650 

56 2769 

56 2887 

56 3006 

56 3125 

56 3244 

56 3362 

119 

366 

3481 1 

3600 

3718 

3837 

3!».'ir. 

4074 

4192 

4311 

4429 

4548 

119 

367 

4666 

4784 

4903 

5021 

' 5139 

5257 

5:i7(i 

5494 

56^2 

5730 

118 

368 

5848 

5966 

6084 

6202 

6320 

6437 

6555 

6673 

6791 

690 

118 

369 

7026 

7144 

7262 

7379 

7497 

7614 

7732 

7849 

7967 

808 4 

118 

370 

56 82021 

56 8319 

56 8436 

56 8554 

56 8671 

56 8788 

56 8905 

56 9023 

56 91 lOj 

[56 9257 

117 

371 

9374 

i)4m 

9608 

9725 

9842 

9959 

57 0076 

.)7 v»193 

57 0i09 

|57 0426 

117 

372 

57 0543 

57 0660 

57 0776 

57 0893 

57 1010 

57 J126 

1243 

1359 

14761 

1 1592 

; 117 

373 

1709 

1825 

1942 

2058 

2174 

2291 

2407 

2523 

2(»39 

2755 

116 

374 

2872 

2988 

3104 

3220 

3336 

m 2 

35t>8 

3684 

3800 

3915 

116 

375 

57 4031 

57 4147 

57 4203 

57 4379 

57 44!)4 

57 4610 

57 4726) 

'TjI 48411 

57 4957 

57 5072 

116 

376 

5188 

5303 

5419 

5534 

5650 

57651 

5880 

5001) 

6111 

6226 

115 

377 

6311 

6157 

()572 

6()87 

6802 

69'7 j 

7032 

7147 

7262 

7377 

115 

378 

7492 

7(.07 

7722 

7836 

7951 

8()( 61 

8181 

8295 

8410 

8525 

M5 

379 

8639 

8754 

8868 

8983 

9097 

9212| 

9326 

9441 

9555i 

9069 

114 

380 

57 9784 

57 9898 

58 0012 

58 0126 

58 0241 

58 0355 

58 0469 

58 0583 

58 0697 

58 0811 

114 

381 

58 0925 

58 1039 

1153 

1267 

1381 

14‘0’ 

1608 

1722 

IS 9) 

' 1950 

114 

382 

2063 

2177 

2291 

2404 

2518 

2631 

2745 

2858 

2972 

3085 

114 

383 

3190 

3312 

3426 

3539 

36)2 

37(r) 

3879 

3992 

4105 

4218 

113 

384 

4331 

4414 

4557 

4670 

4783 

4896 

5009 

5122 

5235 

5348 

113 

385 

58 5461 

58 5574 

58 5686 

58 5799 

58 5912 

58 6024'58 6137, 

58 6250 

5S 63(»2 

58 0475 

113 

386 

6587 

6700 

6812 

6925 

7037 

714‘>j 

726)2 

7374 

7486 

7599 

113 

387 

7711 

7823 

7935 

8017 

8160 

8272' 

8381 

8496 

8608 

8720 

112 

388 

1 8832 

8944 

9056 

9167 

9279 

9391 ! 

9503 

9615 

9726 

9838 

112 

389 

9950 

59 0061 

59 0173 

59 0284 

59 0396 

59 0507159 0619 

1 

59 0730 

1 

59 0842 

50 0953 

112 

390 

59 1065 

59 1176 

59 1287 

59 1399 

59 1510 

59 1021 '59 1732 

59 1843i59 1955 

59 2066 

111 

391 

2177 

2288 

2399 

2510 

2621 

2732| 

2843 

2954 

3o64 

3175 

111 

392 

3286 

3397 

3508 

3618 

3729 

38401 

3950 

4061 

4171 

4282 

111 

393 

4393 

4503 

4614 

4724 

4834 

4945 ! 

5055 

5165 

5276 

5386 

111 

394 

5496 

5606 

5717 

5827 

5937 

6047 

6157 

6267 

6377 

6487 

no 

395 

59 6597 

59 6707 

59 6817 

59 6927 

59 7037 

59 7146159 7256 

59 7366 

59 7476 

59 7586 

no 

396 

7695 

7805 

7914 

8024 

8134 

8243 

8353 

8462 

8572 

8681 

no 

397 

8791 

8900 

9009 

9119 

9228 

9337 

9446 

9556 

9665 

9774 

109 

398 

9883 

9992 

60 0101 

60 0210 

60 0319 

60 0428 

60 0537 

60 0646 

60 0755 

60 0864 

109 

399 

60 0973 

60 1082 

1191 

1299 

1408 

1517 

1625 

1734 

1843 

1951 

109 

400 

60 2060 

60 2169 

60 2277 

60 2386 

60 2494 

60 2603 

60 2711 

60 2819 

60 2928 

60 3036 

108 

N. 

...1 

0 

1 

2 

3 

4 

5 

6 

1 7 ’’ 

t. 

8 

1 » 

D. 
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LOGARITHMS OF NUMBEfe 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

400 

60 2000 

60 2169 

60 2277 

60 2386 

60 2494 

60 2603 

60 2711 

60 2819 

60 2928 

60 3036 

108 

401 

3144 

3253 

3361 

3469 

3577 

3686 

3794 

3902 

4010 

4118 

108 

402 

4220 

4334 

4442 

4550 

4658 

4766 

4874 

4982 

5089 

5197 

108 

403 

5305 

5413 

5521 

5628 

5736 

5844 

5951 

6059 

6166 

6274 

108 

404 

6381 

6489 

6596 

6704 

6811 

6919 

7026 

7133 

7241 

7348 

107 

405 

60 7455 

60 7562 

60 7669 

60 7777 

60 7884 

60 79911 

60 8098 

60 8205 

60 8312 

60 8419 

107 

406 

8526 

8633 

8740 

8847 

8954 

9061' 

9167 

9274 

9381 

9488 

107 

407 

9594 

9701 

9808 

9914 

61 0021 

61 0128 

61 0234 

61 0341 

61 0447 

61 0554 

107 

408 

61 0660 

61 0767 

61 0873 

61 (K)79 

1086 

1192 

1298 

1405 

1511 

1617 

106 

409 

1723 

1829 

1936 

2042 

2148 

2254 

2360 

2466 

2572 

2678 

106 

410 

61 2784 

61 2890 

61 2996 

61 3102 

61 3207 

61 3313 

61 3419 

61 3525 

61 3630 

61 3736 

106 

411 

3842 

3947 

4053 

4159 

4264 

4370 

4475 

4581 

4686 

4792 

106 

412 

4897 

5003 

5108 

5213 

5319 

5424 

5529 

5634 

5740 

5845 

105 

413 

5950 

6055 

6160 

6265 

6370 

6476 

6581 

6686 

6790 

6895 

105 

414 

7000 

TIOS 

7210 

7315 

7420 

7525 

7629 

7734 

7839 

7943 

105 

415 

61 8048 

61 8153 

61 8257 

61 8362 

61 8466 

61 8571 

61 8676 

61 8780 

61 8884 

61 8989 

105 

416 

9093 

9198 

9302 

9406 

9511 

9615 

9719 

9824 

9928 

62 0032 

104 

417 

62 0136 

62 0240 

62 0344 

62 0448 

62 0552 

62 0656 

62 0760 

62 0864 

62 0968 

1072 

104 

418 

1176 

1280 

1384 

1488 

1592 

1695 

1799 

1903 

2007 

2110 

104 

419 

2214 

2318 

2421 

2525 

2628 

2732 

2835 

2939 

3042 

3146 

104 

420 

62 3249 

62 3353 

62 3456 

62 3559 

62 3663 

62 3766 

62 3869 

62 3973 

62 4076 

62 4179 

103 

421 

4282 

4385 

4488 

4591 

4695 

4798 

4901 

5004 

5107 

5210 

103 

422 

5312 

5415 

5518 

5621 

5724 

5827 

5929 

6032 

6135 

6238 

103 

423 

6340 

6443 

6546 

6648 

6751 

6853 

69r)r> 

70.’)8 

7161 

7263 

103 

424 

7366 

7468 

7571 

7673 

7775 

7878 

7980 

8082 

8185 

8287 

102 

425 

62 8389 

62 8491 

62 8593 

62 8695 

62 8797 

62 8900 

62 9002 

62 9104 

62 9206 

62 9308 

102 

426 

9410 

9512 

9613 

9715 

9817 

9919 

63 0021 

63 0123 

63 0224 

63 0326 

102 

427 

63 0428 

63 0530 

63 0631 

63 0733 

63 0835 

63 0936 

1038 

1139 

1241 

1342 

102 

428 

1444 

1545 

1647 

1748 

1849 

1951 

2052 

2153 

2255 

2356 

101 

429 

2457 

2550 

2660 

2761 

2862 

2963 

3004 

3165 

3266 

3307 

101 

430 

63 3468 

63 3569 

63 3670 

63 3771 

63 3872 

63 3973 

63 4074 

63 4175 

63 4276 

63 4376 

101 

431 

4477 

4578 

4679 

4779 

4880 

4981 

5081 

5182 

5283 

5383 

101 

432 

5484 

5584 

5685 

5785 

5886 

5986 

6087 

6187 

6287 

6388 

100 

433 

6488 

65881 

6688 

6789 

6889 

6989 

7089 

7189 

7290 

7390 

100 

434 

7490 

7590 

7690 

7790 

7890 

7990 

8090 

8190 

8290 

a389 

100 

435 

63 8489 

63 8589 

63 8689 

63 8789 

63 8888 

63 8988 

63 9088 

03 9188 

63 9287 

63 9387 

100 

436 

94S() 

9586 

9686 

9785 

9885 

9984 

64 0084 

64 0183 

64 0283 

04 0382 

99 

437 

64 0481 

04 0581 

64 0680 

64 0779 

64 0879 

64 0978 

1077 

1177 

1276 

1375 

99 

438 

1474 

1573 

1672 

1771 

1871 

1970 

2009 

2168 

2267 

2306 

99 

439 

2465 

2563 

2662 

2761 

2860 

2959 

3058 

3156 

3255 

3354 

99 

440 

64 3453 

64 3551 

64 3650 

64 3749 

64 3847 

64 3946 

64 4044 

64 4143 

64 4242 

64 4340 

98 

441 

4439 

4537 

463(1 

4734 

4832 

4931 

5029 

5127 

5226 

5324 

98 

442 

5422 

5521 

5619 

5717 

5815 

5913 

6011 

6110 

6208 

6306 

98 

443 

6404 

6502 

6600 

6698 

6796 

6894 

6992 

7089 

7187 

7285 

98 

444 

7383 

7481 

7579 

7676 

7774 

7872 

7969 

8067 

8165 

8262 

98 

445 

64 a360 

64 8458 

64 8555 

64 8653 

64 8750 

64 8848 

64 8945 

64 9043 

64 9140 

64 9237 

97 

446 

9335 

9432 

9530 

9627 

9724 

9821 

9919 

65 0016 

65 0113 

65 0210 

97 

447 

65 0308 

65 0405 

65 0502 

65 0599 

65 0696 

65 0793 

65 0890 

0987 

1084 

1181 

97 

448 

1278 

1375 

1472 

1569 

1666 

1762 

1859 

1956 

2053 

2150 

97 

449 

2240 

2343 

2440 

2536 

2633 

2730 

2826 

2923 

3019 

3116 

97 

450 

05 3213 

65 3309 

65 3405 

65 3502 

65 3598 

65 3695 

65 3791 

65 3888 

65 3984 

65 4080| 

96 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 
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4 

t50 to 600 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

450 

65 3213 

65 3309 

65 3405 

65 3502 

65 3598 

65 3695 

65 3791 

65 3888 

65 3984 

65 4080 

96 

451 

4177 

4273 

4369 

4465 

4.562 

4658 

4754 

4850 

494t» 

5042 

96 

452 

5138 

5235 

5331 

5427 

5523 

5619 

5715 

5810 

5906 

6002 

96 

453 

6098 

6194 

6290 

6386 

6482 

6577 

667.1 

6769 

6864 

69t)0 

96 

454 

7056 

7152 

7247 

7343 

7438 

7534 

7629 

7725 

7820 

7916 

96 

455 

65 8011 

65 8107 

65 8202 

65 8298 

65 8393 

65 8488 

65 8584 

65 8679 

65 8774 

65 8870 

95 

456 

8965 

9060 

9155 

9250 

9346 

9441 

9.536 

9631 

9726 

9821 

95 

457 

9916 

66 0011 

66 0106 

66 0201 

66 0296 

66 0391 

66 0486 

66 0581 

66 067*> 

66 0771 

95 

458 

66 0865 

0960 

1055 

1150 

1245 

1339 

1434 

1529 

1623 

1718 

95 

459 

1813 

1907 

2002 

2096 

2191 

2286 

2380 

2475 

2569 

2663 

95 

460 

66 2758 

66 2852 

66 2947 

66 3041 

66 3135 

66 3230 

66 3324 

66 3418 

66 3512 

66 3607 

94 

461 

3701 

3795 

3889 

3983 

4078 

4172 

42o6 

4300 

41.54 

4548 

94 

462 

4642 

4736 

4830 

4924 

5018 

5112 

5206 

5299 

5393 

5-487 

94 

463 

5581 

5675 

5769 

5862 

5956 

6050 

6143 

6237 

633^ 

0,424 

94 

464 

6518 

6612 

6705 

6799 

6892 

6986 

7079 

7173j 

7200 

7360 

94 

465 

66 7453 

66 7546 

66 7640 

66 7733 

66 7826 

66 7920 

66 8013 

06 8106 

66 8199 

66 8293 

93 

466 

8386 

8479 

8572 

8665 

8759 

8852 

8J45 

9038! 

9131 

9224 

93 

467 

9317 

9410 

9503 

9596 

9689 

9782 

9875 

9967 

67 (KV’O 

67 0153 

93 

468 

67 0246 

67 0339 

67 0431 

67 0524 

67 0617 

67 0710 

67 0802 

67 0895 

0988 

10 <S0 

93 

469 

1173 

1265 

1358 

1451 

1543 

1636 

1728 

1821 

1913 

2005 

93 

470 

67 2098 

67 2190 

67 2283 

67 2375 

67 24671 

67 2560 

67 2652 

67 2744 

67 2S.i6 

07 2929 

92 

471 

3021 

3113 

3205 

3297 

3390 

3482 

3574 

3666 

37.58 

3850 

92 

472 

3942 

4034 

4126 

4218 

4310 

4402 

4494 

4586 

4677 

4709 

92 

473 

4861 

4953 

5045 

5137 

5228 

5320 

5412 

5.503 

5595 

50S7 

92 

474 

5778 

5870 

5962 

6053 

6145 

6236 

6328 

6119 

6511 

6602 

92 

475 

67 mi 

67 6785 

67 6876 

67 6968 

67 7059 

67 7151' 

67 7242 

67 7333 

67 7424 

67 7516 

91 

476 

7607 

7698 

7789 

7881 

7972 

8063 

81.')4 

8245 

8336 

8427 

91 

477 

8518 

8609 

8700 

8791 

8882 

8973 

9064 

91.55 

9246 

9337 

91 

478 

9428 

9519 

9610 

9700 

9791 

9882 

9973 

68 0003 

68 015 4 

08 0245 

91 

479 

68 0336 

68 0426 

68 0517 

68 0607 

68 0698 

68 0789 

1 

68 0879 

0970 

1000 

1151 

91 

480 

68 1241 

68 1332 

68 1422 

68 1513 

68 1603 

08 1693 

68 1784 

08 1874 

08 1964 

08 2055 

90 

481 

2145 

2235 

2326 

2416 

2500 

2596 

2686 

2777 

2807 

2957 

90 

482 

3047 

3137 

3227 

3317 

3407 

3497 

3587 

3077 

3707 

3857 

90 

483 

3947 

4037 

4127 

4217 

4307 

4390 

4480 

4570 

4o»or» 

47.50 

90 

484 

4845 

4935 

5025 

5114 

5204 

5294 

5383 

5473 

5503 

5052 

90 

485 

68 5742 

68 5831 

68 5921 

68 6010 

68 6100 

08 6189 

08 (i279 

08 03f;8 

68 6458 

08 0547 

89 

486 

6636 

6726 

6815 

6904 

6994 

70.8.3 

7172 

7201 

7351 

74-40 

89 

487 

7529 

7618 

7707 

7796 

7886 

7975 

8004 

8153 

8242 

8311 

89 

488 

8420 

8509 

8.198 

8687 

8776 

8S65 

89.53 

9042 

9131 

9220 

89 

489 

9309 

9398 

9486 

9575 

9664 

9753 

9S41 

9930 

69 0019 

69 0107 

89 

490 

69 0196 

69 0285 

69 0373 

69 0462 

69 0550 

69 0639 

69 0728 

00 0810 

69 0905 

69 0993 

89 

491 

1081 

1170 

12.58 

1347 

1435 

1521 

1012 

1700 

1789 

1877 

88 

492 

1965 

2053 

2142 

2230 

2318 

240(» 

2494 

25.S3 

2671 

27.59 

88 

493 

2847 

2935 

3023 

3111 

3199 

3287 

3375 

34()3 

3551 

3639 

88 

494 

3727 

3815 

3903 

3991 

4078 

4166 

4254 

4342 

4430 

4517 

88 

495 

69 4605 

69 4693 09 4781 

69 4868 

60 4956 

69 5044 

69 5131 

69 5219 

69 .5307 

09 .5394 

88 

496 

5482 

5569 

5657 

5744 

5832 

5919 

6007 

6094 

6182 

6209 

87 

497 

6356 

6444 

6531 

6618 

6706 

6793 

6880 

6968 

7055 

7142 

87 

498 

7229 

7317 

7404 

7491 

7578 

7665 

7752 

7839 

7926 

8014 

87 

499 

8101 

8188 

8275 

8362 

8449 

8535 

8622 

8709 

8796 

8883 

87 

500 

69 8970 

69 9057 

69 9144 

69 9231 

69 9317 

69 9404 

69 9491 

69 9578 

i69 9664 

69 9751 

87 

Is. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 
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N. 

D 

n 



mgm 



7 

8 

9 

D. 

500 

69 8970 

69 9057 

69 9144 

69 9231 

69 9317 

69 9404 

69 9491 

69 9578 

69 9664 

69 9751 

87 

501 

9838 

9924 

70 0011 

70 0098 

70 0184 

70 0271 

70 0358 

70 0444 

70 0531 

70 0617 

87 

502 

70 0704 

70 0790 

0877 

0963 

1050 

1136 

1222 

1309 

1395 

1482 

86 

503 

1568 

1654 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 

86 

504 

2431 

2517 

2603 

2689 

2775 

2861 

2947 

3033 

3119 

3205 

86 

505 

70 3291 

70 3377 

70 3463 

70 3549 

70 3635 

70 3721 

70 3807 

70 3893 

70 3979 

70 4065 

86 

506 

4151 

4236 

4322 

4408 

4494 

4579 

4665 

4751 

4837 

4922 

86 

507 

5008 

5(M)4 

5179 

5265 

5350 

5436 

5522 

5607 

5693 

5778 

86 

508 

5864 

5949 

6035 

6120 

6206 

6291 

6376 

6462 

6547 

6632 

85 

509 

6718 

6803 

6888 

6974 

7059 

7144 

7229 

7315 

7400 

748r) 

85 

510 

70 7570 

70 7655 

70 7740 

70 7826 

70 7911 

70 7996 

70 8081 

70 8166 

70 8251 

70 8336 

85 

511 

8421 

8506 

8591 

8676 

8761 

8846 

8931 

9015 

9100 

9185 

85 

512 

927(1 

9355 

9440 

9524 

9609 

9694 

9779 

9863 

9948 

71 0033 

85 

513 

71 0117 

71 0202 

71 0287 

71 0371 

71 0456 

71 0540 

71 0625 

71 0710 

71 0794 

0879 

85 

514 

0963 

1048 

1132 

1217 

1301 

1385 

1470 

1554 

1639 

1723 

84 

515 

71 1807 

71 1892 

71 1976 

71 2060 

71 2144 

71 2229 

71 2313 

71 2397 

71 2481 

71 2506 

84 

516 

2650 

2734 

2818 

2902 

2986 

3070 

3154 

3238 

3323 

3407 

84 

517 

3491 

3575 

3659 

3742 

3826 

3910 

3994 

4078 

4162 

4246 

84 

518 

4330 

4414 

4497 

4581 

4665 

4749 

4833 

4916 

5000 

5084 

84 

519 

5167 

5251 

5335 

5418 

5502 

5586 

5669 

5753 

5836 

5920 

84 

520 

71 ()003 

71 6087 

71 6170 

71 6254 

71 6337 

71 6421 

71 6504 

71 6588 

71 6671 

71 6754 

83 

521 

6838 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7587 

83 

522 

7671 

7754 

7837 

7920 

8003 

8086 

8169 

8253 

8336 

8419 

83 

523 

8502 

8585 

8668 

8751 

8834 

8917 

9000 

9083 

9165 

9248 

83 

524 

9331 

9414 

9497 

9580 

9663 

9745 

9828 

9911 

9994 

72 0077 

83 

525 

72 0159 

72 0242 

72 0325 

72 0407 

72 0490 

72 0573 

72 0655 

72 0738 

72 0821 

72 0903 

83 

526 

0986 

1068 

1151 

1233 

1316 

1398 

1481 

1563 

1640 

1728 

83 

527 

1811 

1893 

1975 

2058 

2140 

2222 

2305 

2387 

2469 

2552 

82 

528 

2634 

2716 

2798 

2881 

2963 

3045 

3127 

3209 

3291 

3374 

82 

529 

3456 

3538 

3620 

3702 

3784 

3866 

3948 

4030 

4112 

4194 

1 

530 

72 4276 

72 4358 

72 4440 

72 4522 

72 4604 

72 4685 

72 4767 

72 4849 

72 4931 

72 5013 

82 

531 

5095 

5176 

5258 

5340 

5422 

5503 

5585 

5667 

5748 

5830 

82 

532 

5912 

5993 

6075 

6156 

6238 

6320 

6401 

6483 

6564 

6646 

82 

533 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 

81 

534 

7541 

7623 

7704 

7785 

7866 

7948 

8029 

8110 

8191 

8273 

81 

535 

72 8354 

72 8435 

72 8516 

72 8597 

72 8678 

72 8759 

72 8841 

72 8922 

72 9003 

72 9084 

81 

536 

9165 

9246 

9327 

9408 

9489 

9570 

9651 

9732 

9813 

9893 

81 

537 

9974 

73 (K)55 

73 0136 

73 0217 

73 0298 

73 0378 

73 0459 

73 0540 

73 0621 

73 0702 

81 

538 

73 0782 

0863 

0944 

1024 

1105 

1186 

1266 

1347 

1428 

1508 

81 

539 

1589 

1669 

1750 

1830 

1911 

1991 

2072 

2152 

2233 

2313 

81 

540 

73 2394 

73 2474 

73 2555 

73 2635 

73 2715 

73 2796 

73 2876 

73 2956 

73 3037 

73 3ll7j 

80 

541 

3197 

3278 

3358 

3438 

3518 

3598 

3679 

3759 

3839 

3919 

80 

542 

3999 

4079 

4160 

4240 

4320 

4400 

4480 

4560 

4640 

4720 

80 

543 

4800 

4880 

4960 

5040 

5120 

5200 

5279 

5359 

5439 

5519 

80 

544 

5599 

5679 

5759 

5838 

5918 

5998 

6078 

6157^ 

6237j 

6317 

80 

545 

73 6397 

73 6476 

73 6556 

73 6635 

73 6715 

73 6795 

73 6874 

73 6954 

73 7034 

73 7113 

80 

546 

7193 

7272 

7352 

7431 

7511 

7590 

7670 

7749 

7829 

7908 

79 

547 

7987 

8067 

8146 

8225 

8305 

8384 

8463 

8543 

8622 

8701 

79 

548 

8781 

8860 

8939 

9018 

9097 

9177 

9256 

9335 

9414 

9493 

79 

549 

9572 

9651 

9731 

9810 

9889 

9968 

74 0047 

74 0126 

74 0205 

74 0284 

79 

550 

74 0363 

74 0442 

74 0521 

74 0600 

74 0678 

74 0757 

|74 0836 

74 0915 

74 0994 

74 1073 

79 

N. 

0 

1 



IB 



B 



D. 
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logarithms of numbers Page 11 660 tO 600 



n 

n 



B 



D 



D. 

550 

74 0363 

74 0442 

74 0521 

74 0600 

74 0678 

74 0757 

74 0836 

74 0915 

74 0994 

74 1073 

79 

551 

1152 

1230 

1309 

1388 

1467 

1546 

1624 

1703 

1782 

1860 

79 

552 

1939 

2018 

2096 

2175 

2254 

2332 

2411 

2489 

2568 

2647 

79 

553 

2725 

2804 

2882 

2961 

3039 

3118 

3196 

3275 

3353 

3431 

78 

554 

3510 

3588 

3667 

3745 

3823 

3902 

3980 

4058 

4136 

4215 

78 

555 

74 4293 

74 4371 

74 4449 

74 4528 

74 4606 

74 4684 

74 4762 

74 4840 

74 4919 

74 4997 

78 

556 

5075 

5153 

5231 

5309 

5387 

5465 

5543 

5(521 

5699 

5777 

78 

557 

5855 

5933 

6011 

6089 

6167 

6245 

6323 

6401 

6479 

6556 

78 

558 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

7334 

78 

559 

7412 

7489 

7567 

7645 

7722 

7800 

7878 

7955 

8033 

8110 

78 

560 

74 8188 

74 8266 

74 8343 

74 8421 

74 8498 

74 8576 

74 8653 

74 8731 

74 8808 

74 8885 

77 

561 

8963 

9040 

9118 

9195 

9272 

9350 

9427 

9504 

9582 

9(550 

77 

562 

9736 

9814 

9891 

99(58 

75 0045 

75 0123 

75 02{)() 

75 0277 

75 0354 

75 0431 

77 

563 

75 0508 

75 0586 

75 0663 

75 0740 

0817 

0894 

0971 

1048 

1125 

1202 

77 

564 

1279 

1356 

1433 

1510 

1587 

16(54 

1741 

1818 

189 ■> 

1972 

77 

565 

75 2048 

75 2125 

75 2202 

75 2279 

75 2356 

75 2433 

75 2509 

75 2586 

75 2(5(5., 

75 2740 

77 

566 

2816 

2893 

2970 

3047 

3123 

3200 

3277 

3353 

3430 

3506 

77 

567 

3583 

3600 

3736 

3813 

3889 

39»5(5 

4042 

1119 

4195 

4272 

77 

568 

4348 

4425 

4501 

4578 

4654 

4730 

4807 

4883 

49(il) 

503(5 

76 

569 

5112 

5189 

5265 

5341 

5417 

5494 

5570 

56415 

5722 

5799 

76 

570 

75 5875 

75 5951 

75 6027 

75 6103 

75 6180 

75 6256 

75 6332 

7' (5108 

75 (5484 

75 6560 

76 

571 

0636 

6712 

6788 

(58(54 

(5Q40 

701(5 

7092 

7J(>8 

7214 

7320 

76 

572 

739(1 

7472 

7548 

7624 

7700 

7775 

7851 

7927 

8t)03 

8079 

76 

573 

8155 

8230 

8306 

8382 

8458 

8533 

8609 

8685 

87(51 

8836 

76 

574 

8912 

8988 

9003 

9139 

9214 

9290 

93(5() 

9441 

9517 

9592 

76 

575 

75 9668 

75 9743 

75 9819 

75 9894 

75 9970 

76 0045 

76 0121 

76 0196 

76 0272 

76 0347 

75 

576 

70 0422 

76 0498 

76 0573 

76 0(549 

76 0724 

0799 

0875 

0950 

1025 

1101 

75 

577 

1176 

1251 

1326 

1402 

1477 

1552 

1(527 

1702 

1778 

1853 

75 

578 

1928 

2003 

2078 

2153 

2228 

2303 

2378 

2453 

2529 

2t)()4 

75 

579 

2679 

2754 

2829 

2904 

2978 

3053 

3128 

3203 

3278 

3353 

75 

580 

76 3428 

76 3503 

76 3578 

76 3653 

76 3727 

76 3802 

76 3877 

76 3952 

76 4027 

70 4101 

75 

581 

4176 

4251 

4326 

4400 

4475 

4550 

4(524 

4(599 

4774 

4848 

75 

582 

4923 

4998 

5072 

5147 

5221 

529(5 

5370 

5445 

5520 

5594 

75 

583 

5669 

5743 

5818 

5892 

5966 

6041 

6115 

6190 

(52()1 

6338 

74 

584 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

(5933 

7007 

7082 

74 

585 

76 7156 

76 7230 

76 7304’ 

76 7379 

76 7453 

76 75271 

70 7(501 

7(5 7675 

76 7749 

76 7823 

74 

586 

7898 

7972 

8046 

8120 

8194 

82(58' 

8342 

841(5 

8490 

8564 

74 

587 

8638 

8712 

8786 

8860 

8934 

9008 

9082 

915(5 

9230 

9303 

74 

588 

9377 

9451 

9525 

9599 

9(573 

9746 

9820 

9894 

99(58 

77 0042 

74 

589 

77 0115 

77 0189 

77 0263 

77 0336 

77 0410 

77 0484 

77 0557 

|77 0(531 

77 0705 

0778 

74 

590 

77 0852 

77 0926 

77 0999 

77 1073 

77 1146 

77 1220 

77 1293 

177 1367 

77 1440 

77 1514 

74 

591 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

73 

592 

2322 

2395 

2468 

2542 

2615 

2(588 

2762 

2835 

2908 

2981 

73 

593 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 

73 

594 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

4444 

73 

595 

77 4517 

77 4590 

77 4663 

77 4736 

77 4809 

77 4882 

77 4955 

77 5028 

77 5100 

'77 5173 

73 

596 

5246 

5319 

5392 

5465 

5538 

5610 

5683 

5756 

5829 

5902 

: 73 

597 

5974 

6047 

6120 

6193 

6265 

6338 

6411 

0483 

6556 

1 6629 

1 73 

598 

6701 

6774 

6846 

6919 

6992 

70(54 

7137 

7209 

7282 

7354 

. 73 

599 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

1 8079 

1 72 

600 

77 8151 

77 8224 

77 8296 

77 8368 

77 8441 

77 8513 

77 8585 

77 8658 

77 8730 

• 77 8802 

! 72 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

of 
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600 to 660 Page 12 LOGARITHMS OF NUMBERS 


N. 

0 

1 

' 2 

' 3 

^ 4 

^ 5 

rr 

( 7 

1 S 

I 9 

Id. 

600 : 

n 8151 : 

77 8224' 

77 8290 

77 8308 

77 8441 

77 8513 

77 8585 

77 8658 

77 8730 

77 8802 

72 

601 

8874 

8947 

9019 

9091 

9103 

9236 

9308 

9380 

9452 

9524 

72 

602 

9590 

9069 

9741 

9813 

9885 

9957 

78 0029 

78 0101 

78 0173 

78 0245 

72 

603 

78 0317' 

78 0389 

78 0401 

78 0533 

78 0005 

78 0077 

0749 

0821 

0893 

0965 

72 

604 

1037 

1109 

1181 

1253 

1324 

1390 

1468 

1540 

1012 

1084 

72 

605 

78 1755 

78 1827 

78 1899 

78 1971 

78 2042 

78 2114 

78 2186 

78 2258 

78 2329 

78 2401 

72 

606 

2473 

2544 

2010 

2088 

2759 

2831 

2902 

2974 

3046 

3117 

72 

607 

3189 

3200 

3332 

3403 

3475 

3540 

3618 

3689 

3701 

3832 

71 

608 

3901 

3975 

4040 

4118 

4189 

4201 

4332 

4403 

4475 

4546 

71 

609 

4ei7 

4089 

4700 

4831 

4902 

4974 

5045 

5116 

5187 

5259 

71 

610 

78 5330 

78 5401 

78 5472 

78 5543 

78 5615 

78 5080 

78 5757 

78 5828 

78 5800 

78 5970 

71 

611 

0041 

0112 

0183! 

6254 

6325 

6390 

0407 

6538 

6009 

0080 

71 

612 

0751 

0822 

0893 

0904 

7035 

7106 

7177 

7248 

7319 

7390 

71 

613 

7400 

7531 

7002 

7073 

7744 

7815 

7885 

7956 

8027 

8098 

71 

614 

8108 

8239 

8310 

8381 

8451 

8522 

8593 

SG63 

8734 

8804 

71 

615 

78 8875 

78 8940 

78 9010 

78 9087 

78 9157 

78 9228 

78 9299 

78 9369 

78 9440 

78 9510 

71 

616 

9581 

9051 

9722 

9792 

9803 

9933 

79 0004 

79 0074 

79 0144 

79 0215 

70 

617 

79 0285 

79 0350 

79 0420 

79 0496 

79 0507 

79 0037 

0707 

0778 

0848 

0918 

70 

618 

0988 

1059 

1129 

1199 

1209 

1340 

1410 

1480 

1550 

1020 

70 

619 

1091 

1701 

1831 

1901 

1971 

2041 

2111 

2181 

2252 

2322 

70 

620 

79 2392 

79 2402 

79 2532 

79 2602 

79 2072 

79 2742 

79 2812 

79 2882 

79 2952 

79 3022 

70 

621 

3092 

3102 

3231 

3301 

3371 

3441 

3511 

3581 

3051 

3721 

70 

622 

3790 

3800 

3930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 

70 

623 

4488 

4558 

4027 

4697 

4767 

4830 

4906 

4970 

5045 

5115 

70 

624 

5185 

5254 

5324 

5393 

5463 

5532 

5602 

5672 

5741 

5811 

70 

625 

79 5880 

79 5949 

79 6010 

79 6088 

79 6158 

79 6227 

79 6297 

79 6366 

79 6436 

79 6505 

69 

626 

0574 

6644 

6713 

6782 

6852 

6921 

0990 

7000 

7129 

7198 

69 

627 

7208 

7337 

7400 

7475 

7545 

7614 

7683 

7752 

7821 

7890 

69 

628 

7900 

8029 

8098 

8167 

8230 

8305 

8374 

8443 

8513 

8582 

69 

629 

8051 

8720 

8789 

8858 

8927 

8990 

9005 

9134 

9203 

9272 

69 

630 

79 9341 

79 9409 

79 9478 

79 9547 

79 9010 

79 9085 

79 9754 

79 9823 

79 9892 

79 9901 

69 

631 

80 0029 

80 0098 

80 0107 

80 0230 

80 0305 

80 0373 

80 0442 

80 0511 

80 0580 

SO 0048 

09 

632 

0717 

0780 

0854 

0923 

0992 

1001 

1129 

1198 

1200 

1335 

09 

633 

1404 

1472 

1541 

1009 

1078 

1747 

1815 

1881 

1952 

2021 

69 

634 

2089 

2158 

2220 

2295 

2303 

2432 

2500 

2508 

2037 

2705 

08 

635 

80 2774 

80 2842 

80 2910 

80 2979 

80 3047 

80 3110 

80 3184 

80 3252 

80 3321 

80 3389 

68 

636 

3457 

3525 

3594 

3002 

3730 

3798 

3807 

3935 

4003 

4071 

68 

637 

4139 

4208 

4270 

4344 

4412 

44S0 

4548 

4610 

4(i85 

4753 

08 

638 

4821 

4889 

4957 

5025 

5093 

5101 

5229 

5297! 

5305 

5433 

68 

639 

5501 

55()9 

5037 

5705 

5773 

5S41 

5908 

5970 

0044 

6112 

68 

640 

80 0180 

80 0248 

80 0310 

SO 0384 

80 0451 

80 0519 

80 0587 

80 6055 

80 0723 

80 6790 

68 

641 

0858 

0920 

ti994 

7001 

7129 

7197 

7204 

7332 

7400 

7407 

68 

642 

7535 

1 7003 

7070 

7738 

7800 

7873 

7941 

8008 

8070 

8143 

68 

643 

8211 

1 8279 

8340 

S414 

8481 

8549 

8610 

8084 

8751 

8818 

67 

644 

8 SS() 

8953 

9021 

9088 

9150 

9223 

9290 

9358 

9425 

9492 

67 

645 

80 9500l80 9027 

SO 9094 

80 9762 

80 9829 

80 9890 

80 9904 

81 0031 

81 0098 

81 0165 

67 

646 

81 0233 81 0300 81 0307 

81 0434 

81 0501 

81 0500 81 0030 

0703 

0770 

0837 

67 

647 

0904 

0971 

1039 

1100 

1173 

1210 

1307 

1374 

1441 

1508 

67 

648 

1575 

1(»42 

1709 

1770 

1843 

1910 

1977 

2044 

2111 

2178 

67 

649 

2245 

2312 

2379 

2445 

2512 

2579 

2040 

2713 

2780 

2847 

67 

650 

81 2913 

81 2980 

81 3047 

813114 

81 3181 

81 3247 

81 3314 

81 3381 

81 3448 

81 3514 

67 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 
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logarithms of numbers Paj^e 13 660 tO 700 


N. 

0 

1 

2 

3 

4 

® 1 

6 

7 

8 

9 j 

D. 

eso 

81 2913 81 2980 81 3047 81 3114 81 3181 81 3247181 3314 81 3381 81 3448 81 35141 

67 

651 

3581 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 

67 

652 

4248 

4814 

4381 

4447 

4514 

4581 

4647 

4714 

4780 

4847 

67 

653 

4913 

4980 

5046 

5113 

5179 

5246 

5312 

5378 

5445 

5511 

66 

654 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6175 

66 

655 

81 6241 81 6308 81 6374 81 6440 81 6506 81 6573 81 6639 81 6705 81 6771 81 6838 

66 

656 

6904 

6970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 

66 

657 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

8028 

8094 

8160 

66 

658 

8226 

8292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 

66 

659 

8885 

8951 

9017 

9083 

9149 

9215 

9281 

9346 

9412 

9478 

66 

660 

81 9544 81 9610 81 9676 81 9741 81 9807 81 9873 81 9939 82 0004 82 0070 82 0136 

66 

661 

82 0201 82 0267 82 0333 82 0399 82 0464 82 0530 82 0595 

0661 

0727 

0792 

66 

662 

0858 

0924 

0989 

1055 

1120 

1186 

1251 

1317 

1382 

1448 

66 

663 

1514 

1579 

1645 

1710 

1775 

1841 

1906 

1972 

2037 

2103 

65 

664 

2168 

2233 

2299 

2364 

2430 

2495 

2.560 

2626 

26911 

2756 

65 

665 

82 2822 82 2887 82 2952 82 3018 82 3083 82 3148 82 3213 82 3279 82 33*^4 82 3409 

65 

666 

3474 

3539 

3605 

3670 

3735 

3800 

3865 

3930 

399(> 

4061 

65 

667 

4126 

4191 

4256 

4321 

4386 

4451 

4516 

4581 

4646 

4711 

65 

668 

4776 

4841 

4906 

4971 

5036 

5101 

5166 

5231 

5296 

.5361 

65 

669 

5426 

5491 

5556 

5621 

5686 

5751 

5815 

5880 

5945 

6l‘I0 

65 

670 

82 6075 82 6140 82 6204 82 6269 82 6334 82 6399 82 6464^2 6528 82 6593 82 6658 

65 

671 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

7305 

65 

672 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7886 

7951 

65 

673 

8015 

8080 

8144 

8209 

8273 

8338 

8402 

8467 

8531 

8595 

64 

674 

8660 

8724 

8789 

8853 

8918 

8982 

9046 

9111 

9175 

9239 

64 

675 

82 9304 82 9368 82 9432 82 9497 82 9561 82 9625 82 9690 82 9754 82 9818 82 9882 

64 

676 

9947 83 0011 83 0075 83 0139 83 0204 83 0268 83 0332 83 0396 83 0460 83 0525 

64 

677 

83 0589 

0653 

0717 

0781 

0845 

0909 

0973 

1037 

1102 

1166 

64 

678 

1230 

1294 

1358 

1422 

1486 

1550 

1614 

1678 

1742 

1806 

64 

679 

1870 

1934 

1998 

2062 

2126 

2189 

2253 

2317 

2381 

2445 

64 

680 

83 2509 83 2573 83 2637 83 2700 83 2764 83 2828 83 2892 83 2956 83 3020 83 3083 

64 

681 

3147 

3211 

3275 

3338 

3402 

346() 

3530 

3593 

3657 

3721 

64 

682 

3784 

3848 

3912 

3975 

4039 

4103 

4166 

4230 

4294 

4357 

64 

683 

! 4421 

4484 

4548 

4611 

4675 

473<1 

4802 

4866 

4!)2!1 

4993 

6.3 

684 

1 5056 

5120 

5183 

5247 

5310 

5373 

5437 

5500 

5564 

5627 

63 

685 

83 5691 83 5754 83 5817 83 5881 83 5944 83 6007 83 6071 83 6134 83 6197 83 6261 

63 

686 

6324 

6387 

6451 

6514 

6577 

6641 

6704 

0767 

6830 

6894 

63 

687 

6957 

7020 

7083 

7146 

7210 

7273 

7336 

7399 

7462 

7525 

6,? 

688 

7588 

7652 

7715 

7778 

7841 

7904 

7967 

8030 

8093 

8156 

63 

689 

8219 

8282 

8345 

8408 

8471 

8534 

8597 

8660 

8723 

8786 

63 

690 

83 8849 83 8912 83 8975 83 9038 83 9101 83 9164 83 9227 83 9289183 9352 83 9415 

63 

691 

9478 

9541 

9604 

9667 

9729 

9792 

985.) 

9918 

9!181 84 0043 

63 

692 

84 0106 84 0169 84 0232 84 0294 84 0357 84 0420 84 0482184 0545'84 0608. 

0671 

63 

693 

0733 

0796 

0859 

0921 

09S4 

1046 

1109 

1172 

1234 

1297 

63 

694 

1359 

1422 

1485 

1547 

1610 

1672( 

1 

1735 

1797 

1800| 

1922 

62 

695 

84 1985 84 2047 84 2110 84 2172(84 2235 84 2297 84 2300 84 2422 84 2484 84 2547 

62 

696 

2609 

2672 

2734 

2796 

28591 

2921 

2983 

3046 

3108 

3170 

62 

697 

3233 

3295 

3357 

3420 

34821 

3544 

3606 

3669 

3731' 

3793 

62 

698 

3855 

3918 

3980 

4042 

4104( 

4166 

42291 

4291 

43531 

4415 

62 

699 

4477 

4539 

4601 

4664 

4726! 

4788 

4850( 

4912 

4974 

5036 

62 

700 

84 5098(84 5160|84 5222 84 5284,84 5346|84 5408 84 5470184 5532(84 5594 84 5656 

62 

N.i 

0 

1 r 

2 1 

3 , 

4 i 

5 , 

6 1 

7 1 

8 1 

1 

9 

d7 
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700 to 760 Page 14 LOGARITHMS OF NUMBERS 


N. 

0 

1 

2 

3 

4 


6 

7 

8 

9 

D. 

700 

84 5098 

84 5160 

84 5222 

84 5284 

84 5346 

84 5408 

84 5470 

84 5532 

84 5594 

84 5656 

62 

701 

5718 

5780 

5842 

5904 

5966 

6028 

6090 

6151 

6213 

6275 

62 

702 

6337 

6399 

6461 

6523 

6585 

6646 

6708 

6770 

6832 

6894 

62 

703 

6955 

7017 

7079 

7141 

7202 

7264 

7326 

7388 

7449 

7511 

62 

704 

7573 

7634 

7696 

7758 

7819 

7881 

7943 

8004 

8066 

8128 

62 

70S 

84 8189 

84 8251 

84 8312 

84 8374i84 8435 

84 8497 

84 8559 

84 8620 

84 8682 

84 8743 

62 

706 

8805 

8866 

8928 

8989 

9051 

9112 

9174 

9235 

9297 

1 9358 

61 

707 

9419 

9481 

9542 

9604 

9665 

9726 

9788 

9849 

9911 

9972 

61 

708 

85 0033 

85 0095 

85 0156 

85 0217 

85 0279 

85 0340 

85 0401 

85 0462 

85 0524 

85 0585 

61 

709 

0646 

0707 

0769 

0830 

0891 

0952 

1014 

1075 

1136 

1197 

61 

710 

85 1258 

85 1320 

85 1381 

85 1442 

85 1503 

85 1564 

85 1625 

85 1686 

85 1747 

85 1809 

61 

711 

1870 

1931 

1992 

2053 

2114 

2175 

2236 

2297 

2358 

2419 

61 

712 

2480 

2541 

2602 

2663 

2724 

2785 

2846 

2907 

2968 

3029 

61 

713 

3090 

3150 

3211 

3272 

3333 

3394 

3455 

3516 

3577 

; 3637 

61 

714 

3698 

3759 

3820 

3881 

3941 

4002 

4063 

4124 

4185 

4245 

61 

715 

85 4306 

85 4367 

85 4428 

85 4488 

85 4549 

85 4610 

85 4670 

85 4731 

85 4792 

85 4852 

61 

716 

4913 

4974 

5034 

5095 

5156 

5216 

5277 

5337 

5398 

5459 

61 

717 

5519 

5580 

5640 

5701 

5761 

5822 

5882 

5943 

6003 

6064 

61 

718 

6124 

6185 

6245 

6306 

6366 

6427 

6487 

6548 

6608 

6668 

60 

719 

6729 

6789 

6850 

6910 

6970 

7031 

7091 

7152 

7212 

7272 

61 

720 

85 7332 

85 7393 

85 7453 

,85 7513 

85 7574 

85 7634 

85 7694 

85 7755 

85 7815 

85 7875 

60 

721 

7935 

7995 

8056 

8116 

8176 

8236 

8297 

8357 

8417 

8477 

60 

722 

8537 

8597 

K(ir.7 

8718 

1 8778 

8838 

8898 

8958 

9018 

9078 

1 60 

723 

9138 

9198 

9258 

9318 

1 9379 

9439 

9499 

9559 

9619 

9679 

60 

724 

9739 

9799 

9859 

9918 

9978 

80 0038 

86 0098 

86 0158 

86 0218 

86 0278 

60 

725 

86 0338 

86 0398 

86 0458 

86 0518 

86 0578 

86 0637 

86 0697 

86 0757 

86 0817 

86 0877 

60 

726 

0937 

099(- 

1056 

1116 

1176 

1236 

1295 

1355 

1415 

1475 

60 

727 

1534 

1594 

1654 

1714i 

1 1773 

1833 

1893 

1952 

2012 

2072 

60 

728 

2131 

2191 

2251 

miy 

2370 

2430 

24S0 

2549 

2ti08 

( 2068 

60 

729 

2728 

2787 

2847 

2906j 

2966 

302") 

3085 

3141 

3201 

1 3263 

1 00 

730 

86 3323 

86 3382 

86 3442 

186 3501186 3561 

86 3620 

86 3680 

86 3739 

86 3799 

86 3858 

59 

731 

3917 

3977 

4036 

4096! 

4155 

4214 

4271 

4333 

4392 

4452 

59 

732 

4511 

4570 

4630 

4689 

4748 

4808 

48r»7 

4926 

4985 

1 5045 

59 

733 

5104 

5163 

5222 

5282 

5341 

5400 

5459 

5519 

557S 

5637 

59 

734 

5696 

5755 

5814 

5874 

5933 

5992 

6051 

6110 

6109 

6228 

59 

735 

86 6287 

86 6346 

86 6405 

86 6465'80 65241 

86 6583 

86 6642 

86 6701 

86 6760 

86 6819 

59 

736 

6878 

6937 

6990 

7055 

7114 

7173 

7232 

7291 

7350 

7409 

59 

737 

7467 

7526 

7585 

7644 

7703 

7762 

7821 

7880 

7939 

7998 

59 

738 

8056 

8115 

8174 

8233 

8292 

8350 

8409 

8468 

8527 

8586 

59 

739 

8644 

8703 

8762 

8821 

8879 

8938 

8997 

905(> 

9114 

9173 

59 

740 

86 9232 

86 9290 

so 9349 

86 9408 

86 9466 

86 9525 

86 9584 

86 9642 

86 9701 

86 9760 

59 

741 

9818 

9877 

9935 

9994 

87 0053 

87 0111 

87 0170 

87 0228 

87 0287 

87 0345 

59 

742 

87 0404 

87 0462 

87 0521 

87 0579 

0638 

0696 

0755 

0813 

0872 

0930 

58 

743 

0989 

1047 

1106 

1164 

1223 

1281 

1339 

1398 

1456 

1515 

58 

744 

1573 

1631 

1690 

1748 

1806 

1865 

1923 

1981 

2040 

2098 

58 

745 

87 2156 

87 2215 

87 2273 

87 2331 

87 2389 

87 2448 

87 2506 

87 2564 

87 2622 

87 2681 

58 

746 

2739 

2797 

2855 

2913 

2972 

3030 

3088 

3146 

3204 

3262 

58 

747 

3321 

3379 

3437 

3495 

3553 

3611 

3669 

3727 

3785 

3844 

58 

748 

3902 

3960 

4018 

4076 

4134 

4192 

4250 

4308 

4366 

4424 

58 

749 

4482 

4540 

4598 

4656 

4714 

4772 

4830 

4888 

4945 

5003 

58 

750 

87 5061 

87 5119 

87 5177 

87 5235 

87 5293 

87 5351 

87 5409 

87 5466 

87 5524 

87 5582 

58 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 
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logarithms of numbers 


Page 15 


750 to 800 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

750 

87 5061 

87 5119 

87 5177 

87 523.^ 

i 87 5293 

I 87 5351 

1 87 540? 

1 87 5m 

187 5524 

[ 87 5582 

: 58 

751 

5640 

5698 

5756 

' 5813 

1 5871 

592J 

> 598/ 

' 6045 

1 6102 

I 6160 

' 58 

752 

6218 

6276 

6333 

6391 

6449 

' 650/ 

' ( j 564 

1 6622 

1 6680 

' 6737 

58 

753 

6795 

6853 

6910 

6968 

i 7026 

1 7083 

1 7141 

7199 

• 7256 

7314 

58 

754 

7371 

7429 

7487 

7544 

7602 

: 7659 

1 771/ 

' 7774 

7832 

7889 

58 

755 

87 7947 

87 8004 

87 8062 

87 8119 

87 8177 

87 8234 

: 87 8292 

! 87 8349 

87 8407 

87 8464 

57 

756 

8522 

8579 

8637 

8694 

8752 

8809 

1 886 ti 

i 8924 

8981 

9039 

57 

757 

9090 

9153 

9211 

9268 

9325 

9383 

944(1 

1 9497 

95.55 

9012 

57 

758 

9660 

9726 

9784 

9841 

9898 

9956 

188 0013 

88 0070 

88 0127 

88 0185 

57 

759 

88 0242 

88 0299 

88 0356 

88 0413 

88 0471 

88 0528 

0585 

0642 

0699 

0756 

57 

760 

188 0814 

88 0871 

88 0928 

88 0985 

88 1042 

88 1099 

88 1156 

88 1213 

88 1271 

88 1328 

57 

761 

1385 

1442 

1499 

1556 

1613 

1670 

1727 

1784 

1841 

1898 

57 

762 

1955 

2012 

2069 

2126 

2183 

2240 

2297 

2354 

2411 

2468 

57 

763 

2525 

2581 

2638 

2695 

2752 

2809 

2866 

2923 

' 29SOI 30.37 

57 

764 

3093 

3150 

3207 

3264 

3321 

3377 

3434 

1 3491 

1 3548 

3605 

57 

765 

88 3661 

88 3718 

88 3775 

88 3832 

88 3888 

8.8 3945 

88 4002 

88 40.59'88 4'i“ 

'^8 4172 

57 

766 

4229 

4285 

4342 

4399 

4455 

4512 

45691 4625 

( 4682 

4739 

57 

767 

4795 

4852 

4909 

4965 

5022 

5078 

5135 

5192 

.5218 

5305 

57 

768 

53611 

5418 

5474 

5531 

55S7| 

1 5641 

.5700 

1 5757 

.5813 

5.87(‘ 

57 

769 

5926 

5983 

603<) 

6 (H)6 

6152 

6209 

6265 

1 6321 

6378j 

643 

56 

770 

88 6491 

88 6547 

88 6604 

88 6660 

188 6716 

88 6773 

88 (.829 

[sS 68S5 

88 0942 

HS 6998 

56 

771 

7054 

7111 

7167 

7223 

7280 

7336 

7392 

7149 

7.505 

7.561 

56 

772 

7617 

7674 

7730 

7786 

7842 

7898 

7955 

^011 

8067 j 

, 812.3 

56 

773 

8179 

8236 

8292 

834S 

S404 

8460 

8516 

8.573 

8629 

8685 

56 

774 

8741 

8797 

8853 

8909 

8965 

9021 

9077 

1 9134 

9190 

924(1 

56 

775 

88 9302 

88 9358 

88 9414 

88 9170 

SS 9526 

8.8 9.582 

88 9638 

88 9691 

88 9750 

8.8 9S06 

56 

776 

9862 

9918 

9974 

89 0030 

89 0086|89 01411 

189 0197,89 02.53! 

89 0309 

89 0165 

56 

777 

89 0421 

89 0477 

89 0533 

0589 

1 0615, 

0700' 

075(. 

1 0812i 

0868 

0924 

56 

778 

0980 

1035 

1091 

1147 

12031 

1259i 

i 1314j 

1370, 

1426 

1482 

56 

779 

1537 

1593 

1649 

170‘) 

1760 

1816 , 

187. 

1928, 

198.J 

2039 

56 

780 

89 2095 

89 2150 

89 2206 

89 2202 

89 2317 

89 2373189 2429 

89 24841 

89 2.540 

89 2595 

56 

781 

2651 

2707 

2762 

2818 

2873 

29291 

2985 

.3010 

.3096 

3151 

56 

782 

3207 

3262 

3318 

3373 

3429 

3184 

3540 

.3595 

.3651 

3706 

56 

783 

3762 

3817 

3873 

3928 

3984 

40391 

4091 

4150 

4205 

4261 

55 

784 

4316 

4371 

4427 

4482 

4538 

45931 

4()48 

4704 

4759 

4814 

55 

785 

89 4870 

89 4925 

89 4980 

89 50:i6 

89 5091 

89 5146 

89 5201, 

89 5257 

89 5312 

89 .5367 

55 

786 

5423 

5478 

5533 

5588 

5644 

5699 

5751 

.5809 

5861 

5920 

55 

787 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

6471 

55 

788 

652(i 

6581 

6630 

66<12 

6747 

6802 

6857 

6912 

6967 

7022 

55 

789 

7077 

7132 

7187 

7242 

7297 

7352 

7407 

7462 

7517 

7572 

55 

790 

89 7627 

89 7682 

89 7737 

89 7792 

89 7847 

89 7902 

89 7957 

89 8012 

89 8067 

89 8122 

55 

791 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8.561 

8615 

8670 

55 

792 

8725 

8780 

88;i5 

8890 

8944 

8999 

9054 

9109 

9161 

9218 

55 

793 

9273 

9328 

9383 

9437 

9492 

9547 

9602 

9656 

9711 

9766 

55 

794 

9821 

9875 

9930 

9985 

90 0039 

90 0094 

90 0149 

90 0203 

90 0258 

90 0312 

55 

795 

90 0367 

90 0422' 

90 0476 

90 0531 

90 0586' 

90 0640 

90 0695 

90 0749 

90 0804 

90 0859 

55 

796 

0913 

0968 

1022 

1077 

1131 

1186 

1240 

1295 

1349 

1404 

55 

797 

1458 

1513 

1567 

1622 

1676 

1731 

1785 

1840 

1894 

1948 

54 

798 

20a3 

2057 

2112 

2166 

2221 

2275 

2329 

2384 

2438 

2492 

54 

799 

2547 

2601 

2655 

2710 

2764 

2818 

2873 

2927 

2981 

3036 

54 

800 

90 3090 

90 3144 

90 3199 

90 3253 

90 3307 

90 3361 

90 3416 

90 3470 

90 3524 

90 3578 

54 

N. 

0 

1 

2 

3 

4 

5 1 

6 

7 

8 

9 

D. 
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800 to 860 Page 16 LOGARITHMS OF NUMBERS 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

800 ! 

90 3090 

90 3144 

90 3199 

90 3253 

90 3307 

90 3361 

90 3416 

90 3470 

90 3524 

90 3578 

54 

801 

3633 

3687 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 

54 

802 

4174 

4229 

4283 

4337 

4391 

4445 

4499 

4553 

4607 

4661 

54 

803 

4716 

4770 

4824 

4878 

4932 

4986 

5040 

5094 

5148 

5202 

54 

804 

5256 

5310 

5364 

5418 

5472 

5526 

5580 

5634 

5688 

5742 

54 

805 

90 5796 

90 5850 

90 5904 

90 5958 

90 6012 

90 6066 

90 6119 

90 6173 

90 6227 

90 6281 

54 

806 

6335 

6389 

6443 

6497 

6551 

6604 

6658 

6712 

6766 

6820 

54 

807 

6874 

6927 

6981 

7035 

7089 

7143 

7196 

7250 

7304 

7358 

54 

808 

7411 

7465 

7519 

7573 

7626 

7680 

7734 

7787 

7841 

7895 

54 

809 

7949 

8002 

8056 

8110 

8163 

8217 

8270 

8324 

8378 

8431 

54 

810 

90 8485 

90 8539 

90 8592 

90 8646 

90 8699 

90 8753 

90 8807 

90 8860 

90 8914 

90 8967 

54 

811 

9021 

9074 

9128 

9181 

9235 

9289 

9342 

9396 

9449 

9503 

53 

812 

9556 

9610 

9663 

9716 

9770 

9823 

9877 

9930 

9984 

91 0037 

53 

813 

91 0091 

91 0144 

91 0197 

91 0251 

91 0304 

91 0358 

91 0411 

91 0464 

91 0518 

0571 

53 

814 

0624 

0678 

0731 

0784 

0838 

0891 

0944 

0998 

1051 

1104 

53 

815 

91 1158 

91 1211 

91 1264 

91 1317 

91 1371 

91 1424 

91 1477 

91 1530 

91 1584 

91 1637 

53 

816 

1690 

1743 

1797 

1850 

1903 

1956 

2009 

2063 

2116 

2169 

53 

817 

2222 

2275 

2328 

2381 

2435 

2488 

2541 

2594 

2647 

2700 

53 

818 

2753 

2806 

2859 

2913 

2966 

3019 

3072 

3125 

3178 

3231 

53 

819 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3708 

3761 

53 

820 

91 3814 

91 3867 

91 3920 

91 3973 

91 4026 

91 4079 

91 4132 

91 4184 

91 4237 

91 4290 

53 

821 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 

53 

822 

4872 

4925 

4977 

5030 

5083 

5136 

5189 

5241 

5294 

5347 

53 

823 

5400 

5453 

5505 

5558 

5611 

5664 

5716 

5769 

5822 

5875 

53 

824 

5927 

5980 

6033 

6085 

6138 

6191 

6243 

6296 

6349 

6401 

53 

825 

91 6454 

91 6507 

91 6559 

91 6612 

91 6664 

91 6717 

91 6770 

91 6822 

91 6875 

91 6927 

53 

826 

6980 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 

53 

827 

7506 

7558 

7611 

7663 

7716 

7768 

7820 

7873 

7925 

7978 

52 

828 

mo 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

52 

829 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

902f; 

1 52 

830 

91 9078 

91 9130 

91 9183 

91 9235 

91 9287 

91 9340 

91 9392 

91 9444 

91 9496 

91 9549 

52 

831 

9601 

9653 

9706 

9758 

9810 

9862 

9914 

9967 

92 0019 

92 0071 

52 

832 

92 0123 

92 0176 

92 0228 

92 0280 

92 0332 

92 0384 

92 0436 

92 0489 

0541 

0593 

52 

833 

0645 

0697 

0749 

0801 

0853 

0906 

0958 

1010 

1062 

1114 

52 

834 

1166 

1218 

1270 

1322 

1374 

1426 

1478 

1530 

1582 

1634 

52 

835 

92 1686 

92 1738 

92 1790 

92 1842 

92 1894 

92 1946 

92 1998 

92 2050 

92 2102 

92 2154 

52 

836 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

2570 

2622 

2674 

52 

837 

2725 

2777 

2829 

2881 

2933 

2985 

3037 

3089 

3140 

3192 

52 

838 

3244 

3296 

3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 

52 

839 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

52 

840 

92 4279 

92 4331 

92 4383 

92 4434 

92 4486 

92 4538 

92 4589 

92 4641 

92 4693 

92 4744 

52 

841 

4796 

4848 

4899 

4951 

5003 

5054 

5106 

5157 

5209 

5261 

52 

842 

5311! 

5364 

5415 

5467 

5518 

5570 

5621 

5673 

5725 

5776 

52 

843 

5828 

5879 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 

51 

844 

6341! 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6754 

6805 

51 

845 

92 6857 

' 92 6908 

92 6959 

*)2 7011 

92 7062 

92 7114 

92 7165 

92 7216 

92 7268 

92 7319 

51 

846 

737(1 

1 7421! 

7473 

7524 

7576 

7627 

7678 

7730 

7781 

7832 

51 

847 

7m 

1 7935 

798(1 

; 8037 

8088 

8140 

8191 

8242 

8293 

8345 

51 

848 

839t 

i 8447 

8498 

1 8549 

' 8601 

8052 

8703 

8754 

8805 

8857 

51 

849 

8908 

; 895*1 

1 901(1 

> 9061 

9112 

9163 

9215 

9266 

9317 

9368 

51 

850 

92 94111 

1 92 947C 

>92 9521 

92 9572 

192 9623 

92 9674 

92 9725 

92 9776 

92 9827 

92 9879 

51 


0 

1 

2 

3 

4 

5 

6 

i 

7 

8 

9 

D. 
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N. 

0 

T- 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

850 

92 9419 

92 9470 

92 9521 

92 9572 

92 9623 

92 9fi74 

92 9725 

92 9776 

92 0827 

92 9879 

51 

851 

9930 

9981 

93 0032 

93 0083 

93 0134 

93 OIS) 

93 0236 

93 0287 

93 0338 

93 0389 

51 

852 

93 0440 

93 0491 

0542 

0592 

0643 

0604 

0745 

0796 

0S47 

0898 

51 

853 

0949 

1000 

1051 

1102 

1153 

1204 

1254 

1305 

13.56 

1407 

51 

854 

1458 

1509 

1560 

1610 

1661 

1712 

1763 

1814 

1865 

1915 

51 

855 

93 1966 

93 2017 

93 2068 

93 2118 

93 2169 

93 2220 

93 2271 

93 2322 

93 2372 

93 2423 

51 

856 

2474 

2524 

2575 

2626 

2677 

2727 

277s 

282!i 

2879 

29.30 

51 

857 

2981 

3031 

3082 

3133 

318.3 

3234 

3285 

3335 

3386 

3437 

51 

858 

3487 

3538 

3589 

3639 

3690 

3740 

3791 

3841 

3892 

3943 

51 

859 

3993 

4044 

4094 

4145 

4195 

4246 

4296 

4347 

4397 

4448 

51 

860 

93 4498 

93 4549 

93 4599 

93 4650 

93 4700 

93 4751 

93 4801 

93 4852 

93 4902 

93 49.53 

50 

861 

5003 

5054 

5104 

5154 

5205 

5255 

5106 

5356 

5406 

5457 

50 

862 

5507 

5558 

5608 

5658 

5709 

57.59 

5809 

5860 

.5910 

5960 

50 

863 

6011 

6061 

6111 

6162 

6212 

0202 

6313 

0363 

6415 

6463 

50 

864 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

691(i 

6966 

50 

865 

93 7016 

93 7066 

93 7116 

93 7167 

93 7217 

93 7267' 

93 7317 

93 7367 

93 7418 

1)3 7408 

50 

866 

7518 

7568 

7618 

7068 

7718 

7769 

7819 

7869 

7919 

7969 

50 

867 

8019 

8069 

81191 

8169 

8219 

82(>9 

831:0 

8370 

8420 

8470 

50 

868 

8520 

8570 

8620 

8670 

8720 

8770 

8820 

8870 

892^' 

8970 

50 

869 

9020 

9070 

9120 

9170 

9220 

9270 

9320 

9369 

9419 

9469 

50 

870 

93 9519 

93 9569 

93 9619 

93 9669 

93 9719 

93 9769 

93 9819 

93 !'‘''o9 

93 9918 

93 9968 

50 

871 

94 0018 

94 0068 

94 0118 

94 0168 

94 0218 

94 0267 

94 0317 

94 0367 

94 0417 

94 0467 

50 

872 

0516 

0566 

0616 

0666 

0716 

0765 

0815 

6865 

0915 

0964 

50 

873 

1014 

1064 

1114 

1163 

1213 

1263 

1313 

1362 

1412 

1462 

50 

874 

1511 

1561 

1611 

1660 

1710 

1760 

1809 

18.59 

1909 

19.58 

50 

875 

94 2008 

94 2058 

94 2107 

!94 2157 

94 2207 

94 2256 

94 2306 

94 2355 

94 2405 

94 2455 

1 50 

876 

2504 

2554 

2603 

1 2653 

i 2702 

2752 

2801 

2851 

2901 

2950 

! 50 

877 

3000 

3049 

3099 

i 3148 

3198 

3247 

3297 

3346 

3396 

3445 

49 

878 

3495 

3544 

3593 

3643 

3092 

3742 

3791 

3841 

3890 

3939 

49 

879 

3989 

4038 

4088 

4137 

4186 

4236 

4285 

4335 

4384 

44.33 

49 

880 

94 4483 

94 4532 

94 45S1 

94 4631 

94 4680 

94 4729 

94 477!) 

94 4828 

94 4877 

94 4927 

49 

881 

4970 

5025 

5074 

5124 

5173 

5222 

.5272 

5321 

5370 

.5419 

49 

882 

o409 

5518 

5567 

5616 

5665 

,5715 

.57()4 

.5813 

586J 

5912 

49 

883 

5961 

6010 

6059 

6108 

6157 

6207 

625() 

6305 

6351 

6)403 

49 

884 

6452 

6501 

6551 

6600 

6649 

6698 

6747 

6796 

6845 

6894 

49 

885 

94 6943 

94 6992 

94 7041 

94 7090 

94 7139 

94 7189 

94 7238 

94 7287 

94 7.336 

94 7385 

49 

886 

7434 

! 7483 

7532 

7581 

7630 

7679 

7728 

7777 

7826 

7875 

49 

887 

7924 

1 7973 

8022 

8070 

8119 

8168 

8217 

8266 

8315 

836)4 

49 

888 

8413 

1 8462 

8511 

8560 

8609 

8657 

8706 

8755 

8801 

8853 

49 

889 

8902 

8951 

8999 

9048 

9067 

9146 

9195 

9244 

9292 

9341 

49 

890 

94 9390 

94 9439 

94 9488 

94 9531) 

94 9585 

94 9634,94 96831 

94 9731 

!)4 9780 

94 9829 

49 

891 

9878 

9926 

9975 

95 0024 

95 0073 

95 01211 

95 0170 

95 0219 

95 0267 

95 0316 

49 

892 

95 0365 

95 0414 

95 0462 

0511 

0560 

0608 

0657 

0706 

07.54 

0 S0.1 

49 

893 

0851 

0 !K)0 

094<) 

0997 

1046 

I095' 

1143 

1192 

1240 

1289 

49 

894 

1338 

138() 

1435 

J483 

1532 

l.>80| 

1()29 

1677 

1726 

1775 

49 

895 

95 1823 

95 1872 

95 1920 

95 1909 

95 2017 

95 2(K)6 

95 2114 

95 2103 

95 2211 

95 2260 

48 

896 

2308 

2356 

2405 

2453 

2502 

2,550; 

2599 

2647 

2696 

2744 

48 

897 

2792 

2S41 

2889 

2938 

29sr, 

3014' 

3083 

3131 

3180 

322S 

48 

898 

3276 

3325 

3373 

3421 

3470 

3,518! 

3566 

3615 

3663 

.3711 

48 

899 

3760 

3808 

3856 

3905 

3953 

4001 

4049 

4098 

4146 

4194 

48 

900 

95 4243 

95 4291 
_1 

95 4339 

95 4387 

95 4435 

_! 

95 4484195 4532| 

95 4580 

95 4628 

95 4677 

48 

N. 

0 

‘ 1 

~~2~\ 

3 

4 j 

5 

6 

7 

8 

9 

\\ ] 
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LOGARITHMS OF NUMBERS 


900 ! 

95 4243! 

^5 4291 ' 

95 4339 

95 4387 

95 4435 

95 4484 

95 4532 

95 4580 

95 4628 

95 4677 

48 

901 

4725 

4773 

4821 

4869 

4918 

4966 

5014 

5062 

5110 

5158 

48 

902 

5207 

5255 

5303 

5351 

5399 

5447 

5495 

5543 

5592 

5640 

48 

903 

5688 

5736 

5784 

5832 

5880 

5928 

5976 

6024 

6072 

6120 

48 

904 

6108 

6216 

6205 

0313 

6361 

6409 

6457 

6505 

6553 

6601 

48 

905 

95 6649 

95 6697 

95 6745 

95 6793 

95 6840 

95 6888 

95 6936 

95 6984 

95 7032 

95 7080 

48 

906 

7128 

7176 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7559 

48 

907 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 

48 

908 

808r, 

8134 

8181 

8229 

8277 

8325 

8373 

8421 

8468 

8516 

48 

909 

8564 

8612 

8659 

8707 

8755 

8803 

8850 

8898 

8946 

8994 

48 

910 

95 9041 

95 9089 

95 9137 

95 9185 

95 9232 

95 9280 

95 9328 

95 9375 

95 9423 

95 9471 

48 

911 

9518 

9566 

9614 

9661 

9709 

9757 

9804 

9852 

9900 

9947 

48 

912 

9995 

96 0042 

90 0090 

96 0138 

96 0185 

96 0233 

96 0280 

96 0328 

96 0376 

96 0423 

48 

913 

96 0471 

0518 

0566 

0613 

0061 

0709 

0756 

0804 

0851 

0899 

48 

914 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 

48 

915 

90 1421 

90 1469 

96 1516 

96 1563 

96 1611 

96 1658 

96 1706 

96 1753 

96 1801 

96 1848 

48 

916 

1895 

1943 

1990 

2038 

2085 

2132 

2180 

2227 

2275 

2322 

47 

917 

2369 

2417 

2464 

2511 

2559 

2606 

2653 

2701 

2748 

2795 

47 

918 

2843 

2890 

2937 

2985 

3032 

3079 

3126 

3174 

3221 

3268 

47 

919 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3693 

3741 

47 

920 

90 3788 

96 3835 

96 3882 

96 3929 

96 3977 

96 4024 

90 4071 

96 4118 

96 4165 

96 4212 

47 

921 

4200 

4307 

4354 

4401 

4448 

4495 

4542 

4590 

4637 

4684 

47 

922 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

5108 

5155 

47 

923 

5202 

5249 

5296 

5343 

5390 

5437 

5484 

5531 

5578 

5625 

47 

924 

5672 

5719 

5766 

5813 

5860 

5907 

5954 

6001 

6048 

6095 

47 

925 

90 6142 

96 6189 

96 0236 

96 6283 

96 6329 

96 6376 

96 6423 

96 6470 

96 6517 

96 6564 

47 

926 

6611 

6658 

6705 

0752 

6799 

6845 

6892 

6939 

6986 

7033 

47 

927 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 

47 

928 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

7969 

47 

929 

8016 

8062 

8109 

8156 

8203 

8249 

8296 

8343 

8390 

8436 

47 

930 

96 8483 

96 8530 

96 8576 

96 8023 

96 8670 

96 8716 

96 8763 

96 8810 

96 8856 

96 8903 

47 

931 

8950 

8996 

9043 

9090 

9130 

9183 

9229 

9276 

9323 

9369 

47 

932 

9416 

9463 

9509 

9556 

9002 

9649 

9695 

9742 

9789 

9835 

47 

933 

9882 

9928 

9975 

97 0021 

97 0068 

97 0114 

97 0161 

97 0207 

97 0254 

97 0300 

47 

934 

97 0347 

97 0393 

97 0440 

0486 

0533 

0579 

0626 

0672 

0719 

0765 

46 

935 

97 0812 

97 0858 

97 0904 

97 0951 

97 0997 

97 1044 

97 1090 

97 1137 

97 1183 

97 1229 

46 

936 

1276 

1322 

1369 

1415 

1461 

1508 

1554 

1601 

1647 

1693 

46 

937 

1740 

1786 

1832 

1879 

1925 

1971 

2018 

2064 

2110 

2157 

46 

938 

2203 

2249 

2295 

2342 

2388 

2434 

2481 

2527 

2573 

2619 

46 

939 

2666 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 

46 

940 

97 3128 

97 3174 

97 3220 

97 3266 

97 3313 

97 3359 

97 3405 

97 3451 

97 3497 

97 3543 

46 

941 

3590 

3636 

3682 

3728 

3774 

3820 

3866 

3913 

3959 

4005 

46 

942 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374 

4420 

4466 

46 

943 

4512 

4558 

4604 

4650 

4696 

4742 

4788 

4834 

4880 

4926 

46 

944 

4972 

5018 

5064 

5110 

5156 

5202 

5248 

5294 

5340 

5386 

46 

945 

97 5432 

97 5478 

97 5524 

97 5570 

97 5616 

97 5662 

97 5707 

97 5753 

97 5799 

97 5845 

46 

946 

5891 

5937 

5983 

6029 

6075 

6121 

6167 

6212 

6258 

6304 

46 

947 

6350 

1 6396 

I 6442 

6488 

6533 

6579 

6625 

6671 

6717 

6763 

46 

948 

6808 

6854 

6900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 

46 

949 

7266 

. 7312 

1 7358 

; 7403 

7449 

7495 

7541 

7586 

7632 

7678 

46 

950 

97 7724 

: 97 7769 

197 7815197 7861 

97 7906 

97 7952 

97 7998 

97 8043 

97 8089 

97 8135 

46 




LOGAKllllMis Of NUMBJiRS Page 19 960 tO 999 


N- 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

950 

97 7724 

97 7769 

97 7815 

97 7861 

97 7906 

97 7952 

97 7998 

97 8043 

97 8089 

97 8135 

46 

951 

8181 

8226 

8272 

8317 

i 8363 

8409 

8454 

8500 

85461 

8591 

46 

952 

8637 

8683 

8728 

8774 

8819 

8865 

8911 

8956 

9002 

9047 

46 

953 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 

46 

954 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 

46 

955 

98 0003 

98 0049 

98 0094 

98 0140 

98 0185 

98 0231 

98 0276 

98 0322 

98 0367 

98 0412 

45 

956 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0770 

0821 

0867 

45 

957 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

1275 

1320 

45 

958 

1366 

1411 

1456 

1501 

1547 

1592 

1637 

1683 

1728 

1773 

45 

959 

1819 

1864 

1909 

1954 

1 2000 

2045 

2090 

2135 

2181 

2226 

45 

960 

98 2271 

98 2316 

98 2362 

98 2407 

98 2452 

98 2497 

98 2543 

98 2588 

98 2633 

98 2678 

45 

961 

2723 

2769 

2814 

2859 

2904 

2949 

2994 

3040 

3085 

3130 

45 

962 

3175 

3220 

3265 

3310 

335(i 

3401 

3116 

3491 

3.536 

3581 

45 

963 

3626 

3671 

3716 

3762 

3807 

3852 

3897 

3942 

3987 

40.32 

45 

964 

4077 

4122 

4167 

4212 

4257 

4302 

4347 

4392 

4137 

4482 

45 

965 

98 4527 

98 4572 

98 4617 

98 4662 

98 4707 

98 4752 

98 4797 

98 4842 

98 4S87, 

9.S 4932 

45 

966 

4977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 


5382 

45 

967 

5426 

5471 

5516 

5561 

5606 

5651 

5()9(. 

5741 

5786 

5830 

45 

968 

5875 

5920 

5965 

6010 

6055 

6100 

6H4 

6189 

6234 

6279 

45 

969 

6324 

6369 

6413 

6458 

6503 

6548 

65931 

6637 

6682 

6727 

45 

970 

98 6772 

98 6817 

98 6861 

98 690f) 

98 6951 

98 6996 

98 7040 

98 7085 

98 7130 

98 7175 

45 

971 

7219 

7264 

7309 

7353 

7398 

7443 

74SS' 

7532 

7577 

7622 

45 

972 

7666 

7711 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 

45 

973 

8113 

8157 

8202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 

45 

974 

8559 

8604 

8048 

8693 

8737 

8782 

8826 

8871 

8916 

8960 

45 

975 

98 9005 

98 9049 

98 9094 

98 9138 

98 9183 

98 9227 

98 9272 

98 9316 

98 0361 

98 0405 

45 

976 

9450 

9494 

9539 

9583 

9628 

9672 

9717 

9761 

9806 

1 9850 

44 

977 

9895 

9939 

9983 

99 0028 

99 0072 

99 0117 

'99 0161 

99 0206 

99 0250 

199 0294 

44 

978 

99 0339 

99 0383 

99 0428 

0472 

0516 

0561 

0605 

0650 

0694 

0738 

44 

979 

0783 

0827 

0871 

0916 

0960 

1004 

1049 

1093 

1137 

1182 

44 

980 

99 1226 

99 1270 

99 1315 

99 1359 

99 1403 

99 1448 

99 1492 

99 1536 

99 1580 

99 1625 

44 

981 

1669 

1713 

1758 

1802 

1846 

1890 

1935 

1979 

2023 

2067 

44 

982 

2111 

2156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 

44 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 

44 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

44 

985 

99 3436 

99 3480 

99 3524 

99 3568 

99 3613 

99 3657 

99 3701 

99 3745 

99 3789 

99 3833 

44 

986 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 

44 

987 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

44 

988 

4757 

4801 

4845 

4889 

4933 

4977 

5021 

506.5 

5108 

51.52 

44 

989 

5196 

5240 

5284 

5328 

5372 

5416 

5460 

55041 

5.547 

5591 

44 

990 

99 5035 

99 5679 

99 5723 

99 5767 

99 5811 

99 5854 

99 5898 

99 5942 

99 5986 

99 0030 

44 

991 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

64fi8 

44 

992 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 

44 

993 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

44 

994 

7386 

7430 

7474 

7517 

7561 

7605 

7048 

7692 

7730 

7779 

44 

995 

99 7823 

99 7867 

99 7910 

99 7954 

99 7998 

99 8041 

99 8085 

99 8129 

99 8172 

99 8216 

44 

996 

8259 

8303 

8347 

8390 

8434 

8177 

8521 

8564 

860s 

j 86.52 

44 

997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9000 

901.3 

9087 

44 

998 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

943.5 

9479 

9522 

44 

999 

9565 

9609 

9652 

9696 

9739 

9783 

9826 

9870 

9913 

99.57 

43 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

S 

9 

D. 
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TRIGONOMETRY 


DEFINITIONS. 


1. Geometry shows how to construct a triangle and how 
to find the unknown parts actual ineasuronient. Trigonometry 
shoAvs how to compute the unknown parts from the numerical 
values of the known par^«. 

In any triangle there are six parts: tliree sides and three 
angles. These six parts are so related tint any tliree, provided 
one of them is a side, determine the shape and size of tlie triangle. 

2. Trigonometry^ then, is that 
branch of niatliematics wliich treats of 
the numerical computation of angles 
and triangles. 

3. In deducing rules or for¬ 
mulas to be used in computations, we 
use what are called functions of the 
angles. Tliis word function is used 
in inatheniaties to denote a quantity 
which depends on some other quantity for its value. Thus the 
area of a circle depends upon the radius of a circle for its value; 
hence the area of a ciide is a function of the radius. 

4. Let M A N Ije any acute angle. From I>, D and F, any 
points in A X, draw lin(*s per[HMidicular to A M, forming the right 
triangles B C A, I) E A and F (J A. These right triangles are 
similar, since they are mutually equiangular. The liomologous 
sides are then propoitioiial. Thciefore : 



CB 

AB 


ED 

AD 


CxF 
A F 


and 


C R ^ ^ ^F 

AC AE AG’"'®’ 


These ratios, which depend upon the magnitude of angle A 
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TRIGONOMETRY 


for their values, are functions of A. There are six such ratios 
and tliey are defined and named as follows: 


CR 

AB 


sine of A (written tin A). 


AC 

AB 


= cosine of A (written eot AV 


CB 

AC 

AC 

CB 

AB 

AC 

^B 

C B 


= tangent of A (written tan A). 


— cotangent of A (wiitteii cot A). 


= secant of A (written hpo Ay. 


cosecant of A (written cbc A). 


B B 




Example.— Take the right triangle A C B, Fig. 2, with the 
sides 3, 4, 5. Tlieii from our definitions : 

BUI A — ^ A = I 

COB K \ sec A = I 

tan A = ^ A = I 

5. When in Art. 13 to Ait. 17 we take up the solution of 
right triangles, we shall use a triangle lettered as in Fig. o. A 
and B aie the acute angles, C the right angle, and the opposite 
sides are represented b}" the corresponding small letters. That is^ 
the side opposite angle A is a, that opposite B is 6, etc. 
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Then, 


nnA= — 

c 


o}tpo»ite side 
hypothenuse 


cos A = 

c hypothenuse 


fanA= — 

b 

eot A = ~ 


opposite side 
adjacent side 

adjacent side 
ojiposite side 


«cc A = 


r _ hypothenuse 

h adjacent Side 


. r 

CSC A =- 

a 


hypothenuse 
opposite side 


Rule 1 
“ 2 
“ 3 

4 

“ 5 

“ 6 


m 


The six ratios are (‘ailed the Trujopotnetric Functions of 
angle A. 

6. The following definitions must be i*ominitted toineinory: 


The sine of an anj^lo is the I'ltio ot the oi>i>osite side toUu* h>]>otheiiu8e. 
The cosine of an anj^le is tlie latio ot the adjaeeni side to (lie hypothenuse. 
The tangent of an an^lo is tiieiatio of the ojijiosito side to tlic adjacent 
side. 


The cotangent of an anf^le is the ratio of tlie adjacent side to the oppo¬ 
site side. 

The secant ot an an^le is the ratio of tlie hypotlienuse to the adjacent 
side. 

The cosecant of an aiij^lo is the ratio of the hjpotheuuse to the opposite 
side. 


7. If we ajiply these definitions to angle J1 we have the 
following: 


sm B = 

c 


cot B = -y 


cos B = — 
c 


tan B = _ 
a 


sec B = — 
a 

li ^ 

CSC = --- 


By insjiection of the functions of A and B (which ai'O com* 
plementiiry angles) we see that: 


sin A = <?(?« B 
tan A = cot B 
sec A = B 


cos A = sin B ^ 
cot A = tan B I [2] 
CSC A = sec B J 
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EXAnPLES FOR PRACTICE, 

Calculate the value of the six functions of angle A iu the 
right triangle A C B, whose sides c are respectively: 

(1) 40, 9, 41. 

(2) 8,15,17. 

(3) 5,12,13. 

(4) 19G, 315, 371. 

8 . Given one function of an angle to find the other func¬ 
tions. Suppose we have given sin A 
4, and the other five functions are 
required. We construct a right 
triangle A C B (Fig. 4) calling the 
opposite side 1 and the hypotheuuse 2. 
We can do this because 

. . opp. side 1 

sin A = i-v-= 

hyp. 2 

By Geometry A C = V^A B^ — C = V^4 — 1 = V^3 
Hence the adjacent side is ^3“, 

Therefore cos A = sec A = 

2 

tan A = 

n/3 

cot A =z >j Z esc A = 2. 

EXAHPLES FOR PRACTICE. 

Find the values of the five remaining fimctions, when 

1. tan A = I 3. sin A = ^ 

2. CSC A = ^ (or-|) 4. cot A = ^ 

ileasurement of Angles. As we learned in Mensuration,** 
angles are usually expressed in degrees, minutes and seconds. A 
degree is a ninetieth part of a right angle; a minute is one-six¬ 
tieth of a degree, and a second is one-sixtieth of a minute. The 
symbols used to denote degrees, minutes and seconds are ® 

Thus forty-six degrees fifteen minutes and six seconds is written 
46® 15' 6^. In adding two ang^les. seconds are added to seconds. 
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minutes to minutes, and degrees to degrees; also, in subtracting 
two angles, seconds are subtracted from seconds, minutes from 
minutes, and degrees from degrees. 

Example 1.— Add G7° 45' 16^ and 82° 28' 52^. 

Solution : 

67° 45' 16'' 

32° 28' 52'' 

99° 78' 68~ 

But 6S" = 1' 8" and 73' = 1° 13'. 

Therefore 99° 73' 68" = 100° 14' 8" Ans. 

Example 2.— Subtract 35° 28' 14" from 119° 14' 26". 
Solution: 

119° 14'25" 

35° 2S' 14" 

Since 28' cannot be taken from 14' we borrow 1° (= 60') 
from 119° and write the angles 

118° 74' 25" 

35° 28' 14" 

83° 46' 11" Ans. 

Example 3.— In a right triangle one acute angle is 16° 25' 13", 
find the other acute .angle. 

We know that the sum of the acute angles of a right triangle 
is equal to one right angle. We write 90° as 89° 59' 60", then 
subtracting the given angle, 

89° 59' 60" 

16° 25'13" 

73° 84'li^ Ans. 

EXAMPLES FOR PRACTICE. 

1. Add ]7t;° 59' 24" and 3° 12' 56". Ans. 180° 12' 20". 

2. Add 56° 28' 32" and 39° 43' 17". Ans. 96° 11' 49". 

8. From 84° 19' 27" take 44° 20' 34". Ans. 39° 58' 58". 
10. The Functions of 45®. In order to find the functions 

of 45° take a right isosceles triangle A C B (b ig. 5), each side 
about the right angle being equal to unity. Then 
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A B = v/x (;2 jj -^2 = v'l 4-1 = v/ 2. ^ A + Z B = 90° 

and as A = 1> eacli e(|^uals 45°. Therefore, by definition : 

1 

sin 45° ~ = - ref 45° 1. 

\J2 2 

1 _ 
cos 4o° = ~, — =:- sec 45° =. do 

>J‘l 2 

tan 45° _= 1 esc ^15°== v/2. 

In the above, tlu* radical is remov(‘d from tlie deiioini- 
nator by iiniltijdying ])oth numerator and dimoininatoi* by the 
denominator. 

1 v/-~ >J^T 

Then, -7--- X -7-- = -7—-/ 

Tliis ])rocess is called rationalizing the denominator. 

11. Functions of 30® and 60®. To find the fiimdions of 
30° and G0°, take an equilateral triangle A B 1) (Fig. G). Assume 
each side equal to 2. Draw AC i)er])endi(*iilar to B I). Then 
by geometry, B (^ = C I) and angle B A C = angl(‘ C A D. 

Also A C = V/ AT."^ —B 1 = V'.r 

But if ABl) is equilateral, tlie triangle is equiangular^ and 
each angle is 00°. lienee A B C = (>0° and B A C oi one- 
half of ZB AD 30°. 

Applying our definitions to the right triangle A V B : 


1 

t<in A n = .siH 

cot C A B = rot ao° = d a 


cos 0 A B = cos ;J0° - 

MC CA1J= .mc30° = -;“ 

_2\/3 

o 

v» 

3 

1 v/5r" 

tan C A B = fan ^ 

CSC C A B = CSC 30° = 2. 


V *5 a 



sin (M5A=.si)i C0° = V'L 

1 

cot C 1^ A = rof 60° = - 7 -;“- 

-Vs" 

2 

V/3 

3 

cos C B A = cos 60° = 

sec C A = sec (>0° = 2 



2 

_2 \/s"' 

ian C B A = tan 60° = y/lT" 

c«c C B A = CSC ()0° = 

V 3 

3 
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FUNDAMENTAL THEOREHS. 

12* Since idn A = and csr A ---: (Fig. 3) 

(I 

Since A = and sec A = 

/* h 


Sim*e ttni A = ~ and cot A = _ 

h a 

It is evident that 



A i c a 

Fi^. r». Fij:. C. 


13. In tlie right triangh* A H(\ Fig. 

By Geonietiy Ji C -1* A (' z.- B 

Or </2 ?>2 ^ 

/,2 (.2 

Dividing by ^ 


That is 



Whenc(‘l)y deiinition {sin A) - 4“ 1 

This is usually written, 

sin’^ A 4" cf>«2 A = 1 [4] 

(It is read, sine squared A jdus cosine squared A equals one.) 
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14 . By our definition tan A = — 
Divide numerator and denominator by e 


a 

Then tan A =- [6] 

h 009 A 

0 

Similarly, eot A = ~ [6] 

c 

15. In triangle ABC, Fig. 3, 


By Geometry 

__2 _2 _2 

AB = AC + BC 


Or 

c* = + a2 


Divide by 6^, 

_i- = 1 4- fl— 

^ ja 


That is 

(■f)‘=' + (T)‘ 


16. By definition 

see^ A = 1 -4“ tan^ A 


Similarly divide 

c2 = 52 ^ ^2 ^2 



= *4 + 1 

a2 a^ 


Whence by definition 

C8C^ A = cot^ A -j- 1 

[8]. 


FUNCTIONS OF ANY ANGLE. 


17. * In Art. 4, definitions for the functions of acute angles 
only were given. Before we can define the functions of any 
angle we must consider angles themselves. 



In Trigonometry an angle is considered as 
generated by revolving a line from some initial 
position (called initial line) to some final posi¬ 
tion (called terminal line). Thus the angle 
ABC may be generated by revolving a line 
from the position B A to the position B C. 


If the minute hand of a clock makes ^ of a revolution, it 


turns through one right angle; if it makes one-half a revolution. 
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it turns througli two right angles; if one mul 0 !ie-half revolutions, 
It turns through six right angles. Thus : 

By revolving a suHicient nanil)er of times it is evident that 
an angle of any magnitude may bo formed. 






18. Positive Angles. If the direction of revolution is 
opposite to that of the hands of a clock, the angle is said to be 
positive. 

Negative Angles. If tbo direction of revolution is the 
Slime as that of the hands of a clock, the angle is said to be 
negative. The angles in Art. 17 are all negative. 

Example.— Through how many riglit angles does the hour 
hand of a clock move in hours? The minute hand? 



Example.— If the flywheel of an engine makes 60 revolu¬ 
tions per minute, through how many right angles does a spoke of 
the fly wheel revolve in one second ? 

IP. Let B IV be drawn perpendicular to A A', intersecting 
it at O. The plane of the page is then divided into four parts 
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called quadrants. A O B is called the first quadrant, B O A' is 
called the second quadrant, A' O B' is called the third quadrant, 
and B' O A is called the fourth quadrant. 


FIRST QUADRANT 



SECOND QUADRANT 



THIRD QUADRANT 



FOURTH QUADRANT 



An angle is said to lie in the quadrant in which its terminal 
line lies. 

20. Construct an angle AGP in each of the four quadrants. 
Draw 1' M perpendicular to A A', meeting it at M, forming the 
triangle IVI O P. The sides of this triangle determine the func¬ 
tions of tlie angle. If the x>erpendicular M P is drawn above 
A A', it is considered if below A A', it is considered 

negative. If the base O M is drawn to the right of B B', it is con¬ 
sidered positive; if drawn to the left of B B', it is considered 
negative. O P is always positive. Hence, some of the functions 
of angles in the second, third and fourth quadrants are negative. 
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21. The trigonometric functions of any angle then are, 


sin A O r = 

perpendicular 

hypothenuse 

f + in T and IT. \ 
1—in ill and IV. i 

cos A o r = 

base 

(4-in I andlV.I 

hypothenuse 

t —in II and III./ 

tan A O P = 

perpendicular 

base 

j 4- in I and III. \ 
in II and IV./ 

co< A O P = 

base 

J 4- in I and III. \ 

perpendicular 

1—in II and IV./ 

see A O P = 

hypothenuse 

base 

f4-in I and IV. \ 
t—in II and III./ 

cfic A O P == 

hypothenuse 

perpendicular 

f 4- in I and II. 1 
t — in III and IV. ( 


The signs of the functions 

may 

be tabulated thus: 


Quadrant 

I 

II 

Ill 

IV 

Sine and cosecant 

+ 

+ 

— 

— 

Tangent and cotangent 

-J- 

— 

+ 

— 

Secant and cosine 


— 

— 



EXAMPLES FOR PRACTICE. 

1. Construct the following angles: 150°, 225°, 270°, 300®, 
400°,—120°,—45°, 840°. 

2. Tlje tenniiial side of 050° lies in what quadrant? 

3. The terinhial side of 430° lies in what quadrant? 


FUNCTIONS OF 0®, 90®, ISO®, 270®. 


22. Functions of 0®. I^et Fig 
radius equal to unity. Let A O P 
be an angle in the first quadrant. 

Then sin AOP= 

() r 1 

cos A O 1* = —= P = OM 

or 1 

Let O P he revolved towards 
0 A, the angle A O P growingsmaller 
and smaller and approaching zero 
degrees as O P approaclies the posi¬ 
tion O A. Then M P approaches 
zero and O M approaches O A- 
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•ia 0* = —= _L = 0 ; co» 0“ = = J_ = 1 

O P 1 O P 1 

Therefore sin 0® = 0 

and co.s0®= OA=l, 

By formula [6] tan 0® = —^ = 0 

cos 0 1 

By formula [6] cot 0® = = -1- = oo 

sin 0 0 

By formula [3] sec 0® = —?— = = 1 

cos 0 1 

By formula [3] esc 0® = —?:— = JL = oo, 
sin 0 0 

23. Functions of 90®. Let O P (Fig. 7) be revolved until 
it coincides with O B. Then Z A O P becomes 90% O M = O 
and M P = O B. 


Therefore 


sin 90“ = O B = 1 


cos 90“ = 0 


tan 00* 
cot 90* 


sin 9 0“ 
cos 90* 
cos 90“ 
sin 90“ 


sec 90® 


1 

cos 90“ 


CSC 90“ =: —- _= 

sin 90“ 


0 

1 

0 

JL 

1 


CO 

0 

00 


1 . 


24. Functions of 180®. Let A O R (Fig. 7) be an angle 
in the second quadrant. 


Then sin A O R = 


NR _ 
OR “ 


NR 


= NR 


cos A O R 


ON _ ^ 
OR ~ 


ON 


Let O R revolve until it coincides with O A', then A O R 
becomes ZAO A' or 180°, N R = 0 and O N = O A' = — 1. 

Notk. 00 is the symbol used to denote an infinite quantity, that is, a 
quantity larger than any assignable quantity. Let us consider the series; 

J.*_, It is evident that if the series is continued, the 

c c c c 

absolute value of the numerator may be made greater than any assigned 
jiositive quantity, and as the denominator remains the same, the absolute 
value of the fraction may he made greater than any assigned positive 
quantity. Similarly it may he provetl that tlie value of a fraction becomes 
very largo when its denominator becomes very small. 

(See Art. 20.) 
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Therefore aln 180* = 0 

cos 180* = O A = — 1 

tenl80* = *‘" = = 0 

con 180® — 1 

eoi 180* = =* 00 


sin 180° 


aee 180® =. 




C08 180' 

CSC 180® =-= 00 

sin 180’ 0 

25. Functions of 270®. l^et A O S be an angle in the thiid 
quadrant. 

Then sin A O S = = ^ = LS 

O O 1 

cos A O S = ^ = O L 

Ob 1 


Let O S revolve until it coincides with O then O S 
becomes ZA O B', or 270®, O L = O, and L S == O 

Therefore sin 270® = O B' = — 1 
cos 270® = 0 

tan 270® = 00 

cos 270® 0 

cot 270® = =r ~ s= 0 

sin 270 — 1 


sec 270® = . 


. = _L = oo 


cos 270® 

CSC 270® = _1- = — 1 

sin 270® — 1 


The foregoing results may be expressed in a tabular form aa 
follows: 


Angle. 

Sin. 

Cos. 

Tan 

Cot. 

Sec. 

Cbc. 

0“ 

0 

1 

0 

00 

1 

00 

90“ 

1 

0 

00 

0 

oo 

1 

180“ 

0 

— 1 

0 

00 

—1 

oo 

270“ 

— 1 

0 

00 

0 

00 

— 1 
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RELATIONS BETWEEN FUNCTIONS OP ANGLES. 

26. Functions of (— x), (180°—r), (180° -j-a:), (3G0°— x). 

Let Z A O P, in Figs. 8, 9, 10 and 11 represent angle x and 
Z A O P' represent — x. 

If P M P' is drawn perpendicular to A A' the right triangles 
MOP and ]\I () P' have a side and acute angle of one equal 
respectively to a side and acute angle of the other and are there¬ 
fore equal. 





10 . 



Fig. 11. 


Applying the definitions givcui in Art. 21, noting carefully 
the signs, we have in Fig. 8, fourth quadrant, 

sin ( — x tan ( — .r) = — fan x .sec ( — = -f- i>ec x 

cos ( — a*) = + ('OS X cot ( — x) =■ — cot x esc ( — a*) = — c.sc x 

27. If X is an acute angle, 180° — .r lies in the second 

quadrant, 180° -f- x in the third quadrant and 300° — x in the 

fourth quadrant. 

In Figs. 12, 13 and 14 construct A O P' equal to angle x; 
make O P' = O P and draw M P and P' perpendicular to A A'. 
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Then the right triangles P IM O and P' M' O are eqiial, since the 
hypothenuse and acute angle of one equal the hypothenuse and 
acute angle of the other. 

Applying the definitions given in Art. -1, noting carefully 
the signs, we have. 
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Also 

{ tin (360® — j) = — sin r cot (360® — J?) = — cot a;^ 

cos (360® — x) = 4- cos X sec (360® — x) = see x t [12] 

tan (360® — x) — — tan x esc ( 3(K)® — x) = — cse x] 

28. To find a function of an angle greater than 360°, sub¬ 
tract a multiple of 360° from the angle, the function remaining 
the same. 

sin 890° zz: sin (890° — 720°) zn sin 170° 

= \i)^)=sin 10 ° 

/^w480° zz: tan (480° — 360°) — fan 120° 

— tan (180° — 60°) zz — tan 60° zz _ y /3 

CSC (—120°) zz — CSC 120 ° zz — rxc (180° — 60°) — — A. 

V3 

EXAMPLES FOR PRACTICE. 

1. 495° 4. sin 150° 

2. tan 330° 5. rex ( — 60°) 

3. xrc* 225° 


29. Several formulas for the functions of one angle have 
been derived. Wc shall now prove four fundamental formulas 
for functions of two aiiLdes and from them derive others. 


These four formulas are: 

sin (.r f- //) — sin .r 
cos (.r -1 //) zzi c<fS JT 
sin (.r — j/) — sin .r 
cos (j — Jf) - cos X 



cos // ] Cits .r sin // [13J 

cos // — sin x sin // [14] 

c<fs // — cos X sin If [ 15] 

cos If -|- sin .t sin t/ [16] 

30. L(‘t Z A O h — .t 
and Z B 0 z= ff, then Z 
A 0 (' zz (.r + //). From 
P, any ])oint in () (\ draw PI) 
and P E perjiendicular to O A 
and () B respectively. From 
E draw E G and E H per- 
pendiculai to O A and P D 
lespectively. Since P E is 
perpendicular to O B, and 
P II is perpendicular to O A, 
O B or X, 
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Now 

But 

And 


tin (j- -f- ,y) = 


= ^^JL+ H P _ G E , H P 
OP ”OP Ol‘~^OP 


GE _ GE 
O P O E 


OE 

(fP “ ^ 


H P ^ H P 
O P ■ E P 


E P 

O P ~ ■' **” 


Therefore sin (^jt i/) = 
Similarly cos (r + y) = 


siti X cos 1 / -|- ros X sin ;/ [13] 

Ol) ^ OTf — 1)G _ OG _ HE 
(> P “ OP ““ () P 0“P 


Bui 


OG _ (Xi 
OP ” O E 


OK 

— eo» X cos y 

O P 


And 


H K ^ H E E P 
OP E P ^ O P 


siti ' sin y 


Therefore cos {x y) = cos .r cos y — sin x sin y [U] 

31. We have merely proveil that th(^se formulas hold true 
vhen X and y^ and x + y are aeute. It can be easily proved by 
iieans of diagrams and equations that they are also true for all 
values of x and //, but the proof will not be taken up here. 

32. Substituting — y for y in formula [13], it becomes 
sin [r \' ( — y)] = sin r cos ( — //) -f cos x sin (— y) 

lilt cos { - ~ y) = cos y and sin ( —//) ~ — // by [9] 

Therefore sin (x — y) = sin x cos y — ros x sin y [15] 

Also substituting — y for y in formula [14], it becomes 

cos [./’ -|- ( —(/)]— ros r cos ( — //) — sin X sin ( — y) 
= cos X cos y -f- sin x sin y [lb] 


^ ^ , sin (x + y) sin x cos y -4- cos x sin y 

33. tan (r + //) = V y ^ ^ 

cos y) Cits X cos y — stn x sin y 

Dividing both numerator and denominator by cos x cos y^ this 

becomes 


hm (,/' + y) 


sin X cos 
cos X cos 
cos X cos 
cos X cos 


y cos X stn 

y cos X cos 

y sin X sin 


y 

y 

y 


y cos X cos y 


34. Cancelling the equal quantities and introducing the 

'ormulas tan x z=z and tan y zm *^, we finally have 

cos r ' cos y 
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^ . tan X 4- tan y 

tan (x + y) =-'-^ 

1 — tan X tan y 


Similarly 

tan (.6 


y') 


35 . 


or 


tan X — tan y 
1 -j- tan X tan y 
In foiinula [13] substituting x for y, 

sin ( ti’ “1“ ^ ^ 

sin 2 X = 2 sin x eos j 


[17] 

[18] 


[19] 


36. In fonniila [14] substituting x for y, 

cos (^x -|- ‘^O = (‘08 X — sin x sm x 

or cos 2 X = cos^ x — sin^ x [2^] 

37. If now we substitute for sin’^ x its equivalent, 1 — ee«2 x 
(formula [ 4 ] ), we have, 

cos 2 X :=Z cos^ X — (1 — cos"^ .r) 

= 2 ^ _ 1 [22] 

38. If in [20] we substitute for cos^ x its equivalent, 1 — 
.r, we have 

cos 2 .r = 1 — sin^ x — sin^ x 

= 1 _ 2 sin^ X [23] 


39. In formula [17] substitute x for //, 

, , , . tan X 4- tan x 

tan Cx 4“ «^) = - - — - 

1 — tan X tan x 


or 


tan 2 X 


2 tan X 

— tan^ X 


[24] 


* 40 . From formula [22], by transposing terms, 

2 cos^ ./ == 1 <'os 2 j 

or 2 cos^ t ,r zz: 1 4“ (‘(^^ ^ [2o] 

*41, From formula [23], by transj)Osing terms, 

2 sin^ X zzz \ — cos 2 x 

or 2 sin^ J .r = 1 — cos x [26] 

42 . Dividing [26] by [25], 


z sin- 
2 cos^ 

tan^ 


\x^ 


1 — cos X 
1 4“ OOS X 
1 - COS X 


1 COS X 

* Formulas [26] and [26] are derived fi;om the statement above each by substituting 
i angle equal to one-half the value of x 
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tan I u’ =z y 

> 1 -f- eos X 

43. From formulas [13] to [16] \vc obtain 

sin (a* + //) -f sin (j* — #/) =: 2 sin x cos y 

sin (a* + // 1 — ''in (a* — //) — 2 cos x sin y 

cos (j: + // ) -f cos — //) - - 2 cos x cos y 

cos {x y) — cos (x — y) — — 2 sin x sin y 

Let a zr (a’ -|- t/) 
and h — ( r — y) 

Then by adding and subtraeting we get 
ic — 1 (<i + ^0 // “ 2 

Substituting, 


/T— 


sin a + sin b = 

2 sin 14 {a -{■ h) cos % (a— 

h) 

[28] 

sin a — sin h = 

2 cos ^2 i^a -{■ b) sin *4 (o -- 

b) 

[29J 

co,s a + “ 

2 cos )4 (c b) cos ^2 ('t — 


[30] 

cos a — cos h — 

— 2 sin (a -f- b) sin (ti - 

h) 

[31] 


These formulas greatly siinjdify the solution of oblique tri 
angles in ease two sides and the included angle are given, or if 
the three sides are known. 

44. It can be proved that in any triangle 

a sin A 

b »t« H (See Art 87.') 

45 . By Geometry (Composition and Division), 

a h _ sin A + 

a — h sin A — sin B 

46. By formulas [28] and [29], 

^ 2 2 2' — B) 

a — b 2 cos I (A H- B) sin i (A — B) 

_ OW I (A + B) 1 

COS ^ (A -f- B) sin ^ (A — B) 
cos ^ (A — B) 

= i (A + B) pg2i 

tan 1 (A — B) 

This formula is used when b and C of a triangle are given. 
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47 . By advancing the letters, 

h C tCLTl (^B —j— C) 

h — c tan (B — C) 

c a _ tan i (C -f- A) 

c — a tan ^ (C — A) 


C 



In Fig. If) 


AD^-b cos A 
D B - A R -- A T) 
<• — h cos* A 
('' 1) b sin A 


C 



49. Now in both Fig. lo and Fig 16 


B c" = B 1)“ + 1) 


a2 


or 008 A 


— — If cos A)2 (h sin A)^ 

= c^ — 2 h c cos A cos^ A -f- sin^ A 

— -— 2 h 0 cos A -f- {cos'^ A -|- sln^ A) 
~ <’2 + />2 — 2 h c cos A 

_ /)2 _j_ ^.2 - ^,2 

2 b 0 


SO. The above equation would enable us to find angle A if 
the three sides are given, but it is not in a form suitable for use 
with logarithms 
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51. From formula [2(5] 

2 i A ~ 1 — roK A = 1 —-L- 

^ be 

__ 2 t * — ^2 __ ,.2 ,;2 

_ __ 

_ — ^)2 

~ ~ 2 b C 

_ -f.) 

2 C* 


Let 

2 « — a -f 

h -f- c, then (a — 

- (»( -I (•) = ^ (J( 

-h\ 

and 

(^a + h - 

0 = 2 (. - <•) 



Substituting, 2 , 

s/«2 1 A =_ 

- h) (.V — 

e 


Hence 

.«//( > A ^ 

— /') (« — e) 


52. 

From formula [25], 




2 c*cs- ^ A 

~ 1 4- A -- 1 

. j. ,.2 - ()i 

2 A a 




_ 2 r 4 4 

,.2 . „2 




2 h c 





_ (/, 




2 he 





_ {h -\- (’ * (f ) (h 4“ C - 




2 

c 




_ 2 .s ( .s — a) 





/m “ 



Hence cos J A 

- .M •• — a) 

\ /, f 


[341 

53. 

Dividijig by [»‘>4], 




«/// 1 A 
i A 

- ^ t(ni ^ A = y 

/(* —f>)(K - 0 

« (8 — a) 

[35] 

54. 

Similarly 





tan i B 

_ /(* — 0 (« 

— <o 




\ (.S - 

h 



ta7i 1 C 

_ /(* — a) (* 

-h) 



2 

V s (« — 

0 



3G1 



24 


TRIGONOMETRY 


These formulas are used to find the angles when the three 
sides are given. 

55. In Fig. 15 and Fig, 16 of Art. 48 we see that if K is 
the area of the triangle, 

2Kr=ABxCD 


= h c sin A [36] 

Sin 2 X = 2 sin X cos X [19] (a) 

or Sin X =2 sin ^ X cos § X (6) 

or Sin A =2 sin \ k cos^ K (c) 

and transposing formula 

2K 

Sin A = -- 
h c 


Substitute this value of sm A in [19] (c) then —- = 2 sin ^ A 

b c 

cos 2 A or 2 K = 2 6 c sin ^ A cos ^ A. From [X]] and [Xi] sub¬ 
stitute values of f A and get 

2 K = 26. X J-%~ 

^ be ^ b c 


or simplifying by multiplying together and cancelling b c with 
Vb c X b c and also 2 on each side of the equation. 

Then K =(7^6) (.v“^ 

Then log K = § (log s + log(.v—«) +log(.f —6) +log(s —c)) [37] 


By Page 23, S = 


(/+/) + C 
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LOGARITHMS. 

56. The logaritlini of a number, N, is the exponent of the 
power to which a fixed number, called the base, must be raised in 
order to produce N. 

Thus, if 3^ ziz 81, lo ^3 81 ~ 4; or, in words, the logarithm 
of 81 to base 3 is 4. 

Wliat is log 2 8? We know 2‘ — S loj »2 S = a 

What is lofTj, a? We know 0“ ~ a a = -- 

2 

EXAMPLES FOR PRACTICE, 

1. Find the log^^ 27. Ans. 3. 

2. Find the lo<»|() 100. Ans. 2. 

3. Find the log^ til. Ans. 3. 

57. All logarithms of numbers whivl. have the same base 
are said to belong to tlie same fft/atein, r’lC system of which 10 
is lli(' base is call(‘d tln^ common system, d'liis is the system most 
frequently used in computation. 


58. 

Ill 

any syst< 

‘in, tlie logarithm 

of the l)ase itself is 1. 

For 


101 ; 
‘U 

= 10 

»> < 

*. iojr,oio= 1 

• liio . -- 1 



«> 

—- . 

-- <t 

'. logtt a 1 

59, 

In 

any system the logarithm 

of 1 is 0, 

For 


10^ : 

1 

. lo^io 1 = 0 



8'^: 

= 1 

■. lo;>3 1 — 0 



ao 

= 1 

*. log. 1 =- 0 

60. 

Logarithms 

are used largely to facilitate computation in 


problems involving multiplication, division, involution and evolu¬ 
tion of numbers. Their great usefulness depends on the four 
following principles. 

61. In any system, the logarithm of the j)roduet of two or 
more numbers is equal to the sum of the logarithms of the separate 
numbers. 

— 771 (1) / Then ( 

= n (2) \ by § bb ( 


Assume 

And 
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Multiplying equations (1) and (2), 

(a^) (a 2 /) z=L mn 
Or a* + mn 

loga mn=zx+ y 

Substituting for x and y tlieir values, 

loga m n = loga m + log^ n 

62. In any system the logaritlim of a fraction is equal to 
the logarithm of tlie numerator minus the logarithm of the 
denominator. 

Assume a® = m (1) ) Then ( log^^ m = x 

And ay = n (2) ) by § oh | log^ n = y 

Divide equation (Ij l)y equation (2), 



a'^ _ 

m 


'oM 

n 

Or 

= 

m 



n 

Then 

, m 

loga - - = 

x — y 


n 


Substituting for x and y their values, 

loga - - = loga — l"ga »» 

n 


63. In any system the logaritlim of the power of a number 
is equal to the exponent of the power multiplied by the logarithm 
of the number. 

Assume ~ m (1), then log^ in = x. 

Raising hotli inemhers of (1) to the p^^ power 


a'P^ — in^ 

Therefore by definition 

loga («(P) =px 
Substituting for x its value, 

loga QnP') = p loga 

64. The logarithm of a root of a number is equal to the 
logarithm of the number divided by the index of the root. 


By algebra. 




m • 
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Therefore, by Art. 63, 


1 lop, m 

— log,m= —— 


65. A few examples will illustrate these jiriuciples. 

Given that log 2 = .301030, log 3 = ,477121, log 5 = 
.698970 and log 7 = .845098. 

(1) Find log 45. 

log 45 = log (3 X 3 X 5) 

= log 3 log 3 + log 6 
= 2 X log 3 -4- log 5 

= .954242-f .698970 
= 1.653212. 

(2) Find log JjA. 

log Y = log 1-1 — log 5 

= (log 2 -j- log 7) — log 5 
= .301030 4- .84.)098 — .698970 
= 1.146128 — .698970 = 447158 

(8) Find log (74 X 22). 

log (74 X 22) = log 74 4- log 22 

= 2 log 1 + 2 log 2 

3 X (.845098) , .301030 

• 4- 2 

Z= .633824* 4 -.150515 
= .784339 

(4) Find log 

V2 




_ .698970 
— - 4 

= .174743 
= .074400 


Jlog2 

.3010.30 


.100343 


'Note. Whenever in dividing a logarithm by a nuniDer a remainder 
of ^ or more is obtained, the last figure of the quotient is increased by 1. 
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EXAMPLES FOR PRACTICE. 

Find the logarithms of the following: 

(5) log 35 

Ans. 1.544068. 

( 0 ) 

log 42 

Ans. 1.628249. 

(7) 

1 25 

loR 

Ans. .552842. 

fS) 

log V^15 

Ans. .588046. 

(9) 

log ( 2 S X ob 

Ans. .550172. 

( 10 ) 

log (7\/ir) 

Ans. 1.104482. 

(17) 

l.« ''f" 

Ans. .372364. 

66. 

We will now write the common logaritlinis of certain 


integnil powers of 10 and indicate between wliat limits the log¬ 
arithms of C(‘rtain other niiinbers must lie. 


1000 = 10 '' 

.-. log 1000 

=: 3 


_ J 02 + a decimal 

.-. log 796 

= 2 4 “ decimal 


100 = 

.-. log 100 

= 2 


g,, _ jqI + a decimal 

.-. log 58 

= 1 i\ decimal 


O 

II 

.-. log 10 

= 1 


g _ decimal 

.-. log 8 

= 0 4 ~ decimal 


1 = 

log 1 

= 0 


0 ij Y_ ^ 0-1 + 11 decimal 

.-. log 0.77 

= 9 + decimal — 

10 

0 . 1 =J, = 10 -^ 

.-. log 0.1 

= — 1 or 9 — 

10 

0.079 = 10"^ 

.-. log 0.071) 

= 8 + decimal — 

10 

0.01 = ^ 1 ^ = 10 -^ 

.•. log 0.01 

= _ 2 or 8 — 

10 

.00274 = 10“’^ 

.-. Ic^ 0.00274 

= 7 + a decimal — 

10 

9-991 = iiiV(r = 19'“ 

.-.log 0.001 

= — H or 7 — 

10 


67. From Art. GO we see that the logarithm of a number 
which is not an integral power of 10 is an integer plus a decimal 
Thus, 79G is between 10 ^ and 10^, therefore its logarithm is 
between 2 and 3, and is 2 a decimal. Also, 0.079 is between 
10 and 10 , therefore its logarithm is between —2 and — 1 

and is — 2 decimal. But — 2 is represented by 8 — 10 , 
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BO that this logarithm would be written 8 -f- a decimal —10^ 

Certain advantages are gained by usbig 8 —10 instead of—2, 

as will be explained later on. 

68. The integuil part of the logarithm is called its charao 
terutic^ and the decimal part lus manti»m. The characteristic, 
when the number is not an integral power of 10, may Ix' found by 
observing between what adja(‘ent integral powers of 10 tlie number 
lies. 

69. From Art. 6G we see that the logariilun of a number 
between 

1 .and 10 is equal to 0 + a detdmal 

10 and 100 is eijiial to 1 -j- a decimal 

100 and 1000 is equal to 2 H a decimal, etc. 

Therefore, the characteristic of the logaritlim of a number 
with one figure to the left of the decimal jioint is 0 ; with two 
figures to the left of the decimal point is 1 , witli three figures to 
the left of the decimal point is 2, etc. 

From this we may formulate the following rule: 

The char act eristic of the loffarithm of a number greater than 1 
is one less than the number of places to the left of the denmal point. 

70. From Art. 66 we see that the logarithm of a number 
between 

1 and .1 is equal to 9 -f a decimal — 10 

.1 and .01 IS equal to s -f a decimal — 10 

.01 and .001 is equal to 7 -f a decimal — 10, etc. 

Therefore, the chaiacteristic of the logarithm of a decimal 

with no ciphers between llie d(‘cim.il point and the first significant 
figure is 9, with a — 10 wiitteii after tlie mantissa ; of a decimal 
with one cijiher between the decimal point and the first significant 
figure is 8, with a — 10 written after the mantissa ; of a decimal 
with two ciphers between the decimal point and the first significant 
figure is 7, with a — IQ written after the mantissa. 

From this we may formulate the following rule: 

The characteristic of the logarithm of a number less than 1 
is found by subtracting from 9 the number of ciphers between the 
decimal pomt and the first significant figure^ writing a —10 after 
the mantissa. 

71. The mantissae of logarithms of numbers are given in 
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tables of logarithms, and we shall next take up the use of these 
tables. For the use and application of such tables the student is 
asked to study the Six-Place Logarithmic Table in the back of 
this book. 

72. In the common system, the mantissas of the logarithms 
of numbers liaving the same soquei'ce of figures are the same. 

Suppose that log 2.405 = 0.381115. 

Then log 240.5 = log (2.405 X 100) 

= log 2.405 + log 100 
= 0.381115 + 2 
= 2.381115 

And log .002405 = log (2.405 X .001) 

= log 2.405 -f log .001 
= 0.381115 + 7—10 
= 7.381115 — 10 

In general, if a niimlierbe multiplied or divided by an integral 
power of 10, the resulting number will have the same sequence of 
figures, and hence the logarithms of the two numbers will have 
the same mantissas. 

73. In the use of logarithms it i.s necessary to perform the 
operations of addition, subtraction, multijdieation and division. 
Certain peculiarities in the work will now he explained. 

(1) Addition. If, after any addition, — 10 , — 20, or — 30, 
etc., is written after the mantissa, and the (diaracteristic is greater 
than 9, subtract from both parts of the characteristic such a 
multiple of 10 as will make tlie charai*teristic before the mantissa 
less than 10. 

Thus: 

9.308457 — 10 
8.230425 —10 

17.604882 — 20 
or 7.604882— 10 

(2) Subtraction. In subtracting a greater logarithm from 
a less, or in subtracting a negative logarithm from a positive 
one, the characteristic of the minuend sliould lie increased by 10 
(or a multiple of 10),—10 (or — the same multiple of 10) being 
written after the mantissa. 
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Thus, to suhtmet B.42986^i from 2.563298, we arrange the 
work as follows : 

12.563298 — 10 
3.429863 

9.133435 —10 

Also in subtracting 9.327S1H — 10 from 4.679231, we arrange 
the work; 

14.679231 — 10 
6 327891 —10 

5.351340 

(3) Multiplication. Aft(‘r a negative logarithm has been 
multiplied ])y an integer, subtract from lu^th j)arts of the logarithm 
such a multi])le of 10 as will leave* 10 written after the 
mantissa. 

Thus, 2 X ( 9.526438— lu) 19.052876—20, which should 

be written 9.052876 —10. 

(4) Division, llehm* dividing a lu'gativc logarithm by an 
integer Ave add to both jjarts of tlie logarithm such a multiple of 
10 that after the division a — 10 will appear after the mantissa. 

Thus, 

8.429164 —10 __ 28.4291()4 —30 
3 ”■ 3 

- 9.476388 — 10 

74 . Solution of .\rithmetieal lb*obl(‘ms. 

(^1) Find tlie valiu of 1200 X .02561 X 76.0G4. 
log (1200 X .025(n X 76.9<>4) zz: l(»g 1200 -j-log .02561 

4- log 76.964. 

log 1,200 = e3.079181 
log .02561 = 8.408410 — 10 
log7(;.9(;4 = 1.886287 

log Alls. = 13.373878 —10 
or = 3.373878 
Ans. = 2365.26 
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Computation. 

Mantissa 7696 = 886265 
Tabular diff. = 56 22 

.4 886287 

373878 

Next Ichs mant. 373831 — No = 2365 
Tab. diff. = 184;T;. (.2.5.5 
368 
10 ^ 

920 

lobo" 


( 2 ) 


Find the value of 


33G.842 
7980.2 ■ 


log ^ j .'53,i.842 — log 7980.2 

® 7980.2 ^ 


l(.g 386.842 = 12..527.J2() — 10 

log 7980.2 - 3.902^14_ 

log Aiks. 8.()2.5412 — 10 

Alls. =:= .0422097 


Miuitissa 3368 = 
Tal). dill. =■ 129 
.42 

.Tri8 

Mantissa 7i>80 _ 


Tab. diff. = 54 

.2 

62.5412 

Next le.ss niaiit. = 62.5312 — No = 4220 
Tab. diff. =103)10(7 (.97 
927 
"730 
721 


(35 Find the value of (7 79.54)*. 


527372 

54 

527426 

902003 
11 

902014 
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log (7.7954)^ = 4 log 7.7954 Mantissa 7795 =891816 

log 7.7954 = 0.8918.38 Tab. = 5G 22 

__^4 8M^8 

log Ans. = 3.r)()7:5.)2 22.4 

Ans. = .■!G92.762 

567352 

Ni^xt l(‘.s^ ni.iiitisha 5l)7262— Xo = 3692 
'I'.ib. (HIT. = 118)90. (^.762 
819 
810 

(4) Find tli(‘ v.iltK' of ^.O.t.in. 

log v'd».3511 = ’ log .03.511 = —10 

28.54.M31 —30 
3 

log Ans. -9..71.*)1I4—10 
Alls. — ,3274-49 


EXAnPLES FOR PRACTICE. 


Calculate by logaritliiiis tlie value of the f(>ll(>\vin<»: 


0 ) 

r2t 

( 3 ) 

( 4 ) 

(«) 


(84.709; X (2280.76). 
(961,38)*. 

4* X 7*. 

^8 

(10)5‘ 

3.89612 X .694^ 
4694.9 X .00454' 


Alls. 193,315. 
Alls. 244.001. 
Ans. 13.8289. 

Ans. .00710409. 
Ans. .126905. 


THE RIGHT TRIANGLE. 

75. In the solution of triangles by logarithms we find it 
necessary to iis(' tlie logarithms of the trigonometric functions of 
angles. These logarithms can be found in our 8ix-pla(*e tables of 
Trigonometric F unctions. 

Note: The problcm& of the Trigonometry are solved by six-place tables, 
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so your answers will vary slightly from those given in the sixth figure of numbers 
and in seconds of angles. 

A few examples will be worked out here. 

76 . (a) Find the log sin 82® 17' 26^. 

log hill 82" 17' = 9.1W)040 — 10 


= - 
_7 

log sin 82° 17' 20" = 0.990056 — 10 


(5) Find tlie log cot 13® ^2' 40". 

log cot 13" 52' = 0.007553 

361 


D.l' = .28 
26 
168 
56 
7.28 


D.l" = 9.03 
40 


361.20 


log cot 13" 52'40" = 0.007192 
(jc) Find the angle wliose log tiin ~ 9.38/>490 — 10. 
9.385490 _ 10 

Next less log tan 9.385337 — 10 [angle = 18® 39'] 

l).r'= 9.18)153. (16.06 

918 
6120 
5508 


612 

Henee tlie angle = 13° 30' HI.7". 

(d) Find the .ingle wliohe log eoN zr 9.712512 —10^ 

Next greatei- log cos -- 9,742ti52 — 10 

9.7 12512 — 10 [angle = 66® 26'] 
I) .1" = 3.17>140. ( 14.16 

12t7s 
1^0 
126)8 
520 
317 
2030 

Hence tlie angle = 56° 26' 44.2". 


EXAnPLES FOR PRACTICE. 

( 1 ) Find log sin 30° 17' 8". Ans. 9.702698 — 10 . 

(21 Find log cos 47° 35' 16". Ans. 9.828956 — 10 . 
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(3) Find log Uui 40' 22''. Ans. 0.592774. 

(4) Find log cot 12° 45". Ans. 0.670202. 

(5) Given log sin r = 9.9S:>827 —10, lind 

Ans. 74° 27' 37.9''. 

(6) Given log cos r = 9.877165 — 10, find .c. 

Ans. 41° 5' 35.5". 

(7) Given log tan x — 0.248200, find x. 

Ans. 60° 32' 61.2". 

(8) Given log cot x = l.ir)9:)7»>, find x, 

Ans. :;° 52' 24.01". 
SOLUTION OF RIGHT TRIANGLF.5. 

77. A right triangle can he coinplt‘t<‘ly soKed if two sides, 
or one side and an acute angle, are given, hy using tlie following 
formulas ’ 


B 



( 1 ) 

( 2 ) 

( 3 ) 


,•2 ,/2 

. opposite side 

sni ^ 

hypofen pse 

adjacent side 

cos — 


A + H ^ 90^ 

(4) 

adjacent side 


0 ^; 


^ adjacent side 
cot — 


hjfpotenase opposite side 

Of these formulas select one in wliich two of the given parts 
enter, and solve for the third j)art. 


There are five cases which can arise. 

Case 1. Given the liypotenuso and an acute anp^le. 

Case II. Given a side and the o])])osite aiaito an^le. 

Case III. Given a side and tlie adjacent acute an<,de. 

Case IV. Given the tw<i sides about the ri^ht an^le. 

Case V. Given the hypotenuse and anotlier side. 

In the following computations we shall use certain abbrevia¬ 
tions. T. D. = tabular difference; mant. = mantissa; n. L m. = 
next less mantissa; No. = corresponding number of four places. 
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78. Case 1. 


I A = .54° 28' J , , ^ 

j e = 125 .G j>^dB,aaiidi. 

B = f>0° — (54° 28'; = 35° 32'. 

Onr fornnilis arc, siu A = A (1) and cos A = A (2'' 

Whence lof' <i = log c log .sin A 
and log h = log c -j- log cos A 


log c = 2.0i)'s9U() 
log .sin A = 0.910.500 —10 

loL' n 


000496 
n. 1. m. = 009451 


No. = 1022 


a 

log c 


2.009490 

102.211 

2.098990 


T. I). = 425)4r).0(.10.j 


863298 

log cos A — 9.704308 — 10 «. /. m. = 803203 — No. = 7299 

log h 


1.8G3298 
} 72.9958 

79. Case II. 


(liven 


T. D. = t)0)35.0(.58 
A = 07° 9' 23" 


.- = .235807 R.^andc. 


B =. 99” — (07° 9' 23") = 22° 50' 37*. 


a 


Our fornnil.is art*, tan .V 

Whfiiee h= '' 

tJlTl A 

From (1), 

lo^ h — lopr a — lo^ tan A 
\o<ra = 9..‘5T:2(»r)7 —10 


and sin A = 


(1) and 




c 

a 


sin A 


( 2 ). 


log tan A = 0.37.5452 


log h = 8.997215 — 10 
h = .0993007 


mant. 2358 = 372544 
T. D. = 184 123 

_^ 372007 

123.28 

log tan 07° 9' = 0.375317 
D.l" = .5.88 135 

23 6.27.5452 

135.24" 


997215 

997212 —No. = 9936 
T. D. = 43)11 (.07 
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From (2), 

log tf=:logrt — logsin A log sill oT°9'= 9.964507—10 
log a ^ 9.o72(;(17 -- U) 1). 1" .Ss 20 

log sill A zrr 9.9(>4:)27 — 2n ‘ 9TMi4'527 —10 

log c? i». 1081 Mf—io 20 T 24 

.255941 

408140 

71. /. m, - ^070 — No. = 2559 
T.I).=: m)70\.41 


80. Case III. Given a side and the adjacent a^nite angle^ 
i;^e first find the other acute angle and then solve hki Case II. 


81. Case IV. 


Given 


j it — 220 (;i 

( b ^ 543.94 


find A, and c. 


Our formulas aie liin A = 


- (1) iu',1 .• = _ (2). 

l> ^ ^ sin A ^ 


From (1) 

log tan At - lug a — log I Mont. 22f)(! = 355260 

log a ~ 2.355279 T. I). = 192 19 

log J = 2.735551 __.l 355279 

log tiin A = 9.610728— 10 19.2 

A = 22“ 37' 1.3" Mant. 643‘1 = 735519 

B = 67“ 22' 58.6" T. I). = 80 32 

.4 7355'5r 

.32.0 

9.619728 


n. 1. log tan = 9.619720 — angle = 22“ 37' 

1) .1"= 5^3) 8. (1.3 

Prom (2), 

log e = log a — log 8in A 

log a — 2.355279 log sin 22“ 37' = 9.584968 — 10 

log Bin A = 9.584975 — 10 D.l" = 5.07 7 

logc= 2.770304 1.4 9.684976 — 10 

0= 689.256 

770304 

n. 1. m. = 770263 — ^lo. = 5892 
T.D. - 73)41.f.56 
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82. Case V. 


Given 


c = 47.65 
i; a = 21.34 


; And A, B and b. 


Our formulas are sin A = — (^1), and b = ccos A (2). 

c 

From (1) 

log sin A = log a — log c 

log a = 1.329194 9.651131 

log ^ = 1.678063 n. L log sin = 9.651044 — angle = 26* 36'. 
log sin A . 7 = 9.651“13T — 10 D.l" = 4.2^787.(20.6 
A = 26° 36' 20.6". 


From (2) 

log b = log r log cos A 
log - - 1.678063 
log cos A -- 9.951390 — 10 
log 6 -^ 11.629453 — 10 
b — 42.6042 


log cos 26° 36'= 9.951412 
D.l" = 1.05 22 

20.6 9.951390 

21.630 
629453 

71 ,1,771. ~ 629410 — No. = 42.60 
T. D.=To‘^.(.42 


83. A table of natural sine.s and cosines is sometimes used 
in solving truinglcs. We will next solve the example of Case V 
by this method. 


A 

mi A = — 
c 


21.34 

47.65 

.44785 


... A = 26° 36' 20.8" 


44785 

n. 1. sin - - 44776 — angle = 26° 36' 
■ 9. 

D.l" = 26 Dl" = 2 | 


correction = 9 -^ 20 — 9 ^ Sg — 20 . 8 . 

Since cos A = A eos 20° 36' = .89415 

c 

... 6 = (?(*osA D.l'= 13 5 

Tl^o 


= 47.65 X .89410 cor. = X 20.8 = 4.51 

= 42.603865 
.. 6 = 42.6039 
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BXAHPLES FOR PRACTICE. 

Solve the following right triangles: 

(1) Given A = 16*, c = 7. Ans. a = 1.8117 ,1 =. C.7615. 

(2) Given A = 38®, a = 8.09. 

Ans. h = 10.3547, r = 13.1404. 

(3) Given A = 72® 52', b = 0.300. 

An.s. a = 20. c 21.4056 

(4) Given a = 529.3, c = 902.7. 

Ans. A = Sr.® 53' 55.2", h = 731.237. 
(6) Given a = 3.414, b = 2.875. 

Ans. A = 49® 53' 55", r 4.40330. 

(6) Given A = 20° 12' 24", e r=: 4t;!M22.7. 

Ans. ,7 ^ 207302,/- = 421,170. 

(7) Given B = 82® 0' 18", a = 89.32. 

Ans. b — 041.109, (• = 050.272. 


Check the work on earh of the above problc.ns See Art. 85. 



84 . Problem. Find tlie length of a whicli passes around 
two pulleys, the radii of wliich aie G feet and 1 foot respectivcdy, 
and the distance between centeis 13 feet. 

In Fig. 17, let C C' = 13 feet, G A = G feet and C' A' = 1 
foot. Draw C' F parallel to A A'. Then C F = G —1=5 feet. 
In the right triangle C F C C' = 13, and C F = 5. 

Therefore, C'F =V^ C C'* — CTF^ 

= V/109^^5 = v^T44 = 12. 
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Let us now find the magnitude of angle FCC’ in triangle FCC' 


Bin FOC' = 


12 

la 


log sin FCC' = log 12 — log 13 

= 1.0791S1 - 1.113943 
= 9.965288 - 10 


Therefore ^ FCC'= 6r 22' 48".8 


'rwici* Z K('(’' - Z A('B = 131°45'37".6 


Subtracting this last result from 360\ we get the angle sub 
tended by the arc AUll. 

300“ - (134“ 45' 37".C) = 225° 14' 22".4 

By Geometry, arcs of the same circle are to each other as the 
subtended angles, 


Hence 


arc A DB 


or 


circumference of the circle 
arc AT>B 225.2390 


2irli “ 3()0 

'I'hen 2^11 = 2 X 3.1410 X 0 


225’ 1 V 22".4 
’ aooo 

(11'22.1" = .2.590“) 
{y = 3 141(5) 


37.0992 


arc ADB = 


37.0992 X 225.2.390 
300 


By logarithms 

log arc ADB log 37.0992 4- log 22.5.2:590 - Ion :500 
log 37.6992 = 1.5703:52 

log 22.52390 = 1.352044 
2.928970 

log 36 = 1.550.303 

log arc ADB = 1.372073 
arc ADB = 23.587 ft. 

arc A'E'B' 225.239 6 

im ar y circum. small circle 3(50 

arc A'E'B' 225.2390 
2 X 3.1416 X 1“ 3(50 
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log arc A'E'B' --- log G.2.S3*J + log Q2.5239G - log 86 

log 6.2R32 0.7981<?1 

log 22.5239G =. 1.352G44 
2:150625 

log 36 1.55G3 03 

log arc A'E'13'= .594522 

arc A’E'ir ^ 3.93117 

But arc A'EB' is tbo portion covered Ity the belt. Then 
arc A'EB' = G.2S.32 - 3.93117 r-:: 2.35203 
the length of the belt eipialh 
are J!DA -t- A A' i arc B'EA' -|- BB' 
=-23.567 : 12 -j 2.35203 i- 12 = 49.939 feet. 


CHECK ON SOLUTIONS. 

85 . When a triangle has been solved, it is always desirable 
to know that tho results are correct. This may always be deter¬ 
mined by writing a formula that w ill involve all the j)arts found 
by solution, and some of tho known ])iirt 3 if necessary. If both 
sides of tho formula balance -wIk'H the values of the quantities are 
substituted we conclude that our work is correct. 

If, in the right triangle 

’no _ 

ABC, wo are given Z. A and f-ido 
by solution wo must lind h and 

c. 

c 


The formula for checking is 


cos A == 


When given a and 5, the 
formula for checking is 


a 


sin A = —, or cos A = • 


C’ C 

For examj)le fT = 43.148,5 =84.107. To find .e:! A and side o. 

, 43.148 

“ 50B7 

log tan A log 43.148 - log 84.107 
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log 43.148 = 1.634961 
log 84.107 = 1.924832 
log tan A = 9.71013 - 10 
A = 27“ 9' 30" .6 

^ b 84.107 

COB A — ^ ^27-^ 9' 30" .5) 

log 84.107 = 1.924832 
log cos (27° 9' 30" .5) = 9.949267-10 
log o = 1.975569 
.-. 0 = 94.5289 

a 

Check sin A = — 

c 

Bin (27“ 9'30" .5)=^ 

log 43.148 = 1.634961 
log 94.5289 = 1.975565 -10 
Dif. = 9.659396-10 

Bat log Bin (27“ 9' 30" .5) = 9.659396 

43 148 

... log sin (2r 9' 30".5)= log 

For the most accurate checking, ea(*h part should be found 
independent of the others. Fut in the above prolilem to have 
calculated o by the expression c == V would have been 

laborious. Since c was found by means of cos A, while (ho value 
of A was determined through tan A, and in the check we used sin 
A, we have practically used independent functions. 

EXAMPLES FOR PRACTICE. 

Solve the following right triangles, checking your answers in 
each case. 

1. a = 853, 5 = 904.75 

2. h — .58752, A = 69“ 12'.3 

3. a = .02584, I = .01967 

4. c = 58.371, A = 69“ BS*.? 

6. n = .84952, B = SS" 69'.4 
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HEIQHTS AND DISTANCES. 


When an observer is stationed at A, as in Fig. 18, the 
^CAB is called the angle of 
elevation of the point 13. If the 
observer is stationed at 13, the 
^ABK is called the angle of de- 
pression of A. In practical 
work these angles are read by a 
sextant, theodolite or transit. 

1 . Suppose we wish to 
find the height of a hill, where 
A of Fig. 1^1 represents the high¬ 
est point. From C, a point in the same level with the base of the 
hill, ^ ACB is read 30 \ A line CD in the same level is measured 
back 500 ft. and Z-ADB read 20^ Let AB = a*, and CB = y. 



Fij?. 



.-. .r -- 403 ft. 


2. From the top of a clilf which is known to be 1,000 feet 
high, the angles of de])ression of two ])oats in the same straight 
line are 25° 35' and 38° 12'. How far apart are the boats ? 

3. A tower 75 feet high has a pole surmounting it. From 
a point in the same plane with the base, hue 200 feet away, the 
angles of elevation of the top and bottom of the pole are 32® and 
20° 33' 22" respectively. Find the length of the pole. 

4. The foundations of two buildings are on the same level. 
From the bottom and top of the first building, the angles of eleva- 
tioD of the second building are 38° and 28° respectively. The first 
building is 72 feet high. How high is the second, and how far 
apart are the two buildings ? 
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SOLUTION OP OBLIQUE TRIANGLES. 

86. There are four cases of oblique triangles^ 

Case I. Given one side and two angles. 

Case II. Given two sides and the anghi opposite one of them. 

Case III. Given two sidfs and the included angle. 

Case IV. Given the three sides. 

87. Cases I and II can lx* most easily solved by using the 
following formula: 

The sides of a triangle are projiortional to the sines of the 
Opposite angles. 

Let ABC b(‘ the given triangle. 

In each figure the perpendicular, comes in two righrt 

triangles. 


c 



In one 
In the other 
Therefore 


01) — h f(J/i A 
CD " sin B 
a sill B = J sin A 


Or 

By drawing __I^ from the 
other v<Ttices, the same 
relations may lx? .shown 
to hold lHdw(H‘n any pair 
of angles and sides. 


a sin A 

b sin B 

h sin B 

c sin O 

a sin A 

c sin C 


[38] 

[39] 

[40] 


88. Ciwe I. Given A = 40" 20', B = 57° 30', i = 76 


Ther C = 180° - (A + B) 

= 82° 10' 
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We have from Art. 87 


a gin A 

h gin iJ 


(1) and 



From (1) 


From (2) 


log a — log b + log siu A - log Mn I!, lug c = log?» +log sin C - lug tun B 
log 6 = 1.880814 log = 1 880814 

log sin A = 9.8 11061 log sin C = 0.095928 

= 1.691873 =~1.S76742 

log sin B =_9 02 6029 log sin 11 --- 0.926029 

loga= 1.765846 log e ='l.O.Wl.l 

a = 58.3238 c = 89.2711 

A check on this problem will be to deterininc the angle 0 
from the formula —— — l- Then compare the value of 0 


sin C 


with 180 - (A -(- H). 


log sin C = log 0 + log sin 13 - log 0. 
log <? = 1.950713 

log sin 67» 30' = 9.926020 
1.876742 
log d = 1.880814 
log sin C = 9.995928 

.-. C = 82“ 10'= 180 - (A + B) = C 
Another and more reliable check is the formula 


0 + « tan J (0 + A) 

C — n tan ^ (C - A) 


c= 89.2714 

68.3238 

147.5952 


A= 40“ 20' 

0= 82“ 30 
(J + A = 122“ 30 


c-a= 30.9476 


C-A= 41“ 50' 


J (C + A) = 61“ 15’ 
4(0-A)= 20“ 65' 

log 147.6962 = 2.169071 log tan 61“ 15'= 0.260729 

1<^ 80.9476 = 1.490627 log tan 20“ 66’= 9.682286 

0.678444 0.678443 
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or 0.678444 = 0.678443 (check) 

89. Case IL Given two sides and an angle opposite one side. 
Suppose we are given sides and angle A, to solve the tri¬ 
angle. In Fig 20 let AC = and draw AK making ^CAK = 
^A. Draw CD perpendicular to AK. By definition sin A 
CD 

— Then (]D = - h sin A. If « ” CL, which is less than 

CD, the triangle would be impossible. That is, if a <Jj sin A, 
there would he no solution. 



U h bin A ■ (T), we have a right angled triangle ACD. 
If a sin A, hut less than i there are two triangles, CAB, 
and CAB,, with sides /;, a and A. If r/>/> sin A and >h, we 
have the triangle A('K. 

The results of this article are then 

(f < h sin A. no solution. 

) bin A. one belnlion (right angled triangle). 

^ j ft ^ sin A, two solutions. 

<f f> bin A, one solution. 

A*^ an illustration i)f the j>rineiples of table (o) let us take up 
a few' prohlt*rn‘S. 

1. Given A 31,//-- 11 ), (I 14. To determine the 
nuinlxT of solutions. 

h sin A ll) sin .‘*1 ’ - 11 ) » .ole l). 7 sr) 

Then 1).7S5 <^11 <;ll). That is 4 sin A <,it ah There 
are then two solutions. 

2. Given B -- 30\ h == 10 , <* = 2 t). 

Solution, e sin B — 20 sin S(f = 20 X 7 , — 10 

Then 7) -- c sin B, and is ecjual to the perpendicular. We have 
but one solution, the right angled triangle. 
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3. Given 0 = 37", c = 19, J == 7. 

Solution^ J Bin 0 = 7 sin 37® = 7 X .002 = 4.214 
Since <? = 19 >4.214 and 19 >7, there will be one Bolution. 

4. Given A = 33®, h = 25, (7^-6. 

Solution, b sin A = 23 sin 35® =~ 25 X .574 = 14.35 
Here = 3 <14.35 the perpendicular. The triangle ia impos- 
sible. To make the conclusions more evident, construct each of 
the triangles given above, by means of })rotractor, compass and 
ruler. 

9o. A problem will here be solved to illustrate Case II. 
Given B = 21° 10', b = 42.73, c = 53.SI 
By the law of sines 


log sin 0 = log c + log sui 1> — log b 

log < = 1.740712 
log bin B = 0.55700() — 10 
lL3l)I‘5r6 - 10 
log h = ^j 307^ 
log bin 0= 0.()733S3 —10 

r 28® S' 

or 180^ - (^2S" S' 20 .3) ir>r 51' 30".7 

as we saw in Art. 27, two supplementary angles always have the 
same bine. 

Now h <<, and from piano geometry B must be less than O. 
Either of the values of (3 satisfy this condition. We then have 
two triangles to satisfy the conditions of th(* problem. Wo may 
find side a when C = 28° S' 20".3 by using the formula 

'i A = ISO - (B + C) == 130" 41' 39".7 

c sin C 

log c -- 1.740712 
log sin A -- 9.879783 -10 
By add, 1.(>20495 
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loR Bin C = 9.673585 
By snl). log a == 1.952910 

a = 89.724 

Check. ir I ?j tan I (A i B ) 

a - h tan ^ (A - B) 

1.32.454 _ tan (75'55'49'^'^ 
46.994 tan (51 45'49''.9) 

log 132.454 = 2.122065 
log 46.991 1.672042 

0.1.59923 

log tan (75’ 55' 49".9) = 9.690992 

log tan (5r 45' 49."9j -= 0.150 069 

0.450023 


or 0.150023 0.159023 (check) 

'Die value 0 - 151’ 51' 39''.7 will give a different value for 

which may he c]iecke<l by the same forinnla a"! n»(>d in the pre¬ 
ceding Bolution. 

9 i. Case III. l\vo bides and the included angle; Firnt 
Mfthotl; 


(liven /.= :r).3lft. c - 42 1 s ft. and A .31°26' 


By (32) 


c_4- h 
- 1> 


tanj((' ! 1!) 
tan -1(1’ — B) 


C 1 B 180 - r-r ISO' - (31 26') = 148“ .34' 


J (C 4 B) - 90 - I A 

tan ?, (O' ' B) tan (90 - 1 A) cot 4 A = cot (15° 43 ) 
<• 1 b 77.49 

c - h 6.S7 


77.49 _ cot ri5' 4:n 
6.S7 tan A ((' - Bj 

log tan 4 (C - B) = log 6.87 + log cot (16° 43) - log 77.49 
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log 6.87 = 0.836967 
log cot (15" 43') »= 0.550674 
1.387631 

log 77.49 = 1.889246 
log tan |(C - B) = 9.498386 

i (0 - B) = 17" 29’ 14" 

I (0 + B) = 74° 17' 

0 = 91" 46’ 14" by addition 

B s= 56° 47' 46" by subtraction 

As a check on our work, lot ns substituio in foranla 
b sin B 

0 Bin C 

Then lo^ - log e? = log Bin 11 - log Bin 0 
1.54789S - 1.025107 = 9.9225S4 - ^.^^99793 
9.922791 - 10 = 9.922790 ~ 10 

This result shows our work to bo correct. The side a iDa% 
Qow bo found by the law of sines. 

pi. Second flethod. (By right angled triangles.) 

I -= 35.31; (? = 42.18 ; A = 3r 2r/. 

From the right triangles we have the following: 



/ I) CD I sin A 

(2) AD = b cos A 

(3) DB=:c - AD 

(4) tow B = ^ 


( 5 ) 


a = 


CD 

Hn B 
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(0) C 

From (1) 

log CD = log b 4- log fiin A 
log 6 = 1.547898 
log sin A - 9.717259-10 
log CD = 1.265157 


From (4) 

log tan B = log CD - log DB 
log CD = 1.205157 
log DB = 1.081052 
log tan B = 0.1H4105 

B = 50“^ 47' 40'M 
0 = 1800-88^ l.T 40'M 


: 180^- (A + B) 

From (2) 

log AD = log b + log cos A 
log cos A = 9.931075-10 
log A = 1.547898 
log AD = 1.478973 
AD = 30.1282 
.DB = 42.18 - 30.1282 
= 12.0518 

Irom (5) 

log a = log CD - log sin B 
log CD = 1.205157 
log bin B = 9.922584 
log a = 1.342573 
a = 22.0076 
= 91° 40' 13".9 


Third Method. When given two sides and the included angle 
of a triangle it is frequently necessary to find the third side only. 
Either of the two methods given requires the finding of the re¬ 
maining angles before finding the third side, which makes extra 
work. There is a formula given in art 4b, namely 


-} r* - 2/-»<? cos A 


by means of which the third side may he found. The only objec¬ 
tion to its use is that it does not admit of a direct application of 
logarithms. But if the sides j)nd <• are not too large, and (f alone 
is required, it is easily obtained by tlie given formula. 

For example, 

I == 35.31, c = 42.18, A == St 2& 
log h = 1.1547898, log c = 1.625107 

2 log h = log Ir = 3.095796 log e’* = 3.250214 

= 1246.8 c* =- 1779.16 


log J = 1.547898 
log e = 1.625107 
log cos A = 9.931075 
log 2 = 0.301030 
log 2 he cos A = 3.4051 10 
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2 be cos A = 2541.61 

= 1246.8 

_=== 1779.ir) 

3025.95' 
2 be co 9 ^=:=^ 541.61 
J*+ — 2&C cos A = 484.84 


=3 484.34 


leg = 2 log a = 2.685150 
log it r-= 1.342575 
== 22.007 


This probl(‘iu might hav^c been solvt^d without logarithmSi 
using actual multijdicatioii and S(|iiare root. AncthtT objection 
that miglit be ofTered to the third method is, that we do not have 
a method for checking. (\)nBe(juenlly, if on^ desin^s the strictest 
accurac\, the first meOiod, although long, is the Bafi‘8t. 

92 . Case IV. (Tliree sides givt*n.) 

Fri article's 58 and 54 we find the followiiiiX formulas : 


. 1 * /(.V - //) (.V - c) 

tan \ A ~ x'^ --^ 

\ ,S‘ ^ /fj 


tan \ r> 


|(V _ r)(Ar - (i) 

77731) 


tan ^ G 


/, s - </ ) ( s - // ) 

^ *■ ('• - 'V 


If we multiply numerator and denominator of tan 4 A by —aj 
tan J3 by 1 .v - b • tan A f ^ by i .s - /• we have 


tan 4 A 



//) I 




IL 


.V - <7 


tan J B 


I > If) {s - b) \ \ ~ <•) 


u 


-b\ 


tan 4 C 


. _ _1_ h 

.-r\- 


n )(.V rj 


K 


In solving a problem, having given the three sides of tJie tri. 
angle, first determine log K, tabulating all results carefully. 

For example, given 

a =r- 365, b - 422, c *--- 523 
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« = 


Qt ^ h o 


865 + 422 + 523 
■-K-=fw5 


« — a = 290 
« - i = 233 
« - c = 132 


R 


-4 


{8 — a) (s~ 1) {s — c) 


log R = J [log (« - «) + log {s -h) + log (« - c) - log «] 


log 290 == 2.462398 

log 233 = 2.367356 

log 132 = 2.120574 
6.950328 
log 665 = 2.816241 
2 |4.134Q87 


log tan ^ B = log R - log (« - 6) 
= 9.699688 -10 


B 


26° 36’ 10".66 
63° 12' 21".32 


log R =-- 2.067044 
log tan 4 A = log R - log (* — tr) 
= 9.601646-10 
i A = 2r 55’ 9".54 
A =43' ,50' ]9".08 


log tan J C = log R - log {s - c) 
= 9.946470-10 
I 0 = 41° 28’ 40" 24 
C = 82° 57' 20".48 


The check on this work is A + B + C = 180 

O n 

43 60 19.08 

63 12 21.32 

82 57 20.48 

180„ 0 0.88' 

Which shows that the work is correct. 


AREAS OF TRIANGLES. 

93 . The area of a triangle is one-half the product of its base 
by its altitude. Hence, if we denote the area of the triangle I j 
K, the formula for the area of the right triangle in Art. 77 is 

2K = ah. 
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This formula used in connection with those in Art. 77 will 
enable us to find the area of any right triangle. 

94 , In oblique triangles we may have three cases. 

Casfc I. Given two sides and the included angle. 

In Fig. Art. S7, 



2 K ^ X ('T>. 

But 

CD r f> S/'/l A. 

Hence 

2 K - //<• /till A. 

Similarly 

2 K c. 


1 

> 


Case II. Given one side and the thiee angles. 
From Case I, 

2K r-= .s/// A. (1) 


And from Art. 87, 

Jl ^ 

c am C 

^ r si?) II 

isni V/ 


Substituting in (1) for h the valiu‘ just found. 


Similarly 

And 


2 K = 
2 K = 


2 K 


Si A aii) V) 
sill U 

sill B sill C 
sin A 

V sin, C sill A 
sill 13 


Case III. (liven the tliree bides. 

Unless we use the formula [37j d(*duce(l in Art. 75, we must 
break up the oblicpie triangle into right triangles according to the 
method of Art. 92. It is better to us(* formula [.S?]. 
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EXAMPLES FOR PRACTICE. 

SoWe the triangles, find their areas, and check all results; 

(1) Given a = 180, A = 38", B = 76“ 43'. 

(2) Given c = 24.637, A = 83® 39’, B = 38“ 66'. 

(3) Given «= 6.98, 3.69, A = 63“ 60'. 

(4) Given h = .41782,e .3S279, C = 29“ 46'. 

(5) Given <f = 8S6, 7> 747, C = 71“ 64'. 

(6) Given ?/= 4.102, e 4.649, A=62'»9’38“. 

(7) Giveiwr ---= 5, i---7, c = 6. 

(8) Givens/ — 10, 9, c — 8. 


( 1 ) 

( 2 ) 

(а) 

(^) 

and 

( 5 ) 

( б ) 

( 7 ) 

( 8 ) 


ANSWERS. 

b = 283.331, e r 267.677. 

a = 29.0696, b = 18.3742. 

B ^ 32’ 36' 9".4, e = 6.62086. 

B. = 32“ 48' 47".4, = .(584403. 

B, = 147“11'12".6, .0409772. 

A = 60' 44' 39".6, c = 9(55.282. 

C = 63^ 49' 9’'.;l, a = 4.48237. 

A = 44“ 24' 64".8, B 78» 27'47".0, C = 67“ 7' 17".6. 

A = 71“ 47' 24’'.4, B = 68“ 46' 5“ .4, O = 49“ 27' 30".0. 
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PART II. 

INSTRUMENTS. 

1. For the ^V(>rk of this course tlu* student is asked to ])i(ividt* 
liiinself w itli a protractor, notebook, ruler, and dividers, or com¬ 
passes . 

Tlie j)rotractor is an instrument used for mea.-.r in^ angles, as 
well as for constructing angles of ^iv(‘n mae;nitudes. It usually 
consists of a semicircle of cardhoanl, or metal, v ith tlu* dt‘|rrees 
marked on the circumfeiXMice. To read th(‘ number of decrees in 
an angle, jdace the cauiter of the protracior at the vertex, so that 
the diameter coincides w’th one of the bt)undar\ lines, or sides, of 
the angle. 'I'luui tlie number of degre(‘s in the arc of the protrac¬ 
tor, between tin* two boundary lines of the angle, repr(*sents the 
number of degrees in the angh*. To construct a given angle on a 
given lijie, place the diaimUer of tlu* protractor on the* givtui line, 
with tlie cent(‘r on the point when* the V(‘rt(‘X of the angle is to be 
located; also mark the point on tin* circumf(*ienc(* where the 
required number of degr(M*s is found. »Join this point to the 
center of tin* jirotractor and we have tin* desin‘d angh*. 

Tlie rnlii' should be graduated to si.\te(*nths and thirty- 
seconds of an incii for reasonably accurate work. 

The is to be used for keejiing the results of the 

experiments jierformed. The object of such exp(*rimentH is to 
have the student verify by hand and eye what theory has estab¬ 
lished, in this wav gaining a lietter knowleilge of the principles 
involved. 

CIRCULAR HEASURE. 

2 . From tlie detinition given in Article 17, Part 1, any angle 
may be considere<l as a central angle of a circle whose radius is a 
segment of the initial line. The mechod for (*xpressing angles in 
circular measure is then known to depend ujion the two following 
propositions from plane geometry: 
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(a; In the same circle, or in equal circles, central angles are 
to each other as their intercepted arcs. 

(bj. The ratio of the circumferences of circles to their diame¬ 
ters is constant and is represented by r == 3.1410. 

3 . (Construct an arc of a circle with the arbitrary radius () K 
as shown in Fig. 1 . Choose arc B K equal in length to the radius 
O K, and draw O A and (> 13. From (a). 

Z A O K _ arc A K arc A K 

■^"TTO K arcHl'K "" “7 (1) 

We will take BOK as a unit of 
measurement, and call it a radian. A 
radian is then a central angle whose in¬ 
tercepted arc is e(jual to the radius. 

From (b). ISO of arc — tt /’ units 
of arc. 

(ISO)^ 



/. units of arc 


57.2080". ( 2 ) 


That is, a central angle whose intercepted arc is i*(jual to tlie 
radius contains 57.20S5’. But such an angle has been detined as 

(ISO) 


a radian Therefort' 1 radian 


o7.2ir>8® 


or ^ BOK-- 7)7.2958® 
Then from (3) 180 - - radians, 

( 7 : ) 


1 ^ 


ISO 


radians. 


( 3 ) 


(4) 


Wlien the number of degrees in an angle is dividiMl by 57.295S® 
or when the arc that a central angle intercepts is divided ]>y the 
radius tht^ angle is said to be expressed in radians or rinailar 
nuasifn . 

Note. 

in a radian. 

EXAMPLES FOR PRACTICE 

1. Express 5 in circular measure. 

5 


Hereafter 57'.3 will be used as tin* number of deirreeo 

O 


Solution: 


o — 5 yTp ~ radians, 


2. Express 18 ' 1(5' 25" in circular measure. 
Solution: 10' 25" ~ 985" 
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Then IS 


985'' 
It)' 'Jo' 
1S.274 


985’ 

; 9)00 

1S.J74 

ls.'J74 

57.9 


= .274’ 


.919 radians. 


3. Find tin.* numlu'r of doijrocs in a wntnil anoli' which in- 
tercepts a o-inch arc from the t*irc*uinrert*iKv of a 7-inch circle. 

Solution: From the dcHnition of the circular measure of an 


angle 0 ^ ^ radians. 1 radian - 37 .d. 


-r - 1’ ■ 57.9 40.9.,' 

4. Express in eireular measure correct to the thinl dtadmal 
place: 1\ d 12 dt*/24", 42, tm IF 2". 

d. lleduct to degre(*s. minutes and seconds the following 
angles which are exjiressed in radians: 

.()()2dE .2r)i)d, j, j, r, d 1 

f). A train runnino at tin* rate of 4(> milt‘s per hour, is on a 
curve of ^ mile radius. Through what angli* will any ])ai*t of the 


train ])ass in id seconds^ 

7. A train is running on a curvt* of \ mile radius. In 10 
seconds tlie engine passes through J of a radian. Funi the rate 
of the train. 

Two men run in the sanu* direction on a eireular track of 
radius 210 feet, om* at the rate of lt> ft‘et per second, and the 
other at IS feet. At tin* end of \ hour Iiow many degrees and 
minutes uill the second he in advanet* of tlie lirst^ 


ANGLES IN TERMS OF t : 

4 . Keferring to tMjuation ( 4), it is He<*n that when an angle is 
given in degrees, it may he expressed in terms of 7: radians by 

TT 

multijdying the numher of degre(*b h\ 

For example: 

dO' dO X radians rad 

90° =00 X radians = rad. 

Conversely when an angle is given in terms of 7 :, it may be 
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reduced to degrees by multiplying the number of radians by 
For example: 


180 


3r 180 
-jF y = 270°. 

It is eustomary to write z radians as z., the radians being un- 

derstood. 

1. Exj)resa the followitig angles in terms of z: 0°, 20°, 45°, 
135 , 225 , 330°, 300 . 

2. Rednee to degrees: j;. % 

ANGLES PLOTTED. 

5 , WIi(‘ii tile lengtlia of the arcb tliiiT an* intercepted hy cen- 
tral ano;les are eonipnted and measured on a straight line from 
sonii* fixed point, tlu* ano;les are said to be plotted. 

In e(]iiation (1) \vi A (> K - 6 . Then 
(1) inav he written: 

e are A K 
bl.d y‘ 

^.0. z 

oT.d ISO (5) 

We ns(‘ the luuiilua’of decrees in the aimle since in either 

o r* 

form of (o) ^\e di\ide de^r(‘es by de^ree.s and obtain an abstract 

r> 50 

valutx If / - 5 indies, tlien the arc of 50 einials ■= 

4.30 inches. 


or 


\r 

arc A K = 



Draw the hlraiixht line II 11 Hb in FiiX. choose TI as the 
point from which ^\e meabunx Lay ofT II If eijiial to 4.d0 inches. 
50^^ is then said to be plotted on TI U to radiub or unit 5 inches. 

When we are to jilot several angles to the same unit, the 
problem is best solved b> logarithms. In (5) let 
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Then 


..-T. = U 
Ot.*l 

arc 6 - R. ^ 


log arc 0 = log li -f log 0 . 

We would first compute Log K, and then log arc 0 is ob- 
tained hy adding log 0. For example, when ;• = 7 inches 



log 11 “ log 7 — log 57.3 
log 7 = .84510 

log 57.3 •= 1.75Sl() 

“ l(»g 


log arc 20^ = O.OSOM + 1 >g 20 

= 0.()S01)4+ L30103 .3s7.»7 

... arc 20" = 2.443 - - 
log arc 50" = 0.0S()04 + l.OOSth .7S5!fl 
arc 50" == 0.109 inches 


Draw a straight line- Jrom one t*\treinity measure off 
2.443 and 0.109 inches and we have 20" and 50 plotted to unit 
7 inches. 

Exampli*: (riven r = 4 inches. Plot th(‘ angles 9^ 25 , 

40°, 150°, 175°, 350°, .‘KKF, 19'.0, 07° ISM. 


2. When r — 0 inelies jdot the same angles as in example 1. 

6. AVhen we are given the segment of a line with the unit 
of measurement, that is, the radius, tlie iiumlM*r of dt'grees that 
it equals may be found from equation (1), first reducing to circu- 
lar measure and then to degrees. Also when given the length of 
a line wdth tlie num])er of degrees tliat it represents, W’e may 
easily find the radius of the circle by solving (5) for r. For ex- 
am])le, if 8 inches represents 80 degre<*s, siihstituting in (5) 


S 


c y so 8 X 57.3 ^ ^ ^ , 

— — ; /’ “ - = '>.0) inches. 

0^.3 


If 8 inches represented 100", 

/• X 100 S X 57.3 , , 

^ = “57X" ■ = 'lorr = 


EXAMPLES FOR PRACTICE. 

1. A line 0 inches long represents central angles of 126% 
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76°, 54° and 135° respectively. Find the radius of the circle, or 
unit of measurement in each case. 

2. If the radius of a circle is 3 inches what is the largest 
angle in degrees that may he plotted on a 5-inch line ? 


CO-ORDINATE PAPER. 


7. Angles are usually plotted on co-ordinate paper. Ordi- 
nary co-ordinate pa[)er has two sets of parallel lines drawn at 
right angles to each other, on one side of the sheet. These lines 
are placed very close and at regular intervals. Those numbered 
5 and 10 are drawn heavier than the others in order that they 
may he more easily recognized and counted. 

When we use co-ordinate pa[)er we adopt an arbitrary unit 
such as 2 degrees for one space, or 5 degrees for one space, 
defieiiding entirely upon the length of the line on which we wish 
to plot the angles. 

If we use ISO spaces to represent 3()(r, then 1 spac(‘ etjnals 
2 degrees. To plot 35’ count 17A spaces along any arbitrarily 
chosen line (preferably the heavy one through the center of the 
])agej beginning with the left extremity of tlie line; 100 spaces 
would stand for 200 , etc. 


Exercise: Take a sheet 
of co-ordinate paper and 
])lot angh‘s t‘very 10^ from 
0 to 3(>0\ using 1 sj)ace 
for 2 degrees. Plot angles 
every 15 from 0 to 360°, 
using I space for 3 de¬ 
grees. 

CO-ORDINATES OF A 
POINT. 

8. For the purpose of 
definitely locating every 
point in a plane we draw 
two lines X X' and Y Y'' 
at right angles to each 
other, as shown in Fig. 3. These lines are known as axes of 
reference; 0, the point of intersection, is known as the origin. 

The axes divide the ydane into four parts called quadrants. 


•Q 

1 

Y 

P 

i 

1 

1 

1 

1 

1 

1 

! H 

' ! 0 

K » 

1 

1 

1 * 

1 

1 

1 

S 

R 



Y' 

Fir. 3. 
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The quadrants are nuini>ered I, II, III and IV, beginning with 
the upper right hand one, and counting counter clockwise. 

The distance of any point from the Y Y' axis when taken 
with its direction is known as the abscissa of the point; the dis¬ 
tance from the X X' axis taken 
with the direction is called the 
ordinate. The abscissa and ord¬ 
inate taken together are called 
the eo-ordinatt^s of the point. 
Abscissas measured to the right 
are positive and those to the 
left are nefiative. Ordinates 
measurt‘d up are positivis while 
those drawn down are consid¬ 
ered mg.itive. 

The abscissa is usually represented ./*, and the ordinate by 
The co-ordinates an* written symbolically //). When tlie 
co-ordinates of a ])oint ari* given, to plot the point we nieasurt» the 
abscissa on the axis, and at its (*\trt‘niity we measure* the ordi¬ 
nate at right angles. For 
example, to locate the point 
wdiose co-ordinates are 
(5, -d), measure o units 
from 0 to the right on the 
./‘ axis as in Fi*!. 4, then 
down 8 units, locating tlie 
point P. 

Given the co-ordinates 
f6 log^^G), to find the point. 

"We measure 0 units to the right from 0, and up to iog^^ 5 
= .77815, locating the point Q. 

(iiiven the co-ordinate‘«> rJO . ^in ’JO ), to plot the point when 
the radius /’ = 5 inches. 


[20'*,Si>7,Z0*) 
^ Rt ^ 

1 



1 r 


0 

--,745-^ 


I 


l.c - 



arc 20® 


20 X ;r ^ _ 3.1410 / -I 

=-iso- = —li- 


sill 20*" .812. 

Expressed in t<rm> of r, sin 2(P--.842/ 5 


15.70S 

■“o 


1.745 inchea. 


1.71 inches. 
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Measuring the abscissa of 1.745 inches and ordinate 1.71 
inches we find the j)oint R. 

EXAMPLES FOR PRACTICE. 

1. Plot the points whose co-ordinates are: 

(-5,2), (0,-7), (8,0). 

2. Plot the points whose co-ordinates are: 

(!' ’oglQ 1)’ (^> 1*5)- 

3. Given radius = 4 inches. Plot the points whose co- 
ordinates are: 

(10, sin 10^), (15 , cos 15°), (40\ tan 40"), (|, sin 4), (|, tan |) 
(IJ, cos 14), (1, sin (2+ 4) ), cos ^ 

FUNCTIONS FOR ALL ANGLES. 

9. In Part I, article 4, it was shown that the trigonometric 
functions are independent of the length of the sides of the tri¬ 
angle, depending entirely upon the ratios of these sides. Again 
in article 20, Part I, it was shown that if from any point of the 
terminal line of an angle we drop a perpendicular to the initial 
line, we will form a right angled triangle, from which the func¬ 
tions of the angle may be written, no mat¬ 
ter in what quadrant the angle may be 
found. 

In Fig. 0 an angle is represented in 
the second quadrant. The point P is 
chosen arbitrarily on the terminal line, 
from which the perpendicular P I is drop- 
ptnl. Then it is easily seen that E. I and 
I P are the co-ordinates of P which are 
represented by y and ,/*. The distance P R 
is represented by /*. Then by definition 

sin a = tan a - - sec a = 

r ,v jr 

.r ./• /• 

cos a = —, cot a — cosec a = —. 

T y y 

Since r is distance, it is taken as positive. Then sin a will vary 
in sign with y. Cos a will vary in sign with x. Tan a and cot a 
will depend upon both t and y. They will be positive when .r 
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and y are the same in sign, and negative when x and y are 
opposite. 

The table of signs for the four quadrants as shown on Page 
13, Part I, follows at once. 


EXAMPLES FOR PRACTICE. 


1. Write the signs of the functions for each of the following 

angles: 70^ 17S°, 312% (« r + 50%, 7(J > 10%, |(2 r + 60%. 

2. Cot 0 = sin Q is positive. In what quadrant is Q\ 

3. Between what limits for 6 < 360° is sin 0 -f cos B posi- 
tive, and for what limits is it negative ? 

4. Between what limits for ,v <C 360° is sin x ~ cos x posi¬ 
tive ? For what values net^ative? Usini; the table of values of 
article 25, Part I, find the values of the expressions: 

5 sin 00^- 3 cos 36)0° 

mTlMi 


t). 


2 cOvSec 70° (cot 00° - 4 sin 00°) 
cos IhO' — sin 270' 


GRAPHICAL REPRESENTATION OF THE TRIGONOMETRIC 

FUNCTIONS. 

10. We saw in article 0 that for an angle in any quadrant, a 
point could ht^ cliostui in the terminal line at a constant distance 
from the center. The co-ordinatt^s of this ])oint together with the 
constant distance /* form a triangle from which the functions 
of the angle could he written. 

Let us choose /* as a radius and describe the circle as in 
Fig. 7. Choose I C and F O as the axes of reference, with 0 the 
center of the circle, as tlie origin. Construct tangents to the 
circle at C and F. Draw L P and G O, producing them until 
they intersect the tangents at D, E, G and N. Let BOP =6^, 
z B O 11^(9^, Z B O L =3 and Z B O M = 6^, Where the 
terminal lines of 0^, 0^. 0^ and cut the circumference, drop the 
perpendiculars P B, 11 K, I L and M A. 

Choose the radius of the circle as a unit of measuremeiu. 
That is r = O 0 = 1. 
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Now by definition 

BP BP 
— 0 P - 
OB OB 


cos p 

B P 

tan 0, - (jp 


r 

CD 
O C 


B P 

= O B 
C D 


= CD 


F E 

cot cot Z O E F = Q-p = F E 


(6) 


The circle of Fig. 7 is known as the unit circle. We aie not 
to understand that the trigonometric functions are lines. The 
functions are always ratios. But if we choose our unit of meas¬ 



urement as the radius, the lines P B, O B viv. expressed in terms 
of this unit, may be taken to represent the function^. 

From the unit circle of Fig. 7 we may write : 

.vm 0 is the ordinate of the point P. 
con 0 is the abscissa of the point P. 

ta7h 0 is the segment of the tangent at C, included be 
tween the point of tangency and the terminal line. 
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cot 0 is the portion of the tangent at F included be- 

tween the point of tangency and terminai line. 

The preceding definitions are given when 0 ia in the fint 

quadrant. For an angle 0^ in the second quadrant of Fig. 7, 

K H ^ OK HR 

sin 0^ = Q-jj = K H, cos 0^ == = O K, tan 0, « 

C N 

— 0 0 — c 


Here C N is drawn down and is therefore negative, as it ought to 
be, since the tangent in the second quadrant is negative. 

OK F G 

cot = cot O G F = Q-p *= F G. 

F G is drawn to the left and is negative. We see by this 
that the definitions given in (6) are true for angles in tlie second 
quadrant. 

Exercise. Determine the lines to represent the functions of 
6^ and 0^ of Fig. 7 and show ihnt the definitions of (6) hold true 
for angles in the third and fourth quadrants. 

Exercise. Using the circle of Fig 7 trace each of the func¬ 
tions from 0® to 3G0'’, and compare with the table of art. 26, 
Fart I. 


A FUNCTION OF AN ACUTE ANGLE. 

II. The discussion on pages 10 and 17 of Part I, on the 
relation between functions of angles, may be summed up in the 
following law: 

Ex 2 >ress the angle aa a multqfle of 90"^ ])t a a or mimtaan 
acute angle X. If the wultlple ia odif take the complcmentanj 
funeth)n of X; if even the same function^ and in either cnae 
prefix the algn of the original function as determined from the 
quadrant In. vdich the angle is hfrated. 

For example, find sin 245*^. Solution: sin 246* =*. sin 
(180® + 65®) = -sin 06®. 180® is an even multiple of 90®, there¬ 

fore we take the sin 05®. We prefix the minus sign because 246® is 
in the third quadrant, and the sine of an angle in this quadrant 
is negative. 

Or, sin (246®) = sin (270° - 25®) = -cos 26® because 270® le 
an odd multiple of 90®. Both results are correct because sio 
65® = sin (90® - 25®) = cos 25®. 
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1. In the following exercises, express each function as the 
function of an acute angle. 

(a) sin 326® (c) cos 128® (e) sin 176® 

(b) cot 166® (d) tan 1()7® (f) cos 200° 

2. From a table of natural functions find 

sin 358® cot 200° sin .654 cot 2.45 

cos 243° sin 175° cos .032 sin I 

tan 167° cos 140° tan 1.78 cos tV 



Y* 

ViK. S, 


3. Simplify the following expressions: 

(a) sin (00 + a;) cos (ISO - y) + ^*<>^ (00 + .r) sin (ISO - y) 

4. Verify the following e(jualities: 

(c) cos (00 + ,/') cos (180 - ./') -r sin (00 +,^*) sin (ISO -f .r) 0 

tan (180 - .r) cot (00 -b .r) 

tan (270 - ./•) c^lSO + ./•) 

6. Find the values of the following expressions to the third 
decimal place: 
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1.543 X sin 168® 

.0063 X tan 245® 

145.26 cos (1.25 radians) 

la. We know from plane geometry that we can draw but 
two equal chords perpendicular to a diameter, and these chords 
will be bisected by the diameter. In Fig. 8 let us choose the X 
axis as the diameter to which we will draw I K and B D two 
equal and perpendicular chords. 

Then 0 !> = C D = / I, = / K in absolute value. 

When these lines are taken as the ordinates of points, C B 
; I and / K = C D, the first jiair being ])ositive and the second 
pair negativ^e. If we choose () A as unity 

Bin 0^ = C B, sin 0,^ — j I, sin 0^ - j K, sin = C D 
Then sin 0^ = sin 0^^ sin 0^ — sin 0^. Now from Fig. ^ ^ BOH 
= Z II O I, and Z K 6 R rr Z R O D 

That is 0^ and 0^ differ by the same rmount from 00° and 
and 0^ from 270°. 

TJti antflts tntfh the Hume sine differ hy the snme 

(nunnnf frottt 90^ and from '^70\ ( 7 ) 

From the graphical definition of cosine 
() C = cos 0^ ~ cos 0^, 

O j = cos f)^ - z cos 0^ 

But z B O A = Z A O 1) and z I Oj z j O K 

T1** n tirn <n}<fhs iriih the mmc eosinc^^ differ by the same 
amount from 9(i(P and ls(f. 

Again 


( 8 ) 


tan 0^ = tan 0^ 


A G 


A E =: tan 0^ = tan 0^ 
II F = cot = cot 0^ 


n L — cot ^2 = cot 0^ 

But 6^ and 0^ also 0^ and 0^ differ by ISO®. 

Therefore two angles loith the same tangent or cotangent 
differ by ISC', (9) 


EXAMPLES FOR PRACTICE. 

I. Given sin 0 = sin 52®. Find 0, 

Solution: From f7), article 12, there will be two angles 
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which differ by the same amount from 90°. One value of 0 is 
52° aince their sines are equal. 

90 - 62 = 38, 90 + 38 = 128. 
e = 62° and 128°. 

2. cos 0 = cos 160°. Find both values of 0. 

Now 0 = 160“ since cosines are equal. 

Applying (8) 

180° - 160° = 20°, 180° + 20° = 200* 

^ e = 160° and 200° 

3. tan d = tan 330°. Find 0^ 

One value of 0 is 330°. From (9) the other value is found 

from 

330° - 180° = 150°. 
d = 330° and 150°. 

4. sin 0 == -sin 190°. Find 0 

We will first apply the principles of article 10, in order to make 
the right hand member positive, with the same functions of the 
angles on both sides. 

sin 0 = - sin (180° + 10°) = sin 10°. 

We take sin 10°, since 180" is an even multiple of 90° The 
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sign changes, since 190° is in the third quadrant, and sine is nega* 
tive. 

Then 0 =s 10°, and 170°, since each differ by the same amount 
from 90°. 

5. cos* 0 = sin* 240°, Find all values of 0. 

cos ^ i sin 240°. 

Considering the positive sign first, 

cos 0 = sin 240° = sin (270° - 80°) = -cos 30° 
Construct a unit circle as shown in Fig. 9. Draw P O R 
30°. Tlien C R = cos 30°. O K = -cos 30°. 
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But O K = cos Z LOR and cos ^ T O B 

L O R ^ 180*^ - 30^ = 150® 

T O R = 180® + 30® = 210® 

Then 0 = 150® and 210® 

If cot # = -sin 240" = -sin (270® - 30®) = cos 80® 

0 = 30, and 300® - 30® == 330 from (8) 

0 = 30®, 150®, 210®, and 330®. 

Note. A graphical solution of each of these problems will 
be helpful. 

Find 0 in each of the following problems: 

6. sin 0 = cos 175'. 

7. cos 0 -= cos 08". 

8. tan 0 = tan 100®. 

0. sin /? = sin 200®. 

10. cos 0 == -cos 2r>0'\ 

11. tan 0 = tan 320 . 

12. cot 0 == cot 10^5^ 

13. cot 0 = -cot 300®. 

14. sin 2 /? = -sin 14°. 

15. cot 4 ^ = -tan 145°. 

10. tan^ 0 = cot^ 05. 

TO EXPRESS ONE FUNCTION IN TERHS OF EACH OF 
THE OTHERS. 

i3. In article 12 we found that there were always two 
angles with the same trigonometric function, each angle being in 
a different quadrant. Then when the function of an angle is 
given, the angle is not completely determined unless the quadrant 
is also mentioned. By means of the first eight formula of Part I, 
we may then write all the remaining functions of our angle. 

1. Given cot .r = - ./• in the fourth quadrant. Find the 

other functions of ,i\ 

1 1 

Solution, tan x = —^ ^ ~ ”3 

CSC* X = 1+ cot* X 1 + ~ 

Since esc x is negative in the fourth quadrant we choose the 
negative value of the square root. Then 

CSC a? = -J 
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1 1 

Now = = 4 

sec* X = 1+ tan * aj = 1 + 

Bee a; = ^, since sec x is positive in the fourth quadrant 

1 1 

cos X = - s=s - = 4 

sec a? * 

In each of the following problems find the remaining func¬ 
tions, as shown in problem; 

2. cos X = X in quadrant III. 

3. sin ,/'• = X in quadrant II. 

4. Versin x = 2, x in quadrant III.(See Art. 28^ 

5. tan X = quadrant IV. 

(). cot X = 2 *^ 1 . rr in quadrant III. 

7. sec X = -{X in (jiiadrant III 


8. If cos ^ = J 111-‘‘J, where 8 = '11-^JLf, 

\ rj r 2 

show that sin ^ - h) (s - c) 

\ 6 C‘ 


Each of the preceding problems admit of the following geo¬ 
metrical solution: Given cot 0 — 0 in quadrant IV. 

Construct an angle 0 in the fourth quadrant as shown in Fi{>. 10. 



O K 

By definition cot B = ^ . Then O K may be taken as 3, K R 

as ~4, and O R = 5. By definition 

K K -4 , O K , 

8m(? = -^=-5.COS9 = -yy- = | 

tan 0 = ^ = s> 0 ^ 

9. Solve 2, 3 and 4 of the preceding problems geometrically. 


408 



TRIGONOMETRY 


71 


10. Given cos x -- \ sec x, when x < 00. Find all the 
functions of x- 

Solution. Since sec x = - —, 


cos^ 0 * V cos 0* 


r ~= ^ 


din — ] I _ X “ ) 1 


sin .r I 2 


tan .r — ] see^ *r 1“ 1.5 1 —12 

1 1 

cot X - 7 - - - - 

tan X I 2 

In the follow mo; eijnation, liinl all the functions of the au^le. 
n. 2 bin/?- 2 cos/? 

12. tan f/ - T) cos // 

i:5. cot A \ CSC A 

1 L cos 0 5 tan ff. 

lo Expies*, bin X in terms of each of the other functions. 
Solution: Since sin^ o’ ^ cos^ .r 1. hy solving for sin x 
there results 

sin j* -- ±1 1 COS'* X 

By formula, cos x — — 7 —. Rejilacino cos x by sec x we have 

*' See X ** 


sin X ~ 


jj _ I_^ 1 

\ bl-C^ X \ X 


But sec* a: == 1 -t- tan* x. Then 

sec JJ = i 1 1 -f- tan* x and tan x ± 1 sec* x - 1 

tan X 

This gives bin x - ± 7*1=- —=f = ^ 

1 1 ^ tan* X 
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Substitating — for tan x 


cot X 


sm X = 




Also by definition sin rr = 


C 8 C X 


1 

\ cot* a; + 1 


Sura riling up the results of the above solution 

I ?-• ^ I 1 

Bin a: = ± V 1 - cos* a: — i - - ~ ± 

1 1 tan* X V 1 “+- cot* X 

_ ^ sec* O’ - 1 

sec X ^ 

These results were not obtained in the order written, as the 
order is immaterial In the following table the student is asked 
to show that each function in the first column is equal to every 
cxprcfehion w'ritten on the b.ime horizontal line, determining them 
>11 any order he pleasts. 


cos X 

_l 1 

\ 1—hin^a “ 

1+tdn‘j 

cot J 

1 1 -f cot^a 

1 

sec X 

CSC X 

tan X 

Mn X 1^ 1—cos-^r 
y 1— bin*X| coH i 

1_ 

cot X 

] soc* a —1 

1 

1 csc^x — l 

1 

cot X 

i 

I r^n>i^ 

bill X |l 1—cos-^a 

1 _ 
tan X , 

1 

1 ] * 1 — 1 

1 CSC* r— 


*The double sign is uuderstool to be written before eacb expression in the above 

table 

17. Given tan 200'’ = a. Show that sin 290® = - — —^- 

V 1 4- a* 

Solution, tan 200'’ = tan (ISC'* + 20'’) - tan 20° r- a 
Since the functions of an angle depend on the ratios of the 
sides, wre may draw a right angled triangle with one acute angle 
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20^ in wliieb the opposite side B C is a, and A C is iiniiy. Then 

A B = 1 Now sin 290’ = sin (270® + 20’) -.cos 20^ 

From the triangle 



sin 290°= - cos 20° - ~ - 

I 1 \ 

The method to be used in solving problems similar to ex. 
ample 17 is to express each function in terms of a function of the 
same acute angle. By iiunina of the known function a triangle 
may be constructed, and the values of the required functions 
written by definition from this triangle. 

IS. If cos 110° — -(f prove that 


lib If tan 1»10® = -e prove that 
sin 220° cot 220' 

seelB)^ - “ - - - 

i4. One of the most useful ajiplications made of trigonome¬ 
try, is the changing of an expression involving trigonometric 
functions from one form into another. In tin* following ecpiations, 
one member is to be chang-cd into the otlu‘r by the use of the eight 
fundamental theorems on ])ages 9 and 10 of J^art I. 

1. tan X cot X ~ sec x • esc x. 

sin X cos X 

Solution: tana: — - —, cot x = - • — 
cx>s x sin a: 


Substituting 

sin X cos x sin* x + cos* x 

tan X “f" cot X " — ■}“ “•- ~ --t- 

cos X sin X cos X • sin x 


cos x 

1 


cos X • sin oj 


cos X bin a: 


- sec a: • esc x 
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Since sin* x + cos* x = 1, sec x 


Then see x • esc x see x • esc ar. 

2. sec* a: + cse* x — see* x • esc* a*. 

Solution: Sul)stitutin<x-and - for secar and esc ar • 

^ eos X bin a; 

respectively vo obtain the fonn 

1 1 sin* X f cos* X 

see* X + CSC* x ~ ,-,— 

coh‘j* sill* X bin* a:* eos* a* 

1 1 1 _ . 

— —-,— - ^ ;— = CSC* X • sec* X 

sin* X • eob* x sm* x eos* x 

Q £ D. 

3. sin^ X - cob^ X 1-2 cos*a:. 

Solution: Faetoiiiijr the left hand member 

sin^ X - cos< X — (bin* x ^ eos* x) (sin* x - cos* x) 

^ (siiT X - eos* X), sineo sin* x t- cos* x — 1. 

Rut sin* X 1 - eo3* x. Then 

bin* X — eo^* x 1 — cob* x ~ cos* x = 1 - 2 eos* x 

Q. £. D. 

, . eos* X 

4. 1 - bin X T~ — 

1 bin X 

(Hint. AVoik with light hand member) 

I 

o, bee 0 - tan 0 ~ . ^ “T. 

bee 0 1 tan 0 

cot Z • eos Z cot Z - eos Z 

cot Z 1 cob Z cot Z • eob Z 

^ see* t 1 ese* t 

i. tan t 4 eot t ^ - 

bt. Cl • CbC t 


tan t 4 eot t 


(tan X f- eot x)* sec* x -i esc* x. 
iK {1 -4- tan A) (1 -4- cot A) see A ese A + 2 
eos t/ • bin // eos // i sin // 

cos 1 / bin y cot // - tan y 

11. sin* A — sin * R — cos* R — cos* A 

12 . (tan X + cot xl (tan x - cot x) = sec* x - coeec* x. 
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13. 

14. 

15. 
(Factor 


. tan X 

(tan 0 + cot 0) sin 0 cos 0 - 1 
(sin^ 0 4- C03* 0) = (sin 0\ coi^ 0) 
left hand member of 15V 


(1 - sin ^ cos d) 


ir>. 

17. 


cosec® X (tan x - sin .r) 


sec® Z 
sin® Z 


2 -- tan® Z J 


1 

cos .r ( I 4 cos x) 

1 

tan-’ Z 


1?S. tan y + cot // cos // • f^iI^ // (^fc® y -f coaec® //) 


SOLUTION OF EQUATIONS. 


15* An equation in\olvino tri^ononu‘tric functions is called 
a trigonometric e{juation. In order to determine the values of 
the angle which satisfy the e(|uation, we transform eacli member 
so that it will contain but one function of the angle. We then 
solve for this function, and from our kno\\ledi{e of the values of 
functions for particular angles, or from tables of functions, we 
determine the values of 0 <. . 

Solve the following eijuations: 

1. 4 cos 0 — 5 sec 0. 


or 


Substitutintr for sec 0 . 

^ CO'^ 0 


4 cos 0 


1 

cos d 


4 cos® 0 ^ 5 


cos® d - 4 
COS (f — ill 


Now cos 150 — cos 210 = - 1 3 

COS 30 = cos 330 = i V S 
/, cos 0 — cos 150 -- cos 210 

and cos 0 = cos 30 = cos 330 

0 ^ 30, 150, 210, 330 
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2. 3 sin 0 - 2 cos* 0 = 0 

3. tan 0 + cot 0 = 2 

4. 3 tan* 0 = 1 + 4 Bin* 0 

i6. Prove tlixit sin 6 < 0 <. tun 0. (0 in circular 'tneasuri) 



Fig. 11. 

Tlien A J] < A (^ < A 
A 


( onstruct the circular arc ACL, 
as in Fig. 11. Bisect Z A O L and let 
0 = Z A O C. Draw chord A L; D 0 J. 
to O K, and draw the tangents A K and 
K L. Let the radius of the circle be 
adopted as a unit of measure. 

From Geometry we know that chord 
A B L < arc A C L < A K + K L 
K. But A K = 0 D 
B < A (^ < C D. 


ISince /• is our unit of measure, A B = sin 0 ; A C = 0 
(circular measure), I) C - tan 0 . 

sin 0 *< 0 <1 tan 0 ( 10 ) 

As an illustration of this ])rineipie, reduce the angles to cir¬ 
cular measure correct to fifth place, and write in the third column 
of tlie following table. Find the sines and tangents of these 
angles and tabulate the results as sliown. Comj)are the results in 
order to determine the truth of the ])receding principle. 


TABLE A. 


0° sin ' 0 in circular measuro I tan fi 


1 

no' 


l.V' 


Dividing (^ 10 ) through by sin 0 , we have 1 < 


0 

sin 0 


< sec 0 
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Now as 6 approaches zero as a limit, 8yml)olically written 6 • 0 , 
sec 6 ' 1, since cos 0 * 1 and sec 0 - - 

COB d 

0 

Then - — is greater than 1 and less than a quantity which 

can be made to differ from one by an amount less than any quan¬ 
tity we may choose to name. 


0 sin 0 

or 


sin 0 ' * 0 

Dividing (lOj by tan 0 we have 

cos 6 


( 11 ) 


0 


tan J ^ 


But cos 0 • 1 an 0 • 0 

^ . 1 (12) 

tan 


Kormiilas(llj and (12) weu* verified by table in article Ifb 
The meaning of (11) and (12) is that for certain angles the sine 
and tangent may be replaced by the anglt* and tlu^ work of solving 
certain probkmis greatlj siinjdilied. The values of sueli angles 
dej)end entirely iij)on the degree of aecnraey desired. 

If work eorri*et to third jdaee is sniiunent, then for 0 o oi 
any angle less, we may substitute the eirenlar 7neasnre of the 
angle for the sine or tangent. For example if ym wdll refer to 
table A you will tind 

sin b .OSTlt) — .0S7 

o .()S72 — .()S7 (in eirenlar inejiHure) 

tan 7) .0^749 .OS7 

This show's the eornH*tiiess of the preeeding statement. 


EXAMPLES FOR PRACTICE. 

1. Determine the greatest value of 0, for wdiieh w'e may 
replace 0 by sin 0 and tan 0^ in order that the work may be correct 
to four places. Consult a table of natural fuiietions. 

2. Find the angle subtended by a man b feet high at a dis¬ 
tance of 2,0^ H) feet. 

Solution: From Fig. Ihf tun 0 -gAr “ 4 oo 
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z Since one’s eje tells him that the angle is less than 6® we may 
use (12j and replace tan 0 by u. ^—' 

Then 0 ~ „ (circular measure). In - * 

order to express 0 in degrees ^\e apply - 

the principles of Art. 7. Pig. Ha 


i degrees 

^^e apply 

2000 

7. 


Pig. 11a 

1 

7 

^ IHO' 

400 ^ 

22 1^0 X 

(.0 = ,iiy = 

(r 

- V) 



8 . A tower is 100 feet liigh. At what distance is a man 
from the tower when the subtended angle is 1 ^ 


Solution: tan 1 


IKO 

100 ^ ISO ^ 7 

o*i 


100 

radians Z 

X 

7)727.272 ft. 


4. A circular target 0) ft. high ‘sub¬ 
tends an angle of S'. How far a^^a^ is 
the target i 



Fir. lib 


5. A railway track n-.es 00 ft. to the mile. Find the angle 
of inclination of the track to the horizontal. 


0. A railway track has a 1 j)er cent grade for a certain dis¬ 
tance. Find the inclination of tlie track to tht‘ horizontal. 


Solution: The j)er cent of a grade is the ratio of the number 
of feet rise per mile to the num¬ 
ber of feet in a mile. Then for 
a 1 jwr cent grade we would have 
1 per cent of 5,2S0 - b2.S ft. 
rise ])er mile. In Fig. 12, A 1» = 5,2S0 ft. and R C = 52.8 ft. 

52.S ^ . 52.8 

Z R A (' in radians — ^ B A in degrees = X 



Fir. 12. 


= .57;r - 34' 22".8. 


7. Three thousand feet of a railway track is on a grade 
which is inclined to tlie horizontal at an angle of 88'. Find the 
per cent of the grade. 

There are many prohleins offered for solution in which two 
aides of the triangle are practically equal to each other, and each 
very great compared with the third side. Such a condition is 
shown in the accompanying^Fig. 18 where A B and A C are con 
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sidered equal. They may be taken for the radii of an arc of 
which B 0 the third side of the triangle 
is a chord. Since the arc is very small, 
no appreciable error would arise if chord 
B C is put equal to arc B (\ Then 



Z B A C in radians — 


arc P, 
A 0 


cliord B (' 
A i; 


( 13 ) 


Then wlien two of the quantities in (Id) are known the third 
may be found. 

8. Telescopes at the ends of a line 22b feet lonjj on the deck 
of a ship are turned upon a distant ship. Tlie of si^ht are 
found to make angles of SIP 5' and 2b' respectively with the 
base line. Find the distance between the s]iij)s. 

Solution: Tn Fi^. 1‘2, let ]> and (’ lu^ the jiositions of the 
telescopes and A the distant ship. B (' — ‘^27) ft. an 1 / A — 


I'’ 30'. From (Id) 1 .5 


1.5 . 
iso 


radians 



22b ISO 
1.5 


S504.d ft. 


l.()d miles. (Without 


logarithms.) 

0. The length of tlie line on th(» (i<*ck of a sliip equals dOO 
ft. The angles made by the lines of sight of two tt‘h‘scope8 at the 
ends of the base line traini‘d on a distant fort an^ SO 15', SS 55' 
respectively. Find the distance from the ship to the fort. 

1(1. The diameter of the moon subtends an angle of 81' at 
the earth and the distance of the moon from tin* earth is apj)r()xi- 
mately 240,000 miles. Find the diameter of the moon in miles. 

11. The triangle LM N (Fig. Ida) re})res(*nts the section (/ 
two j)lanes. The end L is free to move on the line Iv M, but N is 
connected with bj means of a screw 
that lifts N vertically. In ()necomph*te 
turn of the screw N is lifted through 
.0403 centimeters. Through \Nhat an- 
gle will L X be lifted by .113 of a turn. 

M N .0403 ^ .113 

AI L X in radiaiU' —“^(1 •](])- 



.0403 X .113 180 

II L N in degrees = - ^ 81".32 
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12. Find the angles if the screw is turned through .175 and 
.267 of a revolution. 

The princij)leB involve>d in problems 11 and 12 are applicable 
when calibrating a level; that is, when we wish to determine 
through what anghi one end of the level must be raised to cause 
the bubble to move between divisions on the 
glass of the level. 

17. To find the distance of the visible 
horizon. Let 0 be the center of the earth 
and R 11 a tower on the surface. It is de* 
sirtnl to know tlie greatest distance from 
wlii h the top of the tower may be seen, 

l.et II K be this distance. Draw R K, O K 
and OR. _ O Iv R from geometry. 

L(‘tRII-//. Then 



R K2 = \ hf /2 -zr- , 2 // /• + //3 _ 2 h r 7/2 

Now /* - miles, and h the height of the tower in feet, 

is miles. Su[)j)ose// — 100 ft. In miles it is ,019. 

//? = .00036. Tliis shows that if we merely w’ish a result correct 
to first or second d(‘cimal jdaces, may be neglected. 


R K=r 


1 3 7/ in milej 


1. Supj) 08 e the light in a lighthouse is 75 feet above sea 
level. Ilow far at sea may it be seen i Here h — 75. The dis* 
tance =1 ii X 75 = 11 miles approximately. 

2. h5nd the lieight of a lighthouse that may first be seen at 
a distance of 9 miles. 


3. From a lighthouse tow^er which is 50 feet high, the top 
of a steamer funnel, wdiich is 25 feet above water, is just visible. 
Find the distance of the steamer. 


PLOT OF SINE CURVE. 

i8. With a radius of thirty spaces, describe on a sheet of 
co-ordinate paper, a circle with the center 0 at the intersection of 
two heavy lines, as shown in Fig. 15. The horizontal line Z is 
chosen as the axis of abscissas, and the initial line. By means 
of the protractor construct angles every 15 degrees, so that 
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Z A O B = 16% Z A O C = 80% Z A O D = 46° . . . to 
360®. From B, C, D, - - the points where the terminal lines 
of the angles cut the circumference, drop perpendiculars B B^, 
C Oj, D Dj - - to the initial line, From the point A^, chosen 
as the origin of co-ordinates, plot the angles every 16% using as a 
unit, one space for three degrees. 

We saw in Article 10, that when the radius of the circle was 
adopted as the unit of measurement, the per|)endicular8, dropped 
from where the terminal line cuts the circumference to the initial 
line, represented the sines of the angles. 

Then in Fig, 15, B^ B = sin 15% C = sin 30% 0^0 = sin 
46% K = sin 150^ 

Follow the horizontal line through B until it intersects the 
vertical line through 15° on at I, The co-ordinates of 5 are 
(16% sin 15°). Follow the line through C, until it intersects the 
vertical line through 30°, locating C. The co-ordinatos of c are 
(30% sin 30°). In the same way determine ^/, (\ f \ //, ? - with 
co-ordinates, (45', sin 45°), (60% sin 60’), (75% sin 75°), (90% 
sin 90°) . 

Draw a smooth curve from A^ through the points J, c, r/, g 

..to We then have the sinusoid 

or si/ie n/rv<\ 

The line A^ Z might have been taken equal in length to the 
circumference of the circle and then both abscissas and ordinates 
would have been plotted to the same scale. But it was more con¬ 
venient to plot the angles as shown in the figure. 

Suppose we wish to determine sin 40^ from the curve. Now 
40° = 13J spaces. Measure the ordinate for 13J spaces. We 
find it to be 1.5208 inches. The radius was taken as 30 spaces = 
2.375 inches. 

_ 1.5208 

Then sin 40 = ~ .(>4034 

2.0/0 

From a table of natural sines, 

sin 40 = .64279. 

A comparison of the two results shows that if w^e only care 
to have our work correct to the hundredths place the results ob¬ 
tained from the curve by careful measurements are sufficiently 
accurate. The student must remember that the ordinate does not 
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represent the sine of the angle until expressed in terms of the 
radius. That is, until it is divided by the radius. 

The student is asked to measure the ordinates for the angle 
given in the following table, compute the sines of those angles 
and tabulate them. Then find the sines of the same angles from 
the tables of sines and tabulate. 


0 


12 

68 

82 

126 

165 

220 

260 

300 

325 

335 

a‘)5 


Sines from (''urvo 


Sines from Tables 


A comparison of the two eoJumns will give an idea of the 
accuracy of the curve. It does not require a ])roof for one to see 
that the more points we jdot—tliat is, the closer the angles are 
taken together — the more accurate the curves will be. 

INTERPOLATION. 

19. When we know the functions for two numbers, and wish 
to find the same function for a number between the two given 
numbers, we resort to interpolation. In this we assume that the 
function changes uniformly with the angle. That is, equal 
changes in the angle produces equal changes in the function. For 
example, the ordinates for 0(1 and 7o' measured on Fig. 15, are 
2.05 and 2.2S inches resj)ectively. In order to find the ordinate 
for 7(F we proceed as follows : 

75" ~ 00’ = 15 , 70 - Oir =. 10’ 
l(r = } J or 2 of the distance from 00" to 75". 

2.28 — 2.05 = .23. Since we assume that the change in the ordi¬ 
nate is proportional to the angle, the change from 00" to 70" would 
be I of .23 .15333 - - - 

Then ordinate for 70" =« 2.05 + .153 =» 2.203 - - - 
Join <9 and of Fig. 15, and draw c parallel to A Z. Let a? be 
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the point where the ordinate for 70° cuts e f. From geometry, 
triangles e x and efx^ are similar. Then 
X x^ : f x^ : : e x^: e x^^ 

Then x x^ must be the increase in the ordinate, while passing 
from 00' to 70 . That is, x x^ ~ .1580. 

Then the line from x to 70° with length 2.208 is the inter, 
pointed ordinate for 70 . The line from x^^ to 70° is the actual 
ordinate, which iiiejisured is 2.284 inches. The error is 2.234 - 
2.203 " .081 inches, which ecjuals the segment x x^* 

Now from geometry, the smaller the arc the more nearly 
does it coincide with its chord. Then the nearer the points be¬ 
tween which we interpolate the shorter is the segment x x^. That 
is, the error becomes smaller. Good tables ha\e values inserted 
for every minute. 


PLOT OF COSINE CURVE. 

20 , In Fig. 15. let S G be chosen as an initial line. Then 

.r II () G ^ 15 , ^ 1 () G =- 80 , . J O G = 45^ etc. From 

article 10, if we drop a jjerpendicular from II to () G, then O 

Nvheii expressed in terms of the radius will represent the cosine 
of — no G. But IIj 11 = () II,. Then we may write cos 15° = 

() llj, cos 80’ - Ij I, cos 45 = J, COB 00 = Iv^ K, cos 75 = 

Lj L, cos 00 0, etc. If we erect ])erpendiculars at 0, 15°, 

80° ... on line A Zof Fig. 15 equal to 11^ II, 1^ 1, J, K - - - 
as we did for the sine and draw a curve through the points deter- 
mined we will ha\e the cosine curve. The co-ordinates of the 
points plotted will ])e (0 , cos 0 ), (15°, cos 15^), (80 , cos 80°) etc. 

Exercise. Plot the sine and cosine curves when the radius 
of the circle is 85 sj)aces. 

21. The sine and cosine curves might have been plotted by 
finding the values of sin x and cosine x from the table of natural 
functions. The absolute values taken from the tables can then be 
reduced to any desired unit of measurement. 

Exercise. Plot the cur\e with the equation // = sin 2 a:. 
Here when x - 15 , y — sin 80 , a- = 80', y = sin 00°, etc. The 
co-ordinates of the points to be plotted are (0, 0 ), (15°, sin 30°), 
(30°, sin 00 ), (45 , sin 00°), etc. 

2. On the same sheet of co-ordinate paper, using the same 
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nnits, plot the curves whose equations are y = 2 sin 2 a*, and y = 
sin 3 X* Plot X every 15". 

3. Plot the curve ^^ith equation // — x sin x. 

Solution: If we assume values for x in dej^rees, say a* - 15 , 
tlicn // = 15" sill 15°. Before f/ is shown, we may reduce 15° to 

circular measure. Then y = ^ ^ pin 15 

If we liad assumed linear values for .r, ‘^ay .r then y "= 

^ sin here we may reduce i radians to decrees before y is com¬ 
pletely known. 

I radians — ^ X 57.8 , 

Or y = bin (12 .1)75). 

The curve may be plotted by either of the methods described, 
but the latter is a preferable one, as a* ’s more easily plotted in 
linear units than in decree. For the alK/\e curve assume x — 0, 
i, h I 1, U, 2, 2J, 3, etc. 

4. Plot the curve whose* equation is // -= 2 sin (j .r 4 1). 

5. Plot the curve y — tan j*. Also y -- cot x- 

(>. Construct very accurately three rifi^lit anohnl triangles, 
numbered I, II, and III. Measure the lengths of the three sides. 
Calculate sin .r, cos x, tan x, cot x, sec a*, esc x for each triangle, 
where x represents one of the acute angles. Tabulate the results 
as shown below. Compute each result correct to third jdace. 


A 

1 Pin a 

1 fos a 

sin^a f 

Should be. 

I 


r 


] 

II 

1 



1 

III 

_ 


\ 

1 

A 

_ 

tan a 

sec a 

1 -|- tan‘^ a 

soc^ a 

I 


1 



II 





III 





A 

cot a 

CSC a 

1 4- cot^a 

co8ec*a 


#T8 
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22 . Fundamental Formulas. In Part I, Arts. 29 and 30, 

the follo\\ing formulas were derived: 

(14) . sin (x y) = sin X cos y + cos x sin y 

(15) . sin {x ~ y) = sin a: cos y - cos a: sin y 

(16) . cos (x + y) = cos x cosy - sin x sin y 

(17) . cos (x ~ y) = cos x cos y + sin a: sin y 

As stated in Part I, article 31, these formulas were proved 
true only when x < 90'^, y < 90'^ and a: + y < We will 

now prove formula (14) true for angles in any quadrant. 

Let X < 90'^, y < 90^ and a: y > 90° < 180°. Assume 
that X « 90° - 0^, and y = 90° - 0^, Then a: + y = 1^0° ~ 
{Or + 0,) 

+ ^2 “ - (^ + y)- 

But + y > 90°. Then + ^2 < 90°. 

sin (ar + y) * sin (90° - 0^ + 90" ~ 0^) 

« sin (180° - + 0^)) « sin {0^ -f 0^). (a) 

Since 0^ 0^ < 90°, we may apply [9] Part I, and 

sin (0^ + ^ 2 ) = sin 0^ cos 0^ + cos 0^ sin 0^ 

Now sin 0^ = sin (90° - a*) « cos x 

cos cos (90^ - a:) sin a* 
sin 0^ sin (90° - y) ^ cos y 
cos 0^ ^ cos (90° — y) ^ sin y 
Substituting in equation (^f) we have 
sin (x + y) -- s\n {0^ + 0^) - 

cos X sin y + cos y sin x Q. E. D, (b) 

Now assume that x and y are each in the second quadrant. 
Then X *= 180° - 0^, y ^ 180° - 0^ where 0^ and 0^ are each acute. 
Then i)^ 180°- a*, 0^ - 180° - y 

0^ + 0^ = 180° - a' -t- 180° - y = 300 ’ - (a: + y). (c) 

Since X and y are each in the second quadrant, 180 ^ < X + y 

< 360°. Then from (c) 

0^ 0^ < 180". 

sin {x+ y) - sin (180° - 0^-\- 180° - 0^ = sin (360° ~ {0^ + d^) 
- sin ((?j + from law expressed in article 22. We take 
sin + 0^ because 360 is an even multiple of 90°. We prefix 
the minus sign because x + y is in either the third or fourth 
quadrants and the sine is minus. 
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In (b) we proved that when x + y or + 6^ was less than 
180^, (9) was true. Then we may write 

-sin {6^ -f ^ 2 ) “ “ ^2 ^2 (d) 

But sin 0^ =» sin (180° - x) » sin x 

cos «= cos (180° - x) = - cos X (x in 2 nd quadrant) 

sin 6^ = sin (180° ~ y) « sin y 

cos 0^ = cos (180° - y) « - cos y 

Substituting in (d), 

- sin (^j 6^ = -(sin .r) (-cos y) - {-cos x) (sin y) 

= sin X cos y + cos x sin y 
. sin (X + y) = sin x cos y + cos x sin //. 

In the same way we may extend this proof to angles in the third 
and fourth quadrants. That is, formula (14) is true for angles 
in any of the four quadrants. 

Formulas (15), (10) and (17) may all be generalized by 
making similar assumptions to those in 1 14). The student is asked 
to prove at least one of them, as he will find the work exceedingly 
helpful. 

EXAMPLES FOR PRACTICE. 

1. Show that formula (10) is true when x is in the fourth 
and y in second quadrant. 

2. Show that formula (15) liolds when x and y are both in 
the third quadrant. 

3. Show that formula (17) lioldh when x is in second and y 
in the third quadrant. 

4. Find sin 75°. Hint* 75' 45 ' 4 30° 

Then sin 75 = sin (45 4 30) =* sin 45 cos 30 -+ cos 45 sin 30 

= 4 1 2~, 1 1 3 4 I r2“ i ^ \(y 0 + VT) 

5. Find cos 15 and tan 15 . 

0. Given sin a = J 5 , cos -= J, a < 00, yS < 90 
Find cos (a -f y9); sin (a - 0) 

7. Given cos a *= - j®, , cos ^ ^ g 

a in III, yS in II quadrants. Find sin (a + / 8 ), cos ("o - /3), tan 
(« + 0 )- 

8 . Given tan y »= -y, cos a ^ 

^ in IV; a in II quadrants. Find tan -f- a) and tan [y' - a). 


425 



TRIGONOMETRY 


GEOMETRICAL PROOF OF FORMULAS 19, 20 AND 24 , IN PART 1. 


23. Draw the circular arc, radius O E as shown in Fig. 16. 
Bisect / E O A by OB. Draw B D and A 0 JL to O E. Then 
Z E O A - 2 0-, Z E O B = / B 0 A 
Z D B E = Z a-. Now A C = 2 B D, 
since A E = 2 B E and A B O E and 
ACE are similar. 



sin ^ X 


But 


AC 

0 A 


2 B 1) 
0 A 


2 B D OB 


O B 


X 


OA 


OB 


till X, from ADO B, and 7-7—. — cos x, from A O B A. 

tJ A 

Substituting these results in sin 2 x we have (sin 2x^2 sin x 

coax) ( 18 ) 

OC OD CD OD ED 

Also 


cos z X = 


0 A 

CD. Then cos 2 x 
0 A 


O D C D O D 
O A ■ O A " O A 
OD V 0 B 
O B ' CTa 


Since E 1) 
since O E 

But 


1. (liven sin x - J. j: in TIT (juadrant. 
Find sin 2 x, cos 2 x, tan 2 0*. 

2. tan X = - A, a* in IV (jua<l. Find sin 


0 A 
ED 
E y> 


E_B 

O'E’ 


0 

1) 


0 B 

0 

B 

- cos .r; 

^ - cos X 

E 

1) 


E B 

E 

P> 

- sin X. 

OE 

cos 2 

X 

= cos^ X 

siir X 


( 19 ) 


and 


3. cot a* = X in Til quad. T"ind cos 2 x and tan 2 x. 

2 tan X 

4. Throve tan 2 x - ^‘ fiom Fig. lb. 


HALF ANGLE IN TERMS OF THE ANGLE. 

24. Let Z B A K = x. be the given angle as shown in 
Fig. 17. On A B as diameter construct a semicircle. Draw 
K B, O K and draw K L JL to A B. 

Then Z K O B =2 3- 


426 



TRIGONOMETRY 


8 > 


sin X “ . But A K B is a right anglad triangle. 

K (7 =- V A L • LB and A K = I A B • A L from geometry, 



rp, r A L . L B 

Ihen 3111 X = — 


jL B _ jo B - () L 
l''A L- AB \AB \ 2 () B 

fO B () L il e()s2.r 
VlitTB-ToB \ 2 • ^ ^ 


since OK -OB and cos 2 x - 


cos X 


A L 


A L 


A K ^ I A B • A L 


O L () L 
O K () B 

I Ah 

\!a B " \ 


A () + O L 
2 A 0“ 


>1*-M 


tan X 


in cr \ 


cos X 


1 ~ COb X 


1 I cos 2 X ° ^ 1 + ^' 


( 22 ) 


By rationali 2 iii|r lirst the numerator and then the clenomina. 
tor of (22) show that 


tan X 


1 - cos 2 X 
sin 2 X 


1 -f C*08 2 X 


( 23 ) 


EXAMPLES FOR PRACTICE. 

1. Given the functions of 30'’; find sin IS'’, cos 16° and 
tan 15^. 

2. Given the functions of 45°; find sin 224"* cos 22^,° tan 22J°. 
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EXPERIMENTAL PROBLEMS. 


35 . In the following problems compute arithmetically the 
value of the right hand side of the formula, and compare with 
the left hand side either from the tables or computed. 

1. sin (50° + 34°) - sin 60° cos 34° 4* cos 60° ain 34°. 


Represent the right hand side by 

log sin 34" = 9.74756, 
log cos 50^ = 9.80807. 
logy <= 9.55563 
y = .35944 
= .63507 
a: 4 y = .99451 
But sin (50 4 64) « sin 84 = 
two members balance. 


+ y- 

log cos 34° - 9.91857 
log sin 50° <= 9.88426 
log X *= 9.80282 
a; - .63607 


.99452, which shows that thi 


2. cos (75° 4 43^) = cos 75° cos 43° - sin 75° sin 48° 


m. X - 1/ 

log cos 43° = 9.86413, 
log cos 75° <= 9.41300, 
“log a: - 

X = .18929 

X - 1/ 


log sin 43° = 9.83378 
log sin 75° = 9.98494 
log y « 9.81872 
// = .65876 

- .46946 


But cos 118° =< cos (180° - 62 ) =< - cos 62^ = - .46947. 

3. sin (140° - 70°) = sin 140° cos 70° - cos 140° sin 70° 

4. cos (160° - 33 ) = cos 160' cos 33° 4 sin 160° sin 33° 


5. tan 72° 

6 . sin 132° 

7. cos 150° 


2 tan 36® 

1 - tan^ 3(> ’ 

2 sin 6 ()° cos 66 ° 
cW 75° - sin’ 76° 


= 1-2 sin’ 75° 


8 . 

9. 

10 . 

11 . 

12 . 

13. 

14 . 


sin 20 


tan 65° 


^1 


- cos 40° 


cos” lM° 

4'oos 130° 
cos 81° = 4 cos* 27° - 3 cos 27° 
cos 160° » 1 - 8 sin’ 40® 4 8 sin* 40® 
sin 60° cos 30° ^ sin (80°) 4 4 sin(20°) 

cos 60° sin 80° - 4 sin 140° - 4*8in (-20°) 
cos 110' cos 70 J cos (180°) 4 ^ ^os 40° 
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MULTIPLE ANGLES. 

a6. It is often desirable to express a multiple of an angle 9 
in terms of 0. A few problems will be inserted here to illustrate 
the principles. 

1 Given sin 3 a; to express in terms of sin ar. 

Solution: 


sill 3 a: sin (2 ar -f* a*) « sin 2 x cos x + cos 2 x sin x 
= 2 sin a: cos x cos x + {I - 2 sin* a*) sin x 

~ 2 sin a* (1 - sin® x) sin x - 2 sin* x 

«= 3 sin X -- 4 sin* x 

2. Show that cos 3 a: = 4 cos* ar ~ 3 cos ar 

3. Show that cos 4 a* 1-8 sin® a: + 8 sin* x 

3 lan x - tan* x 

4. Show that tan 3 x -= —i ?— 

1 - 3 tan- X 

26 a* Prove by means of formulas (28), (W), and (31) 

of Part I the followinj^ identities: 


sin X -t ain // 

cos X + COH // 


tan A (a* + i/) 


Solution: 


sin X + sin // *= 2 sin A (.r 4 t/) cos 4 (x - y) 

cos X + cos // » 2 cos ^ (x + y) cos ^ (x - y) 

sin X -f- sin // 2 sin A (a* -|- //) cos A (x - //) 

cos X r cos y 2 cos A ( .r 4 //) cos A (x - y) 

= sin A (X i !/) 1 / , X 

r -• .. tan 4 (x + y) 

cos A (.r I y) ^ ' 

sin X - sin // , , , 

-^ ,, tan ^ _ fA 

cos y -f cos X 


sin X -- sin y , . x 

- « cot A {X -f ?/) 

cos y - cos X 

sin 5(r - sin 10® ^ 

cos 50 - cos 10® ** ^ 

sin 50 - sin 70® 4- sin 10® - 0 

sin 60® - sin 20° 

---- ^ « tan 20"* 

cos tiO 4“ cos 20 


tan 20"* 


429 



92 


TRIGONOMETRY 


CIRCULAR OR INVERSE TRiaONOilETRIC FUNCTION. 


37 * The expression sin y rr is read, y is an angle whose 
sine is x. Another way of writing this relation is 3 / = sin 
read y « arc sine a:, or anti-sine x^ or y is an angle whose sine is x. 

This way of expressing a function is quite useful in the ad¬ 
vanced mathematics, as we are able to express the angle definitely 
in terms of some function of the angle. 

The symbol (-1) must not be taken for a negative exponent. 

For example, (sin a-r’ = and has an entirely different mean¬ 


ing. 

Suppose we are given // =- sin"* (A) to liiid //. Tlie angle 
whose sine is ^ is dO 

If « 30^ or 8in~’ ^ = 30® 

1. Find y in each of the following expressions: 

y *- sin"* ( 1 ) 3 / = sin"* I 2 ) y = tan-*!^ 00 ) 

y - COS"' (0) y - cos-' (.2) y ^ cos"' (J) 

y « tan“* (-1) y « tan*"* (J 1 3 ) // = cos"* (0) 

2. Given y =. tan"* ^ + tan““' J to find y 

Assume that x = tan"* and c = tan"* J 

Then by definition, tan a: = tan r = .!j 

The above angles are supposed to be in the first quadrant, 
and therefore y is known when one function is known. Let us 
find tan y. 

tan X + tan z 

tan y « tan (x + -) == t—T"-:- 

1 - tan X tan c 

Substitute for tan x and tan 2 

...y . 1 .1 

.. y = 45® or 225® 

3. Find sin (tan"* T 3 ); tan (sin^* ^); cot (tan-> 

COB (sin** 0). 

4. Prove that siir* (—= cos”* (^) 


5. 


Prove that cos (2 tan** y) « 


V 
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6. 

1 1 

Prove s,n-> + 8,„-« , - |- 



7. 

Prove that 2 tair' A + sec"^ 



f. 

Plot the curves x = siir* //; x « cos*' //, 



5). 

sin (^sin**^ A) « ^ cosUair'l') -- i tan (sin 

- 41/8 - ? 

10 . 

Show that sin (2 cos'* a*) *= 2 .r 1 1 - a;* 



11 . 

Show that cos (2 siir* a*) 1 - 2 x‘ 



12 . 

2 a* 

Show that tan (2 tair' .r) , 

1 X 



18. 

TT 

Show that sin ^ u* h cos"' x ~ 



28 . 

In the follow ine; prohlenis, transfoni' 

one 

mem her of 

the e(|iuitioii into the other, h\ ai>l)h‘i»g formulas 
estahlibheo 

previously 

1 . 

IVei^in \ 
sin j| A - -^1 o 



Versin A »= 1 — eo'-i A 1>> delinition 



Then 

[Versin A ,l cos A 

\ 2 \ 2 ■ 



But 

cos A 1 2 siir ^ A 



or 

1 - cos A ... 

,y == sin* ^ A 



or 

ll cos A • 1 A 

yj 2 - h A 


Q. K. D 

2 . 

1 - tan' Z 

“ 1 i z 



Now 

sin" h Z 

tan^ A /j = 2 1 V 

cos A A 




and 1 -f" tan^ 1 ^ ^ i ^ 



Then cos 

sin** i Z cos'' A Z sin'' A Z 

y ^ COS'* A Z COb^ k Z 

sec-* A z “* 1 




c(»s* A Z 



<•09* i Z 

sin' A Z 
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But cos* i Z - sin ^ ^ Z « cos Z 

/, cos Z = cos Z. 

8. Show that sin® d + cos® 0 « 1 - 3 sin* 0 cos* 0. 

Solution; sin® 6 + cos® d may be taken as the sum of two 
cubes. It may be factored and wTitten 

sin® + COB® d « (sin* 0 + cos* d) (sin^ d - sin^ d cos* 0 + cos^ 6) 
But sin* 0 + cos* ^ = 1. Adding and subtracting 2 sin* d 
cos* 0 in the second factor 

sin® d + cos® 6 * sin^ ^ + 2 sin* 0 cos* 0 + cos® ^ - 3 sin*^ cos* 0 
= (sin* 0 + cos* 6?)* - 3 sin* 0 cos* 0 
- 1 -3 sin* 6 cos* 6 


4. sin X 
6. cot y 


2 tan A X 
1 + tan* ^ X 
1 4 cos 2 y 
sin 2 y 


6 . 

7 . 

8 . 


tan A A 

1 4“ — - sec A 

cot A 

sec* 0 f 2 sec ^ 4- 1 
sec 0 (sec 6^+cos ^—2) 

sin 3 X cos 3 a: 
sin X cos X ” 


tan® 


{ 0 ) 


J. tan* 


S 


+ 1 - 


10. sin®^ 4- cos® 6 
o 


sin S cot A S 
sin®2 0 

^ ‘2 


11 . 

12 . 

13. 

14. 

15. 


cot A // 4- tan Ay - y 


\l'2- 


tan 0 


(tan 0 4“ cot 2 0) 

1 - cos 2 A 

- « tan A 


— sin 0 


sin 2 A 
1 4- cos B 
^cos i B 

1 4“ cot* Z 


cos 4 B 


Q. E. D. 


sin 2 Z tan Z 
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M 


16 


ooa A - sin A 


cos 2 A 


008 A + sin A “ 1 + sin 2 A 


COB* X 


p, -— 


APPLICATIONS OF TRIQONOHETRY. 

ap. In order to determine a few of the applications of tngo* 
nometry to mechanical problems, the following experiment in 
forces was performed. 

Three spring balances were attached to roj)e8 which were 
connected at O as in Fig. 18. The balances were drawn back and 

fastened at A, B and C. 
Balance at A read 1,626 
grams; B, 1,073 grams; 
C, 1,224 grams. The 
unit of measurement 
was established so that 
a line one inch long 
would represent 800 
grams. Then A would 
be 2.03 inches long; B 
would be 1.34 inches 
and C 1.53 inches. Lay 
2.03, O M « 1.34, and 
join M with Jt. The line M R was 
measured and found to be 1.53 
inches. 

The construction of the triangle 
OMR verified a very important 
principle of mechanics, viz*, that 
in hen three forces in the same plane, 
acting at a point, are in eqalUh* 
rium, a triangle may he constructed with sides parallel to and 
proportional in length to these forces. 

The angles that the forces make with each other, were read 
by the protractor and found to be as follows: 

Z C O B - 90^ Z B O A - 131° 15', Z C O A - 138° 46'. 
From Fig 18, Z O RM - Z C O R - 180° - Z O O A 

433 



off O R 


A 

Pig. 18. 
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Then sin Z O R M = sin (180*^ - Z 0 O A) « sin Z C 0 A 
Z R M O = - OO M. 
sin Z R M O = sin ZOOM, 
also Z ROM = 180 - Z M O A, 
and sin Z R 0 M = sin (180 - Z M O A) = sin Z M O A 
By construction O M : M R : O R : : O 13 : O C : O A. 

Now from the law of sines, article 44, Part I, 

O M : M R : 0 R :: sin Z O R M : sin Z R () M : sin Z G M R 
Substitntin^r in this ])roportion the values of the sines previously 
derived 

O 13 : O G : O A : : sin Z A O G : sin Z A O M : sin ZOOM 
or (24) 

1073 : 1224 : 1020 : : sin (138^45'^ : sin (131° 1 . 3 ') : sin 90° 
Dividing; the first three terms hy 1()20 and replacing the sines by 
their values 

.OoO : .751 : 1 : : 05035 : .75IS 4 ; 1 (A) 


The identity shown in (a), verifies the second familiar law of 
mechanics, c/r.: 

If three forces are in equilibrium, the\ are to each other as 
the sines of the opposite angles. (B) 

30. When two or more forces act from the same point, a 
single force whicli would produce the same effect on the body 
acted upon, is called the resultant of these forces. 

^ ^ A fitiniHiir o f 

t/oif flu risollont of ttoo acting at 

the sftinc jtolnt A* the diagonal of the 
paralhlognt n\ conatracttd vdth sides 
jHtraUel to and pvopoetional to these 


X s 
Pig. 19 


forci 


(C) 


The resultant is the diagonal w’hich acts from the point of 
application of the original forces. In Fig. lU, let X and Y be 
two forces acting at C), represented by 0 8 and O L respectively. 
Now from (C), OT is the resultant = R. 13y the law of cosines 

Ot’ - (Ts' - IS T - 2 (rs • S T cos / () S T 

Z O ST - 180 - Z LOS 
cos Z. O S T - cos (180° - Z L O S) 

-cos Z L O S 


But 

Then 
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Substituting this value for — cos O S T 

R’ = x’ + >f + 2 X cos - LOS (^5) 

EXAHPUES FOR PRACTICE. 

1 Find the re&ultiiiit of () A - giains; and O B «. 

1072 grams of iiguie Is. 

Solution; The angle between the foree-i is 1.11° 1.7'. Then 

R» - ItWt)^ + 107.1- I 2 If, . “HtlOeos (i:iri5') 
log ltl2() - :i.211121 

2 Io<r 1020 0.422212 

1020^ 201.{S^4.1 

log 10/; .‘1.0.100 

2 loti 107:i 0 0012 

107.52 1151:5.51.0 

log 2 ()..5() 10.50 

loo io2<; :5.211121 

loo KH.i :5.o:50(;o() 

log cos ( 1:51 15') 0.S101l;5-10 

log [2 • 1020 • 107:5 cos (1.51 15 )| 0).:501S01 

2 • 1020 • I 07.5 • C()>s (1.51 15') -2:500710.0 

20i:5ss^.l .5705215.7 

1151:5.51 0) 2.500710.0 

:570 5 2 1 5.7 1 10 not).! 

E* - 2r)4.5SM I 1151.5.51.0 2:500710.0 

K' llOMOO,.! 

K 1222 .5 grams. 

This result shows the icsultant of O A and () 15 to be equal 
and opposite to O (’ 12it giani-s, as wt* should t*\pect. 

2. Find the lesU'taiit of O A 1020 grams, and () (' « 
1221 grams. The result should he to <) 15. 

:5. Find tlie I’esultant of ()(’ 1221 grams and O B — 

1073 grams. 

3I. The converse of (C) i*^ true. That is, any force may be 
replaced by tw^o forces, winch are the sides of a parallelogram with 
the given force as a diagonal. The two forces are called the com¬ 
ponents of the given force. 
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The usual way of resolving a force is to resolve it into two 
perpendicular components. The force with its components then 
forms a right angled triangle with the given force 
the hypothenuse and the components the legs. 
Thus, let R H, Fig. 19 «, be the force. Construct 
the right triangle R H L. R L and H L » R M 
are the components of R H. 



Fig. 19a. 


But 


R L = R II cos af 
L H « RH sin x 


( 26 ) 


Where x is the angle that the force makes with one of its com- 
ponents. By means of equations (2()) we may resolve a force into 
components along, and j)erpendiciilars to, any given line. 

The component along the line in the force multiplied hy the 
cosine of the angle made by the force with the given line. The 
perpendicular component is the force multiplied by the sine of 
the same angle. (D) 

For example; Resolve the forces O 0 and O B, Fig. 18, 
into their components along and perpendicular to the direction 
GOA. Let x^ and x^ be the components of the forces O 0 and 
O B along O A, and those at right angles. 


From (D) x^ = 1224 cos (41° 15') « 920.242 grams 
x^ « 1075 cos (48\45') - 707.482 grams 
^7+ = 1027.724 

But Xj + is tlie resultant force of O C and OB along O A, 
which is seen to be balanced by O A as it should be, since the 
system is in equilibrium. 


y^ « 1224 sin ^41° 15') - 807 
1073 sin (48® 45') - 806.7 

The forces y^ and y^ act in opposite directions and balance each 
other. 

When the angles are known at which forces act, the method 
for finding the resultant of two forces used in this article is much 
simpler than that of article 80 
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EXAMPLES FOR PRACTICE. 


1 . Resolve O A « 1626 and OR- 1073, Fig. 18, into 
cheir components along and perpendicular to O C. Compare 
with resultant found in article 30. 

2. Resolve O 0 « 1224 and O A -» 1626 into their com¬ 
ponents along and perpendicular to O B. 

8 . Given three forces of 1626 grams 1224 grams and 1078 
grams acting at a point. The system is in equilibrium. Find 
the angles at which the forces act with reference to each other. 
Compare the results with those given in Fig. 18, as measured by 
the protractor. 

Since the forces are in equilibrium they will form a triangle 
if properly placed, such as A ROM, Fig. 18. The problem 
requires the solution of A R O M for the three angles. From 
them, we obtain angles A O B, BO 0 , C O A. 

4. Given three forces 40, 35 and 31 oz., acting at a common 
point. The system is in equilibrium. Find the angles at which 
the forces act. 

Having determined the angles, compute the resultant of the 
first two forces and show that it is equal to the third. 

32 . Suppose we have given a right triangle frame B A G as 
shown in Fig. 20. A weight W is hung at C. It is desired to 
know the forces exerted BA, AC and B (\ in ordtT that the 
frame may be lield rigid. Since tlie tliree forces 
B at (\ namely the weight AV, and tlie forces in A C 

\ and B C are in equilibrium, by article 30 we may 

\ construct a triangle BAG with sides parallel and 

\ proportional to these forces. That is B A must 

\ be proportional to tlie weight AV. 

^-Aq In order to illustrate the ju inciple of Fig- 20, 

the following experiment was performed: 

A weight of 10 lb. was hung at 0, Fig. 20. 

Fig. 20 . sides of the triangle were im^asiired and found 

to be A B « 50.8 cm., A C = 34.5 cm., B 0 69 cm. The 

weight W is fastened to a string B (’. A spring balance is at¬ 
tached at C, and a horizontal pull exerted sufficient to lift the 
string away from A C. The balance read 5^ lb. The balance 


Fig. 20 . 
to be A B 
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was then inserted in the string between B and C so as to sustain 
the pull and read 11^ lb. From the proportion 

C9 : 50.8 : 34.5 : : llj : 10 : 5^. 

This becomes after reduction 

1 : .866 : .5 :: 1 : .869 : .6 

The result shows that B A represents W, and that the lengths of 
B C and A 0 are proportional to the forces they exert. 

Then, when three forces act at a point, two at right angles 
with each other, we may construct a right angled triangle with 
the perpendicular forces as the legs, and the third force as the 
hypothenuse. The solution of the problem will depend upon the 
solution of the triangle. 

EXAMPLES FOR PRACTICE. 

1. Suppose in f'ig. 20, A B = 36.7 cm. A C « 34.5, B C 
•- 60.1. With a weight of 10 lb., lind the forces in A C and B 0 
Hint. 60.1 ; 36.7 : 34.5 :: a* : 10 : y. 

2. A weight of 50 lb. is attached to the rope B C, Fig. 20 . 
The rope B 0 makes an angle of 30^ with A C. Find the tension 
in the rope and the jmsh on the brace A C. 

Hint. A B « 50. ^ BOA 30"* Solve triangle. 

3. A car is pulled by a horizontal force of 400 pounds, 
making an angle of 40^ with the track. What is the force tend¬ 
ing to make the car move forward? 

4. A weight of 100 lb. suspended by a string is drawn 
aside by a horizontal force until the string makes an angle of 
40^ with the vertical. What is the intensity of the force, and the 
tension in the string? 

5. A weight of 25 lb. hangs by two strings 3 and 4 feet 
long respectively which are fastened to the underside of a beam. 
The points of attachment are 5 feet apart. Find the tension of 
t»ach string. 

6 . A boat is fastened by a rope to a point on shore. The 
wind blows at right angles to the current with a force of 25 lb 
The current carries the boat down stream until the pull on the 
rope is 40 lb. Find the force of the current and the angle that 
the rope makes with the direction of the current. 


438 



TRIGONOMETRY 


lOJ 


33. To lind the Height and Distance of an Inaccessible 
Object on a Horizontal Plane. 

Let II R, Fig. 21, be the object 
whose height x and distance L R is 
desired. Two points K and L in di- 
rect line with R are located and K L 
is measured. The angles II L U and 
H K R are measured. 

By the law of sines 

KL : Lir 



or 


LIJ 


sin - a) 
K L sin a 
sill (fi u) 


sin a 



Knowing L H, H R 
and L R are easily found 
h\ solving the right angled 
triangle L H R. 

If Iv and L cannot be 
chosen in line with R, 

choose them as in Fig. 22; 

]?jf, 00 ^ ’ 

read tlu>i angles a,iS,and V. 
-Measure K L. Again by tlie law of sines 

K R : K L : : sin V : sin [isO - (p 4 V) J 

Kl.sinV 

or Iv it = - 

sin (p Vj 

The height II R ina> now bt» found by solving the right triangle 

K II R. 

MISCELLANEOUS PROBLEMS. 


1. A river 400 feet wide runs at the foot of a lightliouse 
tower whicli sulitends an angle of 2^ 25' at the edge of the oppo¬ 
site bank; tind the height of the tower. 

2. At 2S5 feet from the foot of a flagpole the angle of 
elevation is J of wdiat it is at 75 feet; find the height of the pole. 

3. What is the height of a hill wdiose angle of elevation 
taken at the bottom w^as 88', and 400 feet farther off on a level 
with the bottom, the angle was 20 { 

4. A flagstaff 35 feet high stands on the top of a cliff, and 
f»*oni a point on tlie s(*ashore the angles of elevation of the highest 
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and lowest points of the flagstaff are observed to be 48"* 13', 43® 62' 
respectively; find the height of the cliff. 

5. From each of two stations north and south of each other, 
the altitude of a balloon was observed to be 45®. Its bearing with 
respect to the first station was S. E., and with the second N. E.; 
the stations are 6,000 feet apart. Find the height of the balloon. 
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